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1. INEQUALITIES

1.1. Introduction.
Throughout this chapter we are concerned with real numbers only.
When two real numbers are not equal, a relation of inequality is said

to exist between them. The property of trichotomy in the set of all real
numbers states that any two real numbers a, b must satisfy one and only

one of the following relations—

(i) aisequaltob (a=1),
(i) ais greater than b (a >D),
(iii) a is less than b (a < b).

The last two relations are inequality relations.
Therefore, if a be a real number different from 0, one of the following

inequality relations must hold—
(i) e >0, (i) a < 0.
When a > 0, a is said to be po
negative.
We definea > bifa—b>0, and
a < bifa-b<O.
The relations @ > b and b < a state the same inequality relation,

since o >0 & —a < 0.

The symbol @ > b means a is greater than or equal to b;

a < b means a is less than or equal to b.

sitive; when a < 0, a is said to be

For example, if a is a real number then a2 >0
if a is a positive real number then a* > 0.

1.2. Properties.

If a, b, ¢ be real numbers, then
(i) a>bandb>c=a>c¢
(i) e>b=>a+c>b+g
(iii) a>bandc>0=ac>be
(iv) a>bandc<0=ac<be,
(v/ a>bandc=0=ac=bec
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Proof. n:n..an?ls.*.:.sa.v

;.o.&:%a..vv_;_::_..nv?

Therefore a > ¢.

(i) (a+¢) — (0 +¢) 2

= G-
> 0, since a > b.

Therefore a +¢ > b+ ¢

i) ac—bc = (a—b)c

ik > M_d mm_ﬂnanl@v:mbanvp
Therefore ac > be.

iv -be = a-b)c

- < w. sincea—b>0and c<0.
Therefore ac < bc.

(v) obvious.

Corollary. (i) a>bandb>c=>a2¢
(i) a>bandb>c=a>¢
(iii) a>b=>a+c2b+e
) (iv) a>band c>0=ac2 be,
(v) a>band c< 0= ac<be

Theorem 1.2.1. Ifay,as,...,an; b1, b2, - - ., b be all real numbers sycy

that a; > b; fori =1,2,...,n, then
ap+ag+---+ap >bh+bat - +bn.

Proof. (ay+az+--+an) = (b1 +b2+ - +bn)
= (a1—bi)+(a2—b2)+---+(an —bn)
> 0, sincea; —b; >0fori=12,...,n
Therefore a; + a3+ + 2q > by + b2+ --- + by,

Theorem 1.2.2. If a, az,...,an; b1, b2, ..., b, be all positive real num-
bers such that a; > b; fori =1,2,...,n, then
ajaz...an > bibsy... by,

Proof. a1a; — biby = ay(az — by) + ba(a; — by)
> 0, since each term is positive.
Therefore ajay > by bs.
Thus a; > b, and az > by = Q—.nu > b1 by,
Similarly, a;a; > b,by and az > by = ajazay > bybobs.

Successive applications give 0102...85 > biby... b

Note. The theorem does not hold if the numbers be not all positive.
For example, 5 > ~2 and 2 > ~10 but 5.2 < (—2).(-10).

INEQUALITIES

Théorem 1,2.8. If a,b be positive real numbers with a > b, and 1 be
a positive integer, then a" > b".
Proof. The theorem holds for n = 1.

Let us assume that the theorem holds for a positive integer, say m.
Then a™ > b™.

Now a™ > b™ > 0and a > b > 0 = a™! > ™+,

This shows that the theorem holds for n = m + 1 if it holds for
n = m. And the theorem holds for n = 1.

By the principle of induction, the theorem holds for all positive in-
tegers n.
Note. If a, b are real numbers with a > b and n is a positive integer, it
does not necessarily follow that a™ > b".

For example, 2 > -3 implies (2)2 < (-3)?, but 2 > —1 implies
(2)2 > (-1)%

Theorem 1.274. Ifa > b > 0 and n be a negative integer, then a™ < b".

et n = —m. Then m is a positive integer.
1 1

anﬂI@aAo_mEomulnAcw:aano.

1
a

1

5
. . . . 1 1
Since m is a positive integer and 0 < & < ¢, (

previous theorem.
Therefore a ™ < b™™, i.e,, a™ < b".

Therefore = <

1

Lym < (3)™, by the

Theorem 1.2.5. If a > b > 0 and n be a rational number, then a™ >
< b" according as n is positive or negative.

Proof. When n is an integer, positive or negative, the theorem reduces
to the theorems 1.2.3 and 1.2.4. ‘
Case I. Let n be a positive fraction and n = m where p, ¢ are positive
integers prime to each other and ¢ # 1.

Let us consider two positive numbers a!/7 and 5'/7 where a1/7 de-
notes the positive gth root of the positive number a. (Such a positive
root always exists, since a is positive.)

We assert that a'/7 > b'/7. Because, al/? < /9 = (g1/9)2 <
(6'/1)7 = a < b, a contradiction.

Since p is a positive integer, a'/? > b1/ = (al/9)P > (B/9)? ie.,
a™ > b",
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vo fraction and n = =m whara m jy Posiyy

Caso 11, Lot n bo nogatl ’

a>b>0m >0
> ("> G
or, b="™ >a~™, e, a® < b
This completos the proof.

)™, by cose 1

Worked Examples.
. If a, b, ¢ be all real numbers prove that a? + b+ ¢ > ab + be 4 "
a4 00+ c = (ab+botca) = §(a= 0+ (=) + (cmgpry

since each term is non-negative.
Therefore a? + b + ¢* > ab + be + ca, the equality oceyrg il

a=b=c
X I a, b, ¢ be all positive real numbers, prove that

N e | e | el :
® aai. + btc Tt c+a 2a+dte

(a+b)? + (a - b)? = 2(a® + ).
Therefore 2(a? + b2) > (a + b)?, the equality occurs when q =},

or, mmmm > aue. since a 4 b > 0.
- b4c? § bte c4a? a
Similarly, e 2 %%, 5 2 =
2 v S | 2, .2
Hence nnmw + J.HM + nan > a+b++c, by Theorem 1.2.1.

The equality occurs whena = b = c.
X3 1 a,b,¢,d be all real numbers greater than 1, prove that
, (@+1)(b+1)(c +1)(d +1) < 8(abed + 1).
(a-1)(b=1) > Dsincea-1>0,b-1> 0’
or,ab+1>a+b
or, 2(ab+1)>ab+1+a+b=(a+1)(b+1)

4

Therefore (a +1)(b+ 1) < 2(ab+1) ... ... ... (i)

Similarly, (¢ +1)(d+1) < 2(cd+1) ... ... ... (ii)

ab>1,cd > 1. Using (i), we have

(ab+1)(ed + 1) < 2(abed + 1)} o o s, (i)

Hence (a+1)(b+1)(c+1)(d+ 1) < 4(ab+1)(cd+1), by (i) and (i)

shy

and 4(ab+ 1)(cd + 1) < 8(abed + 1), by (iii)
Therefore (a-+ 1)(b + 1)(c + 1)(d + 1) < 8(abed + 1).

INEQUALITIES

R

_wwIm a,b,¢ bo all positive real numbers, and n be a positive rational
number, prove that

a"(a ~ b)(a = ¢) + b"(b ~ a)(b = c) + ¢"(c = a)(c ~ b) = 0.

Cose 1l lotamb=c

L.H.8.= 0, since oeach torm is 0.

Case 2. Lot two of a, b, ¢ be equal. a = b, say.

L.H.8.= ¢"(c - a)? > 0, since ¢ > 0,(c ~ a)? > 0.

Case 3. No two of a, b, c are equal,

Without loss of generality, let a > b > c.
Thena-b>0,b-¢c>0,a-¢>0.
a"(a - b)(a —¢) + b*(b - a)(b - ¢) = (a = b)[a"(a = ¢) = b"(b - c]].

a>b>c=2a-c>b-c>0anda>b>0=a">b", since

n > 0, Therefore a"(a - c) > b"(b - ¢), by Theorem 1.2.2.

Hence a™(a — b)(a — ¢) + b"(b—a)(b~-¢) > 0.

Also we have c"(c — a)(c - b) > 0.
Therefore a™(a = b)(a — ¢) + b" (b= a)(b—c) +c"(c - a)(c - b) > 0.

Combining all cases, we have
a*(a—="b)(a—c)+b"(b-a)(b—c) +c*(c—a)(c—b) 2 0, the equality

occurs when a =b=c.

1.3. Standard inequalities.

J~Welerstrass inequalities.

If ay,aa,...,an are all positive real numbers less than 1 and s,
a, +az + - +ap, then
-8, < (1-ai}f{l-az)..(1-an)< ﬂ.
ol

l=a,?

and 1438, < (1+a){(l+a2).(l1+an)<
provided in the last inequality it is assumed that s, < 1.
Proof. (1 —a1)(1-az2) =1- (a) +az)+ a0z
>1- (a1 +a32).
(1 =a,)(1 = az)(1 - a3) > [1 — (a1 + a2)](1 — ag), since 1 —a3 >0
>1-(a +Qn+nuv.
Successive applications give
(1-a))(1-az)..(1-ap) > 1-(a14az+-+an)
ie, > 1-s,.

In the same manner, (1+ a1)(1 + az)...(1 +an) > 1 + 35,
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i 2<1
Since0<a; <, 1-@ A
‘Therefare 1 — ay < T, since 1 +01.2 0.

T+a1 \\\l\\_

q.—.lh_.=A TTD_._.

- - =
Similarly, 1 —az < 1+aa”

1

Therefore (1 —a;)(1 = a2)--(} = an) A:+a::+n&_::+ni

1

<

JE
Again, l1-a2 <l
Therefore 1 + a1 < TFE, since 1 —a; > 0.
S e P
1 1
Similarly, 1+ a2 < THEZ o sl o

Therefore (1 + a;1)(1 + az)-..(1 + an) <

1-sn

This completes the proof.

Worked Example.

X 1. If n be a positive integer, prove that

n
248..2" mﬁru.
By Weierstrass inequality, i
1 1 1

-3l-5)(l-%)<gTT—77

AH uvc. mqu :. 9 vAu+m+mu.+:.+m=.
N:
Sy

1.3.7..(2"-1) on
O —548.2n < T
The ordered array of n real numbers a;,ay,...,a, is denoted

<

1
(1-a1 U:Inuv:.:

—ay,)

A..luiu‘ since 1 — Sp >0,

(a1,02,...,a,). Let (a) = (a1,0z,...,8,),(b) = ?_.&m_..._vav. The

(@) = (b
are said to be proportional if there exists a non-
that a; = kb, fori =1,2,...,n.

For example, (1,1,2,0, ~1) and (2,2,4,0, -2)

\.\\ Cauchy-Schwarz inequality.

.uHm.D_-nn.... 18n; &:@u.....&.ﬂ be
(a1 +Su+...+a=uz£u+onu+.:+?uvv
the mn__.mp:@ occurs when either | 7
R o R i
both &; =0 and by = 0 for g 1 5, o0 = O 9

or (i) a; = kb; for some Don-zero real k,j = 1 9
R 7Y ]

are proportional, |

all real numbers, then
(@br+asby +- - +a,b,)?,

1=

yerey T

if a; = b; for i = 1,2,...,n. The ordered arrays (a) and (b
zero real number k gy

L,2,...,n;0r] 2, For all real z,y, prove that —

INEQUALITIES 7

Ifa,=0fori=1.2,...,n0orb=0fori=12,...,n;

" Case L.
iy 1,2,...,n; then the equality holds,

Owwoﬁwamﬂogn—?"caﬂm
each side being zero.

Case 1. Let not all of a; and not all of b; be zero.

Sub-case (i). Let a; = kb; for some non zero real k,i=1,2,...,n.
Then (ay2+a22+ - +a,2)(by > +ba?+- - +ba?) = K3 (b+55° +- - +bn°)
and (a1by + azbg + -~ + anbn)? = K (2% + by® 4+ ba?)2.

Therefore the equality holds in this sub-case.

Sub-case (ii). Let (a1,az,-..,an) and (by,be,...,bs) be not propor-

tional. Let us consider the expression .
(a1 — Aby)? + (a2 — Mb2)? + -+ + (an — Abn)?, where A is real.
For all real ), the expression > 0. The equality occurs only when
a) |>v~ “O_Dn .l.y&u HO_..._nﬁ Iywz =0

i.e., when (aj,a2,...,an) = A(by, b2, ..., bn) .

i.e., when (ay,as,...,an) and (by, bs,...,b,} are proportional.

Therefore, in this sub-case (a; — Aby)? + (az — Ab2)? 4+ - + (an —
Abn)? > 0 for all real A.

or, (@12 + @22 +- - +an?) — 2A(arby +azby + -+ + anbn) + A2 (01 +
b’ + - +ba%) >0
or, BA2—2CA 4+ A > 0, where A = a;° +a2? + - + a2,
b2 +b?+- +bp2, C=ajb +azhy+- -+ agbn.

The roots of the equation Bz? — 2Cz + A = 0 must be imaginary,

B

because otherwise, there would exist some real A for which the equality
BA? - 2CA+ A = 0 would hold, a contradiction.
Therefore AB > C?

or, (a1 +a2® + - 4+ ax?) (b +bo® +- -+ +b,%) > (arby + aghy +
oo anhn)?
This completes the proof.

Note. In particular, if ay,as,.
numbers, then
(@1%+a2® +- +an?) (b1 * +by  ++ - +by?) >
a

= &n
bn*

-+18n;b1,b2,...,b, be all positive real

AD_.&rn_..n_u&w.,T. . .+nﬂ?..vu.
a3 ..
o

the equality occurs if mw =

Worked Examples (continued).

Let us consider ordered pairs (2z,1 — 22) and (1 - 32, 2y).
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. inequality,
By Cuuct-Saes By < (20" + (1 =21y ]
v)

H\-n h— - Q—ﬂ‘-m = uiu*....ﬁr
aydy + ayrly + .Ta.a&a.bu

M_qu sy) - et S L+ VY
or, [ ety)(1-4 )2 mw By Cauchy-Schwarz Ea.a._:a:..__q_ ( ‘ :
(E < (ay? +a? + - +ap?)(di" dy’ 4+ dn)
or, - m%m 2 f Again, E_»+&u+:.+a.“~u3ua_....1%3» b4 Bylen?
(i=123)andat b+ c =1, prove that ince b ¢, are al vou:_mmﬁ.? P b b e+ e,
Therefore (ajbycy +abaca + -~ + agbnca)? < (m? +a2® + -+

V —
i ,\Wﬂ._r%\:.\._mt. <3vV2
Let_us consider ordered  triplets (1, L1) end (V3a+T, VT a )byl + b7+ + ba?)(er? +ca? + -+ ea®)
V3F ). _ i,
By Cauchy-Schwarz inequality, be n positive real numbers, not all
BT+ F1)? € (1414 D)[Ba+1)+(3b+1) 4 (304
:. n_.v+q+nuu+a._!:+a.ru+av or An Pias”

(Vi +1+

or, .B|it+,\m.+_+,\M+._mE\m..
The equality occurs if 3a +1 =3+1=3+1ie,ifa=b= according as p and ¢ have the same sign or opposite signs.
Proof.” Case 1. Let p,q have the same sign. Let i and j be any two

& Habed>0andatbtctd=1, rove that —2—; b
B ; 1+btc+d +§+ of the numbers 1,2, ..., n. Since p, g are of the same sign, a;® — a;” and

sorem 1.3.1. Ifay,az,...,0n
"equal, and p, q are rational numbers, then

a,7 are both positive or both negative or both zero.

N
rer i _.Iu.z.nw 7 o -
a b c d Therefore (a;” — a;”)(a:? — a;7)2 0

J4bted + 1+a+c+d + 1+a+b4d + 1+a+b+c " 3 C

N S TOPRN - T A 2 2 or, a9+ 2 704"+ 6%y

Imum_ 357V 3 1-d 2 tgta + a4 There are "Cj relations of this type, not of all them are equalities.

Y a W e 1

=T tigtiec gl - 4 dding, we have
n — 1)(aP*9 + a2 f - +aa?T) > La.a;%i = 1,2,...m] =

il

1,2,...,mt#J

Let us consider positive numbers H_Im. er“n. ﬂurl. QmHIu and
- c -
or, :T..—v.._.n + auv...q ot n:inv > Anﬁn +aP+ +P..Jﬁnwa +

zmmlh. cﬁlM.J\Nlh.c\Nl.”M.
Rk i+t
+1) M—ull‘.+w.nﬁ+w.mln.+ull~m=mlﬁn+v+n+&~ e oy PHI+agPtes +an?t al?
L n - -
Case 2. Let p, g have opposite signs. Then a;” — a;” and a;? - a," have

o, gty +sh 45 >
g a + b c m
>4, Forcrd T Trarerd T 1+a+b+d + ~+n+v+nw .wmm —4, i€ | opposite signs when a; # a; and both are zero when a; = a;.
The oquality socns Therefore (a:? — a;7)(a:? = a;%) < 0. |
e=b=c=4d when 2 -0 =2-b=2-¢c=2-d, e, wheo Proceeding with similar arguments as in case 1, we can prove
&h—m n_w+awnnv+.un...Hm__u+q An_uwauvH.:Hm P a194+a7+: T
. ay,48z,... » X n ® n -
¥ bers EQH..ER.P_ boba, .. baj €1y09,. .. ,cn be all positive real num- | This noa_u_mgm the proof.
a Note. The theorem can be generalised. If aj,a2,-@n be n positive
(asbrey + azbyey + - .- 2 5 .
$u+.:+P.J? 7,2 tnbacn)? < (12 4+ a2 + - + an?)(bi” * real numbers, not all equal, and p1,pz, .- Pm be m rational numbers,
1 hor b gf). all positive or all negative, such that 8 = p1 + P2 + -+ Pm, then




10

=pPm = 1, we have

"~

Taking in particular, py =p2 ="~

m

ay = 4ag™ 1

n -
Worked Example (continued).
_ 6. If a, b, c,d be positive real pumbers, not all equal, prove that
(a+b+c+d)(2 +1+1+3)> 16
+ Dvr.a+&u_.ln+nu+a+&vta
We have nut..mﬁum.-n.+$.m.+ﬁ. > 4
p, g are rational numbers of opposite SIgDs-
thretd (a-tb"tecTlHd7])
Let p=1,g = —1. Then &= RC 4 >

or, (a+b+c+d)(at +b7! +ct+d”

1) > 16.

Another method.
Let Ennnnaﬂ_.m&n%e\m;\mlh:\mwﬁ u_ﬂ. Qpn. T T

By Cauchy-Schwarz inequality, o
(1+1+1+1)P2<(a+btc+d(i+i+c+3)

The equality occurs when a=b=c=d.

Since here a, b, ¢, d are not all equal, (a+btc+d)(a"+b7 +c71+d7 1) >F  jon, prove that a1as...0a > (a10n)

16.

Exercises 1A

1. Ifa;,az,,..,0n _Sua vﬂ._n_ﬁﬂn_ numbers in ascending order of magnitude,

prove that

2. Ifa;, az,. .., an be real numbers, not all equal, and py, pa, . .., pa be tive
real numbers, prove that ; s gl

min (o) < BN < max (a),

where min (a) and max (a) denote respecti greatest
- the numbers ay, a2, ...,a,, S e o ) by 4
“. Hhﬂ__s.:._ha.yg. ?Vﬂ&ig
, » 91,0244 nﬂg and 9 >0forf=
ﬂ-uu-qo. a
nprovethat m< 7 P <M,

where m = min (&2, ), Ru E..Am..ﬂ.:..ﬂu.

1 awﬂs
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4. I{ 71,73, .-.,Zn be n real numbers satisfying 0 < 21 < Z2- -~ <za <5

prove that
sin z;4sin z34+--+sin z,

‘E Z1 A_Rl zy+4c0o8s T3+-—+C08 Tn

5. 1[4, b, ¢ be real numbers, prove that
(a+b-c)*+(b+c—a)?+(c+a—b)’>ab+bc+ca

6. —no_o_ngv&xﬁiu:ﬁuﬁunanw,vvpﬁmaomv&.gw?ﬁ.

than the third, prove that
(i) a®(p - q)(p— 1) + 8 (a = p)(g — 1) + S(r —p)(r — q) 2 O for all real

< tan ..

P.q.r
(ii) a’yz + ¥ zz + Fxy < 0 for all real z,y,z such that z + y+z=0.

;SP?D&.X positive real numbers, each less than 1, prove that
¥ glabed+1)> (a+ 1)(b+1)(c+1)(d+1).
JV\QP b, c be positive real numbers, not all equal, and nisa negative rational
fiumber, prove that
+ a*(a-b)(a—c) +b5"(b—a)(b—c) + (c — a)(e = b) > 0.

! .,W\:: be a positive integer greater than 2, prove that (nl)* > n".

4
[Hint. (r=1)n-r)>0f1<r<n Therefore r(n —r+1) > n. ]
10. If a1, 83, .-, a. be n positive real numbers (n > 2) in arithmetic progres-
n/2

az+by ~, (atb)zy
a+b = ay+bz ’

Q‘R. If a, b, z, y be positive real numbers, prove that

(vww Prove that 1L.3L5!...(2n—1)! > (n))". Pl
13. If a, b, c be positive real numbers, not all equal, prove that
g 2(a® +b° + &) > a’(b+ ¢) + b*(c + a) + ¢*(a + b) > 6abc;

c b 1
R A ORI e
T @+ FES)>
e it g

a+b
Al a,b,c, z,, z be all real numbers and a® +b* +¢* = 1,2’

+1P+22 =1,

prove that —-1<ar+by+cz<1.
If a1, a2, as; b1, b2, ba; €1, c2,¢3; dy,dz, da be all real numbers, prove that
(@ibycrdy + azbacads + asbacsda)® < (a1* + as* +as*)(0r* +ba* + baf) (e +

a'+at)(dit +da* +ds’).




12 MIGHER ALGERRA

.. &M\M-.:._::Z,_n. Geometric and Harmonlc means.

Let ay,az, ... a, be n postive real numbers.
The a«_,ms_!.lmn .4._3: (A.M.) of the numbers 18 defined by
wteat t9u pnd is denoted by A.
The geometric mean (G.M.) of the numbers is defined by
{/(ajas...ay) and is denoted by G.
The harmonic mean (H.M.) of the numbers is defined by

and is denoted by H.

Let py,pa. ... be n positive rational numbers.

The weighted arithmetic mean of aj.a2.....0n with associated

weights py, pa, . . ., pn respectively is defined by

Pi+pat-tpn
and is denoted by A(a,p).

The weighted geometric meanolay, az, ...
P1.P2,---.Pn respectively is defined by
?-Eau_s:.na?.%\?_+E+:.+?“

and is denoted by G(a,p).
The weighted harmonic mean of aj,aa,...,an Wwith associated
weights p;, pa, ..., pn respectively is defined by

,a, with associaed weights

b

and is denoted by H(a, p).

rem 1.4.1. If a;,as,...,a, be n be positive real numbers then

a1 +ag+-+ay

The equality occurs s&mw a) =
The thoerem states that the arithmetic mean of n positive real num-

bers is greater than or equal to their geometric mean, the equality occurs
when the numbers are all equal.

Pro. ey = (25592 (siz)
< (#5%2)?, since (Uz22)?
The equality occurs when (21592)2

2 V(a1az...a,).

Du"...”nﬂ—.

24, 4

. (i)

= O. _...m.. when a) = as,

|

INEQUALITIRS 13

Similarly, agaqs < ?P..wm:u. the eqnality ocenrs when ay = ay

Therefore ajagagng < (40 )3 (aackae)d
But mrm.E Ak < amr#mn...mmnﬁn- J2, from (1). The squality ocenrs

—

when 0134 = oifas
Therefore a,aa304 < AEHEX_ from (ii). The equality oe-

curs when a; = ag,ay = a4, U = WM jo when ay = - = ay.
Similarly, agagaray < (20-tdatartes )4
Proceeding with similar arguments we have
aya;..--a8 < Amrﬁmunmvﬁ&mnwm_ the equality occurs when a, = ay = .- =
as.
Continuing thus, when n = 2™, where m is a positive integer,
- =

a1a3...0n < (Ut0att8a)n the equality occurs when a; = a3 = -

Gn.
Let us consider the case when n is not a power of 2. Then 2™~ <
n < 2™ for some positive integer m > 1. In this case there exists a

positive integer p such that n +p = 2™,
Let us consider n-+p positive numbers ay, as,. .. ,0n,a,a, ...,a where
a is repeated p times and @ = $tgat—ton

n
Since n + p = 2™, by what we proved,
- )**?, the equality occurs when a;

D—hu...ﬁ:.hﬁ M ﬁn 4 =...Tﬁ

ag='""=ap, =a,i.e,whena; =az =--- = an.
na n+

or, a1az...an.a" < ﬁﬂ..mWhv P

or, apa3..an.a” <a™t?

or, a1G2..4n, <a"

@ -

or, aaz..an < ﬁ = v

or, mﬂ‘hna.E.an > {/(a1az...a,), the equality occurs when
a =az ="' =4an.

This completes the proof.

Corollary. The arithmetic mean of n positive real numbers, not all
equal, is greater than their geometric mean.

Theorem 1.4.2. If a,as,...,an be n be positive real numbers and
G, H be their geometric mean and harmonic mean respectively, then

G > H. The equality occurs when a; = az =--- = Gn-
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: i R .
Proof. Since a;,ay,...,ay are positive, mp_n:_lu._. v 3. are all positivy

I BT
22— % ang the

131
Ly,

; ; S0 W S
The arithmetic mean of e 18
; S N |
geometric mean o_.nl_,.%_:..W a8 e
By the previous theorem, we have

b I STUNE & 3
atapttan e Wu_?, the equality occurs wh,

n = ‘a; a3

mnl.nnnlun.:H_...I_-L.a._sﬂmaﬁﬂn»n:.nn:.
i/n 5 n
or, (ajas... 2 To T ool
, (a182...a7) R e
That is, G > H, the equality occurs when a; = a2 =+ = Cn.

This completes the proof.

Corollary. The geometric mean of n positive real numbers, not all
equali§ greater than their harmonic mean.

eorem 1.4.3. If a;,as,..-,a, be n positive real numbers and
D1, P2, -2 Pn be n positive rational numbers, then _

pio1+paac+---+pnan > AD“._QWu = .nﬂav—\?_ +Hu+.:+.e:v_

pP1+p2+-—+pn

the equality occurs when a; = a2 = -

[The weighted arithmetic mean of 7 positive real numbers is greater
than or equal to their weighted geometric mean, the equality occurs
when the numbers are all equal.] ,
Proof. Case L Let p1,p2,. .., pn be all positive integers. Let us consider
p1+p2+- - -+Pn positive numbers in which a; occurs p; times, a occurs
po times, ..., an occurs p, times.

; « P181+P283+4Pnan
The arithmetic mean of these is e and

" = Qp.

the geometric mean of these is (afa}? - .- gPn)!/(Pr+pat-+pn)
Pig1tpadat - +pndn PP
Therefore T e (a]*a5? - aPn )/ (Prtpat-tpn)
the equality occurs when a; =a3 =... = q,,.

Case I Let 1, py, . .., pn be positive rational num :
are integers, bers, not all of which |

Let p be the Lem. of the denominators of p, P2
) '

PP1:PP2; - - -, PP are all positive integers, % P, Then
By Case 1,
P11+ 030zt -+ ppnay,
PP1+0P2+ - pp, 2 ?wﬁﬂmvu . .nn?vhx?ap +ops+-+ppg)
1

the equality oceurs when g; = G=-.=g
— Un

> (af'ad?-- .a“av:?_+3+._.¢.r the

ou..q pi1+p2+-+pn =
@n—_.pm.rq occurs when a; = a; = -+ = a,.
This completes the proof.
Corollary. If a;,as,...,a, be n positive real numbers and q1,41, ...,

be n positive rational numbers such that g, + g2 + --- + go = 1, then
gia1 + q2a2 +--+gnen 2 P.—:.nﬁﬁ:.nﬂa.

Theorem 1.4.4. If a;,a3,...,a, be n positive real numbers and
.,Pn be n positive rational numbers, then

P1.p2; - -
(@ftaf? - afe)Vipr ot o) 3 Pt
e = an
the equality occurs when a; = a; =--- = a,.
Proof. Since a4,a2,...,a, are positive, %. m_m_ : ...n_|= are all positive.

By the previous theorem,
1 1 1
ﬁ__:nlﬂ._-ﬁu.m._v:.-?ﬂ:..nﬂ Lypr/l 1 \pall o o
ey > () LR o |1/ (Prtra P=) the
1 £ _
1

equality occurs when &~ = - =-.- = o ie,whenag; =a; =---=a,

N._r+mn+:.+mp
or, -1—=2 on. Xy — M T:E._-E+.:+n=v
1 _U—+ﬂd+...+“1- = lgyPlayP2.-.q, Pn
or, Aawun_.wu .. .nﬂ=v_\?~+vu+ +Pn) Nmﬁwq the equality oc-
Lo T | an
curs when a; = a2 =+ = an.

AP 221284 Sn2 2
This completes the proof.

% ? M.vnz.ﬂ..? - ladere o+
Worked Examples. G2t AR P hms_;u; y .
1. If a, b, ¢, d are positive real numbers, not all equal, prove that
K a® + 6%+ c® + d® > abed(a + b+ c+ d).

We have au+=+o=+a“.nu+q+mu+. > a-+vuwnn+nn.=n+a._wna+% if p, q are

rational numbers of the same sign.
Taking p = 4,¢ = 1, we have p,+%“.n_.+% > p,.._.%wn td” (atbiesd
But E > et d)
= abcd.
X Therefore a® +b% + ¢® +d® > abed(a + b+ c + d).

2. If n be a positive integer > 1, prove that n(n + :u > ﬁzcu\ "

Let us consider n unequal numbers 13,23,...,n8.

Applying A.M.>G.M., we have L2402 5 (13,93, n3)l/n

[AM. > GM.

2 (owf

~-1 §

L e o N SN
_ ol1-"0") o615,, TaN]
ande:J_@.v m ~ 2 ]tll\lﬂ%l ™ L =
O Y V20 4 2 lat v m
ﬁ_\t.ﬁﬂ.
| 92 s INEQUALITITES 15

2y

u.m\ ﬁpv.whs t_%
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_b1+_~+mhqlw_ >

b3
or.4r—1>

or, =t 5 ._.

Adr+1 +1
Taking » = 1,2,3,...,n and multiplying, we have

(4r + 1)(ar = 3)
(4r + 1)(4r - 3)

or, 22551’ 5 (nf)
or, n(n +1)* > 4(n
Note. If n = 1 the equality reduces to an equality.
%\ 3. If z,p, 2 are positive real numbers and z +y + 2 = 1, prove that
ik PV Bzyz < (1-z)(1-p)(1-2) S &
l-z=y+zl-y=z+zl-2=2+y

We have K52 > /5, &= > 7z, H 2/ |
Therefare (y + z)(z + 7)(z + y) 2 8zyz, the equality occurs whey

(nl)*".

1

5013, ::+: Vant1

Again, if r be a positive integer, we have

Ur-D(r+3), Slar —1)(ar +3)

TR 4r4l. [4re3
or, (1 —z)(1-y)(1 - 2) > 8xyz. or, Ih>, /.
Again Jet us consider three positive real numbers 1 —z, 1 —y,1 — 2 Taking r = 1,2,3,...,n and multiplying, we have
Applying A.M.> G.M., we have 5.0.13....(4n+1 reve)
3711..(4n-1) ~ V 3

3.7.11..(4n-1
Of; 59.13...(an+1) <\ W

1 _3.71L..(an~1)
Therefore 7= <5513, (ans1)

Ooopr(iop=(-2) > 3/T—z)(1-y)(1~2z), the equality occury
when 1 -z=1-y=1-zie,whenz=y=2
or, ()2 > (1-2)(1-y)(1-2)
or, g 2 (1 -z)(1-y)(1 -2).
Therefore 8zyz < (1 - z)(1 - y)(1 - z) < 33, the equality occ
when z = Qnun*.
¥f a,b,c be positive real oumbers such that the sum of any two is
greater than the third, prove that
¢ abc 2 (a¥ b—c)(b+c~a)(c+a~b).

ra Eﬁa&agvo-_niésgn+o eb+ec—a.

et eies) 5 ST -6 +e-a)

3
< An+3"

..a\& a, b, ¢ be positive real numbers and abe = k3, prove that
(1+a)(1+b)(1+¢c)>(1+k)2
(14 a)(1+b)(1+c)=1+Ea+ Lab+ abe. =

We have W > Vabc and %N Va?b2c?, the equality occurs in both
cases when a = b= c. That is, £a > 3k and Zab > 3k2.

Therefore (14 a)(1+b)(1 +¢) > 1+ 3k + 3k% + k3
or, (14a)(1+b)(14¢) > (1+k)3, the equality occurs when a = b = ¢.

o b2 Jla+b-cJb+c~a), 7. If a}, a3, ..., a5 be positive real numbers, prove that
Similacly, ¢ > T+~ a)lc+a-1), (ortortottn)s 5 (orbaz )2 (satater)s

Gt Getes yith assock

Let us consider two positive numbers 3
ated weights 2 and 3 respectively.

ez icta-a+b-g),

Thiesefore abe 2 (a+5 - ¢)(b 4 ¢ - )¢
2 ta- en«&u
Yheubti-omcto-hagth- n,_a..tugwnwm”w_:wog:i

£ Haf-gag.gsnp

Q&u«.n;:s - Aa\qﬂ
Ly

1 be & posiive iniege, e hie
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8. If ay,az,...,a, be n positive real numbers, prove that

AEE_WHHEV: > a, ﬁa—+n.._+;.+mpul_,v=1y.

Lot b = S1t2t ¥an-;

-1

n-1

. Let us consider two positive numbers » ang

i n
an with associatud weights n — 1 and 1 respectively.

-

or, (ateatotea)n > a..ﬁn?nwuu.,??_val.

9. If a and b are positive rational numbers and a > b, prove that
a? < (a+b)*+*(a — b)-t.

Let us consider two

unequal positive numbers 735, 713 with apsoci.

ated positive rational weights a + b and a — b respectively.

vnth V.TJH\E.

e

or, (1) >

(a+b)st
or, a2 < (a + b)**b(a — b)*~°.

10. Ifa > 0 but # 1

+b). -4 —=b).
Then CEEERENET

a+b a—b

1

(a—b)°~

and z,y,z are rational numbers in descending

X order of magnitude, prove that a*(y — z) + a¥(z — z) + a*(z — ) > 0.

> (b"l.a,)'/", the equality occurs f&aa.

INEQUALITIES 19

or, y(@® — 1) > z(a¥ - 1)

at=1,a-1 gincer >0,y >0.
of, 55

“4.6. 1f a be a positive real number, not equal to 1, and m

<onal number, then a™ —-1>or < m(a — 1),
does not or does lie between 0 and 1.

.Hroa,_.u

bear
according as m
Proof. Case 1. Let m > 1.

m?nmnv.cpna#rnsvauwnawmw. :
Let us consider two unequal positive numbers a™ and 1 with asso-

ciated positive rational weights 1 and m — 1 respectively.

Then Lemtm=DAL 5 (gm g1/

or,a™ +m— 1>ma

or, a™ — 1> m(a— 1).
Case 2. Let0<m < L.

Let us consider two unequal positive numbe
positive rational weights m and 1 — m respectively.

.a+(1-m).1 m

Then meet(=mhl 5 gm 1

or, m(fa—1)>a™ -1

or,a™ — 1 <m(a- 1).

Case 3. Let m< 0. Thenl—-m>1.

rs ¢ and 1 with associated

z—y>0andy—-z>0simcez>y> 2.

Let us consider two unequal positive numbers a*, a* with associated

positive rational weights y — z and z — y respectively.
Then ﬁﬁmﬁv ?un.«.uuvtﬁu..i__:uuuv

or, (y — 2)a* + (z — y)a* > (z — z)a¥
or, a*(y — z) + a¥(z - z) + a*(z — y) > 0.

Theorem 1.4.5. If a be a positive real number, not equal to 1, and

Z,y are positive rational numbers, then
a*=1_ag¥-1 .
ifz>y.

HVQ

?&m Since a > 0 and #1,a" > 0and # ],
Let us consider two un,

ated positive rational weights y and r — Y respective]
Then EV —Onﬁ.:n\ﬁ 4

N Ya* +z—y > zav

equal positive numbers a® and 1 with associ-

Since @ >0 and #1,2 >0and #1.

By Case 1, (})'™™ -1>(1-m) 1oy

o_._ﬁ...ulwvﬁlﬂ:urum
or, a™ — a > (1 — m)(1 — a), since a > 0
or,a™ >1—-m+am

or,a™ —1>m(a—1).
This completes the proof.

Deductions. !

L. Let z > —1, but # 0 and m be a rational number. Then

(1+z)™>o0r <l+ma
according as m does not or does lie between 0 and 1.
[Take a = 1.+ z. Then a > 0 but # 1]

2. Let T < 1, but # 0 'and m be a rational number. Then

1-z)">or<l-mz
according as m does not or does lie between 0 and 1.
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[Take @ = 1 = z, Then a > 0 but # 1]

3. If a and b are unequal positive numbers and m Is a rational num|,
then ma™~1(a ~ b) > or < a™ - b™ > or < mb™ ' (a - b), :..8:::«:
m does not or does lie between 0 and 1.

[Toke k = ¢. Then k > 0 but # 1. Again take k = . Then s |

but # 1

Worked Examples (continued).

(A»...—. If n is a positive integer, prove that (1+ :thvai > (5 2
_ Let us consider n + 1 positive numbers 1+4,1+},-141 ¢
times) and 1. Applying A.M.>G.M., we have

n.(144)+1
l..ﬂ....-_vil > (14 L=k

or, (B)"1 > 1+ 4
or, 1+ ZA5)"H > (14 2),
Alternative method

Leta=1+2 and m = 2. Thena > 0 but # 1 and m is a rationa
number and 0 < m < 1. We have
ﬁ+.~_nvﬂw.n -1< .__I.H.HA_:__._V

or, (1+1)7 <1+ 24
o, (142 < (14 7)™
ie, (L+ 24" > 1+ 4

Note. Let u, = (1+ 1)" Then upy; > u, for all n € N. This shows

that the sequence {u,} is a strictly increasing sequence.

X 12. ﬁ:ﬁwt&ﬁﬁmﬂﬂﬂ.ﬁd&gﬁ+wvi_v:+|~lya+u.

N+l
Lei us consider =+»§a§=§ulﬂ-ﬂ.~fu_l.:
(n + 1 times) and 1. Applying AM.>GM., we have " e

2

n
(1-A L a

P > (1 - )

or, ﬁmwﬁl.u > ﬁmw.luu-;u |

or, (ZE)™ > (3D

or, (143 > (14 )™

INEQUALITIPS 21

:a..::.v_ﬁ.‘ method

1
Lot a = 1 - = and m

ational number anc 0<m< 1.
r L 2 < ntd e
(1 - 7)™ = 1 < w3
a4l _
or, ?uﬁinw <1-:5
g ot
or, Anm.laz < (m)n
1
or, (142! > (L4 51
Note. Let tn = (1437 ,ﬂw_mn Un1 < Un for all n € M. This shows
is a strictly decreasing sequence.

that the sequence {un}
13. If a and b be positive real numbers and a be a rational number,

prove that
athl=@ < aa+ (1 - a)b
a®b!=® > aa+ (1 —a)b
Let a # b,k =afb. Then k > 0 but # 1.
Therefore k% —1>or < a(k — 1), according as o does not or does
lie between 0 and 1.
or, ($)*—1>o0r <o(f-1)

A

P .. .
. ikl Then a > 0 but # | and m is a

v have

v=+u.

if0<a<l,
fa>lora<(

or, Emub —b>or ADAD = 3

or, a®b'~* >or < aa+ (1 - a)b, according as a does not or does lie

between 0 and 1.

When a =b, ¢%b'~® =aa+(1-a)b.

14. Let uy, uz,-**, Uni V1, U2, " Un be all positive real numbers and a
be a rational number, prove that

:wawun +uvgl™ 4+ weol < (uy +uzt+--- ¥ Un )™ (V1 + U2+
g E0<a<

WPl a1t - udul T 2> (w Hup b )N FO2
oty ifa>lora <0

The equality occurs when u; = M, for some non-zero real A.

Let A=uy+ug+-+un, B=uvy+wvat - +Un
Then % + %2 ...+ % =1, mw_.+m%+.-.+uﬂm.uu..

Case 1. Let 0 < a < 1. We have

()%($)* < Ya + % (1 - a), the equality occurs ifuy:up =

(%)%(%)-« < Bq + % (1 - qa), the equality occurs if uz - v2 .

Il
e
=
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n..m’vn?wu_l. < M%c+hw,ap1ov,”._~e equality occurs ifuy tv, = 4 ¥

w v 1=

0 .A a + H = :
Therefore TepI-o H:o_:m ( a), thy
equality occurs when (u) and (v) are proport
or, uu} ™ +ufug! " 40 wlyl @ < (g +ua o+ Uy )

vy 4 ,.._-n..:.d..|o . the 3:3:«.4 occurs w

G
hen (u) and (v) are vS_Sﬂ:oEH

Case 2. Leta >lora<0.
Proceeding as in Case 1 the result 18 obtained.

15. 1f a and b be unequal positive real numbers and m be a rationg
number, prove that
aT48 5 or < (£22)™, according as ™ does not or does lie betweg

2
0 and 1.

Let 23 = k. Since a7 6,2 #1and § #1.

Then ()™ —1>or <m(§ - 1) according as m does not or does lig
between 0 and 1;
and (£)™ —1 > or < m(§ - 1) according as m does not or does L
between 0 and 1.

Therefore 23~ -2>or< m(%£ - 2), according as m does not
or does lie between 0 and 1

or, IL.I:.H...«.._ >or <2

or, =% > or < k™ 9,

or, ﬁw.ﬁ > or < (%)™ according as m does not or does lig
between 0 and 1. . ,

~ ‘
W L
wm\%&ogﬂ 1.4.7. If @y, a2,...,an be n positive real numbers, not alll

&

equal, and m be a rational number, then

33+nni=+...+n:=__v Q.A mn_+=u:H...H=Js_
according as m does not or does lie between 0 and 1.

Proof. Let k =tet=tn Then 9 92 ,... 8 g gy ;
not all of them are R.m:w_ to 1. 3 Positive and

Let 1 <i<n. Then
()™ —1>0r< m(% ...: ﬂnncn&hmnmimosags
between 0 and 1. The inequality reduces to an equality =m_,&g lie

idering n such relations for i = 1,2,.., .
Considering 2T and pgfsg Uk ”_

them are not equalities, we have

’ {NEQUALITIES 23
; a.Iﬂaf;iH.EanavaAi&.Tﬁ.T.%mﬁ-3.
A_Mwnm as m does not or does lie between 0 and 1
acco i
a m+a™ —n>or <m(n—mn)

>or<n
(e + 400 )™ gccording a8 m does
n

>or<
does lie mmnimou 0 and 1.

,an be positive real numbers, not all

If ay,a2,---
it and m is rational, then

be positive real numbers
m +--+Pnln M
mppgag™4 o +Paln - or < pioytpoat V 1
: pr+patHpn ( pitpat+Pn
as m does not or does lie between O and 1. .
B e B on, THED i Fg B GR= %
Proof. Let & =pim+tpn '

= k. Then
Let gio1 + gzaz + -+ gnln
a o ... 9a gre all positive and not all of them are equal to J.
rREC i
Let 1 €857
Then (%)™ —1>or < m(4t — 1), according as m does not or does

lie between 0 and 1. The inequality reduces to an equality if H_r

Theorem 1.4.8.
equal, 1. P2y- -1 Pn

according

Therefore g;(%)™ — ¢i > oF < mg; (4t — 1), since ¢; > 0.

Considering n such relations fori =1,2,...,n and noting that all of
them are not equalities, we have

()™ Fap ()™ dreniok gn( )™ - (e +g2+:-+gn) >o0r
< m|Leitaoattlats _ (g) +go + -+ + gn)], according as m does
not or does lie between 0 and 1.

3 3 :._
or, L4 +33w.=+ Fntn 1 > or <m(l-1)

.._.- :.— =..
_.:E +§nu».=+ +n:n= VE.AH

or, 1a1™ + Q2a2™ + - +gn@n™ > 0T < (q181 + Q202+ +qn@n)™
m my... m A
pra;™+p2a™ + +Pan " ﬁﬁwna+ﬂunu+ +pnan Va. accord-

) i prtpattpa p1+p2++pn
ing as m does not or does lie between 0 and 1.

or

Corollary. If a1, as,...,an wm%om;?m real numbers, not all equal, and
0,92, be positive real nuthbers such that ¢y + g2+ - +qn =1
and m is rational, then gia;™ + q2a2™ + +++ + gnan,™ > or < (141 +

mﬁs + -+ 4+ gnan)™ according as m does not or does lie between 0 and
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ic..rma Examples ( continued ).

+ Il a,b,c be unequal positive real numbers sucl
any two is greater than the third, prove that

1 that (}e Sy
o

e st ks > e
b+e-a>0cta-b>0,a+b-c>0and they are uneqyy
al,

?1;3:.71.?&-;:11 __f
Then a . L e [(Ste=a)t(eta=b)+(ayy .,

1 1 | ]
v+nln + ..-+o|c * n+ln V n+v+n.

or,

If @, b are positive real numbers and a + b = 4, prove that
(a+1)+p+iR>2. |
1
(@+ 2+ b+ 1) = (@ +5) + (a2 +b-2) + 4,
We have 2507 5 or < (20)m aecord
W liaicy ol | (%)™ according as m does not or does [j,

Let m = 2. Then <t > (2£2)2, the equality occ
z i urs =4§ -
or, a’?+b>8. 5 : " T

— e a s =
. Hm%h m 2. Then 22— > ( 242)-2, the equality occurs when
ar, a~?+42>1
1
Therefore (a+ 1)+ (b+ $)2 > 2, the equality occurs when ¢ = 5,

18. Ifa,b,c vm. _..E..mm positive real nambers in harmonic progression
and n be a positive integer greater than 1, prove that
a™ +c" > 2b".

Since a, ¢ are unequal positive real numb
BBHHH W HEU-& ﬁmv i g& R V H_
2 2 i "

Since @,b,carein HP, 1 + 1= 3
a 4t \— .

But 2—£¢— > (2£€)~1, since q, c are unequal positive rea] numbers.

Therefore ; > (25<)7!, ie, 25>t

Therefore from (i) a™ +c" > 2b™.

19. If a1,as,...,a, are :umnww.ﬂ ﬁamﬂmwm real numbers ip AP, ghow

1 1 1
that |_+|qu+...+n Vn-+n.
1 p+-..+n 1 + P o | IM
aawmgrlrlr'.ib,navﬁlplhﬁl.r: o: V

_ -~ -1 it
or, ai”'+azt+--+anTt >

Since a1,0z,.-.,an 8re in A.P., a; +§+.:+P.H.F+M.F.
1 2n
.H.rmwmmommW +W+...+.a|..vﬂ+a=.

INEQUALITIES 2%
>v1=3:o: to the problems of maxima and minima.
1.5. ’ ‘
Let T1 L.+ .., Tn DET positive real numbers. Then
LH.E.PHE_L: > 71,T3...Tn, the equality occurs when 7, = 73 =
T 5 =
‘H. .=ZTn* .
b Z1, T2, En be n positive real variahles such that their sum
! ”\Wu 4+ Tn is a constant, k. Then
oy F T
H ﬁmV:WH_Hu.._HB.
Therefore the mazimum value of 223 .. . T, occurs when 1, = z3 =
7. = £ and the maximum value is (£)":
Lo = A n
Let 1, %2, -1 Zn be n positive real variables such that their product
i ; wre
: z r,, is a constant, k. Then Zitzat otz * in > l/m,
I
Therefore the minimum value of 7, + T3 + - + Tn occurs when
=" =In = £ and the minimum value is nkl/m,
I = =
Let £1)Z2)---+Tn be n positive real numbers and m is a rational
qumber other than 0 and 1. Then
"tz it ik > or < AH 3... Fd w.:.-._
according as m does not or does lie betwen 0 and 1. The inequality
reduces to an equality if z; =22 =+ = Zn.
1. Let T,%2,-.-,Zn be n positive real variables such that z; + z2 +

...+ 1T, = k, a constant, and m is a rational number other than 0 and

1. Then

PR W 0

= aNAMVSErgSVchSAP
(£)™ when 0 <m < 1.

k
Therefore when m > 1 or m < 0, the minimum value of z,™ +z,™ +
=g = m and the minimum value

m Motz

IA

...41,™ occurs when 1) =3 =

: k\m

E:_Hmv ] .
And when 0 < m < 1, the maximum value of z,™ + 2™ +---+z,™

occurs when £y = T3 =+ = Tp = m and the maximum value is n(%)™.

2. Let z), 24, ..., 2, be n positive real variables such that z,™ + 2™ +
~++2,"™ = k, a constant, and m is a rational number other than 0 and
1. Then

k

7 2 (BEEa)™ when m > 1;
mMAEviﬂwoscAaAf
2 > (dmabedzaym when m < 0.

caj
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Reice Amv:s > ﬁmﬁ,hpmtmhv whenm > 1;
i . Va&nncASA 1

Awu_\a— < (Tt

n

and Amu_\a < Amﬁomumﬁ,lf when m < 0.

Therefore when m > 1, the maximum value of 2y +z 4 ... 4 z

z N
— (%)/™ and the maximum va]y,
occurs when zy = 29 = - =z, =(7)/" 8 ej

kyi/m
.:A.__...V ’ .

And when 0 < m < 1, or when m < 0, the ) Eﬂﬁ. value
H.+Hu+.:+H=oons_dirnuuﬁnuun.:uaaIﬁa and th,

minimum value is n(%)!/m,

Theorem 1.5.1. Let ay,0a9,...,0q;01,02...,0n be w_._ positive Tatjq,
nal mumbers and let z;,z5, ..., T, ben positive real <E_¢v_nm such thy,
P&y + Paz2 + -+ + Bnzy, is a constant. Then the maximum value of
1" 29%% ...z, occurs when
Lz _ faz3 _ .., - faZa,
a) ajz On

Proof. Let us consider n positive numbers m.m»_m.mu_.:_mump with

associated positive rational weights ay,a3,...,a, respectively. Then
Az B2=3 4. fazg
D_.._“D; +aj. ag +:4an. an V?Euﬂuﬁgvnu...ﬁgwﬂ:_ ay$uz+Th
ay+az+-+an =i\ g o ‘an &

the equality occurs when mwhhr = m.wmun == m_n.mn.

> ()l .A_mwvn.. 2y % 2,07
where k = 1z, + B2za + - + fnZn.

Therefore the maximum value of z,%125%1,,.2,% ooy when
811 _ 81z ... = BaZa gpd the maximum value is
ay a3 :

Qn

(Brzatbazat tPodn \Ea, (guyon(gayan. . @,

aytagt-tan

Hence Auw._.vun. > T

Theorem 1.5.2. Let ay.02,...,0n;061,02,...,, Sg_?:_é ra-
tional pumbers and let z;,Z3,...,Zn be n positive rey Vrlbleg guch
that z;*z29%...27,%" i6 & constant. P.Mr-su .a.nn_“ Winfmyyp e of
Byx1 4 Baxa + - - + PnTr Occurs when S = =reby

ay
Proof. Proceed as in the previous theorem.

Worked Examples.
25® where o and § ;
ind the greatest value of a e o
,\KMEMMM ma_._mm_.wu..am a + b = 10. Determine the value .__us_,_; real

SRk
the greatest value is attained. e E.:___n_u.

INEQUALITIES 27

. i i ights 2
Let us consider two positive numbers 3, ¢ with associated weigh
and 3 respectively. Then F

.§+3. 3)2(8)311/5 the @ :W:Qconﬁmawanmﬂm
wmﬂnwwzmv (37177 q

o 20 < 3466,
hat is, (32)% > &, or, a’t’ < e : e
Mrm«&oa ﬂrm greatest value is 3456 and this is attained when 2=
b-atb=2 ie,whena=4,b=6.
3

2,/ Find the maximum value of (z + 2)%(7 —z)* when -2 <z < 7.

-z)=19.
z+2>0,7-z>0and (z4+2)+(7T—1x) gl .
Let us consider two positive numbers %. q4 with associated
weights 5 and 4 respectively. Then

LA e B [(2£2)5(152)4]'/9, the equality occurs when ZZ = =2
G >

5 7
or, 5%4% > (z+2)%7-z)%. H

Therefore the maximum value jis 5°4% and the maximum is attained

qllhn+u_+_4luw| . L
when 22 = I22 = i — =1,ie,whenz =3,

\\.w\. Find the greatest value of (2z + 1)*(y + 2)? when z + y = 3 and
|wAHAa.
Here2z4+1>0and y+2=5-z>0.

Let us consider positive numbers 2241+ 2 with associated weights
3 and 2 respectively.Then

IR > ((35£0)3(y + 2)7]1/5, the equality when Z5EL = y 42,
or, 27(4)° > (2z +1)3(y +2)2.

Therefore the greatest value is 27(11) and this is attained when

%ﬂﬁmﬂEE"w%..-.n;ﬂFan".—wh.ﬁ"w

g
»\\&”_.“:a the minimum value of 3z + 2y when H..ﬁ are positive real

bers satisfying the condition z2y? = 48.

Let us consider positive numb
and 3 respectively. Then

24)+3(3) :
A0 2 :mum,vuﬁm%vu_cu_ the equality occurs when umn. = m..w
of, 3z+2y> 10,

Therefore the minimum val
¥ =@

ers 3,3 with associated weights 2

{
ue is 10 and this is attained when
=2,le,whenz =4 y=3
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1.6. Standard Inequalities.
1.6.1. Holder's inequality.

Let ....S.Dp_....ﬂzms.&u...._v:n...

--- H
real numbers and o 8 ciinlay b g
A,...,A be positiv Posj
@+f8+--4+A=1 Then positive rational numbrg Buch _.”H
ajpd A Jij {
W B B 4o < (0t
X 4]
Mﬂe+ o p.“. o)+ ly - In)*, @) (b,
, equality occurg when (a), AS.:..S are proportiona]
roof. Let A = g, + gy ... 1 .
-+Mu+...+ﬁ=. 1 2 +ﬂ:.mle—+&u+...+®=.:._hn

Let us consider Positive numbers o ._w

s {
mﬂ:\G HW—.—OﬂP— gmm*pﬂm a, _Q Yooy W s:.r_ ngOmPFQQ Pos.

v+++, A respectively.

.H.ronan acb A by

occurs ir.wmw_ﬁm,w " ﬁw H.A.hﬂ”ﬁww%mmw::%»@.y the equali
Similarly, (2)a(%)8 (LA N6

equality ooo:B.m”.WEMH.%aW by va : M “rﬂu"vm+" E._qu+ s »A.Wv_ the

e .....
(&) A.%vm...iwuh.. < a(fp) + E.WL.M. o+ A(%), the equality

occurs when a, : b, : - tlph=A:B:

Therefore m.r.vw.:_»+nmwm.mﬁﬂw..‘.nuec.:*w T TR
occurs when (a), (b),..., :w are propo Eoup._.. +A, the equality

or, nwvm..-3+aw~.w. 2. g ge

) +a%bP . |} < gops

a+f+...+A=1 Wy s AR

or, a.w&w:.hw+9m@n:.~w+:.+nuom:.ﬁ < (a4 +og4... 4
an)®(br+ba 4 +bn)? .. (L +la+ - +1,)*, the , .

] Bﬁﬂ.—.—-\ 0O

(a), (b),...,(!) are proportional. ¥ occurs when

This completes the proof.

.. L*| since

Particular cases.
(i) Let a1,a2,...,8n; b1,b2,...,0n be positive real numbery s 3
be positive rational numbers such that A + 4 = 1. E v
Then a} b} +a3bh+ - -+apbh < (ar+azt+an) (bi+byy. ) o
the equality occurs when (a) and (b) are proportional. )",
(ii) Let p> 1,9 > 1 be rational numbers such that 1 + 1<
Let us consider positive real numbers af,af,...,af; bf, 88,

L

INEQUALITIES 20

PYVP(by )M 4 (af)/P(U1)9 b () P()T < (o] 4

e i
o ._~.u.__.‘-._q.m___“v_\.a?.\_._. W+ + )"/, the equality occurs whea () and
2
» proportional,
:; ”u_.._ A__D_m: + n»@u R & D:&:v < ?hﬂ TE“ 2 Aak o .RN n\ﬂﬁ_‘&w + @N ook

equality occurs when (a) and (b) are proportional.
sarticular, if p = 2,q = 2 then (arhy + agby + - + P,?Lu <
u:_a_u 4ot &L@w 4 v.w 4o 4 b2), the equality occurs when (a) and
MMV_ H._.a.h_ﬂovc:._o:a_. This Is Cauchy-Schwarz inequality.

b )M the
n

1.6.2. Jensen’s inequality.
Let 41,82y -+10n be n positive real numbers and r,s are positive

_.w:onmpn”uﬂcﬂg“uum.__. ”Hw*._mﬁ._a:_.u_\.. >(e"+a" +- +aa")/% i r<s.
In symbols, Gr(a) > Ga(a) if 0 <7 < 8, where G(a) = (61" + a7 ¥
.:+,naJ<w.
Proof. Let A=ay"+a" +- - +a,".
Then ZL+% + +% =land 0<% <lfori=12,..,n.

2 5 1 and therefore T-nnu.\_, < mu,.n fori=12,...,m
mp._ a <AV la fori=12,...,n
Therefore (a1 +a2* + -+ +a,") < AY"=Va;" 4 ag” + -+ an")
or, (@1 + 82" + -+ +8n®) < (&1” +a2" + -+ aa")”
or, (a1®+a2’+---+ a:-v_\- < (o™ +a" + - .TP»J—\...
This completes the proof.

Corollary. 1" +a2"+- - +a" > or < (a; +az2+ -+ +a,)" according

as0<r<lorr>1l
If0<r <1, then by the theorem, we have G,(a) > G1(a) and

itr>1,G1(a) > Gr(a).

1.6.3. Minkowski’'s inequality.

Let G1,82,...,0n; by, ba,. .., by be all positive real numbers and r is
a positive rational number. Then

(@ +ag" 4+ 4 an" )T+ (B + b+ + b)Y

2 (a1 4 b1)" + (a2 + b2)" + - - + (@n + ba)"]V/", when r > 1;

@7 403"+ b an )T (b b+ by UT

a1 +b)" + (ag +bg) 4+ - + (an +bn)7]/", when 0 < r < 1; the
®quality occurs when (a) and (b) are proportional.
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Td&.rﬂ;ﬁn?..+......._,+.:+P.J_m..UF._.*.F,..T
. "k n b m T + }-..
Let us consider positive numbers 3, . By theorem :.m .

n

A48 A4-B

ax
AEVN when r > 1. The equality
L ? L cnn_s

a T
ar, .»wu .
P
Similarly, Ls (uth ", the equalit,
hwd: B 2 (33) the eq 1Y oceurs when ,,

4 .

ACRI+BRY  mbiar ok acuatiee oo
{)Nﬁwmwvﬁ%aﬁiﬂwcgca whena, : b, = A:p

Therefore, :Hn m 5 (0140))"+H{aa+by)" ++ (o +bn)"
-_. =

curs when (a) and (b) are proportional

H. M\- .._..mzq > (ay +by)" ,”_‘?u +b2)" 4+ + (an + b,)"

y (ay §«+.:+P.J (b "
E,+A§+§1+...+F+£,__ﬁ.. Shia. "2 [y
The inequality sign is reversed when 0 < r < ],

This completes the proof,

Note. The theorem can be generalised to a

Let ay,ay,. P«—.Q— On b (
7y 42y -0l 1 01, _..“.. LR m_.—.ﬁu_...._. b g

AM T+ 185 T wms_...:a rational number, .H,rm._w ® all peit |

¢q+.n..+ﬂuqm,\.1..v‘_mﬁ=Nrnif,+3,+...+~.__J$+...+: "y
" =G Toh+ ) 1

(an + b, +...+~=v1w:1.iwgﬂvra +nnn+vu+...+_€1+...+

ﬁﬁnﬁ+n.un+...+95qu—\..+?_. r

R /L S T\1/
~uq+...+~:J:€M=E+F+:.+5q+ + b, )l
(@n +bn+- -+ 1))/ whenO<r<q

The equality occurs when (a),(b),..

finite number of scts. |

(a3 + b2 + +€_.._,._.Q_..H.

-, (1) are Proportiop)|

Worked Examples.

1. If @y, by;az,bs; aa, bz be positive real numbers
(a182a5 + bibzbs)? < (@) + by®)(a,® + vuuznw%mmﬁhsp
By Holder’s inequality, : _
a1%a°a37 +b1°b;%bs” < (a1+01)*(a2+5,)%(ay 44,0

are positive rational numbers such that a + 4 4 = |

Ul
923 333_3;3 4,
Let us consider a;”,b,”;a2”,b27;03°, 03" and let, , -

2

,ﬁ
!
i)
|

unf

INEQUALITIES 5

< (ay® + 5,73 (a2® + b)Y (as® + b")?

Then ajazaa + o1 ) < (ay? + by ") (a2” + b2®)(a® + ba”).

of, nh_:ubu + Q_?u}u

d be all positive real numbers, prove that
+A )P < (@®+P++ d")?.
i 0.
's inequality, Gr(a) < Gula)ifr >8> |
www,__“mww 4and s =3, (a'+b4 +cA+d")/t < (a®+ 6+ +d%)'/?

4
or, (a*+ 0+t +d')’ < (a® + b + & + d°)L.

1 If 9.?. &
(a* + '

3. In a triangle ABC,a® + b = . Prove that C is an acute angle.

By Jensen’s inequality, (a® + %)/ < (a? + p?)1/2
or, < a? + b
Therefore C is an acute angle.

'

4. 1f a, b, c be all positive real numbers and d+BP+A=1 m.wo! that
(a+3)°+(b+ 4)3 + (c +5)® < 343. Discuss the case of equality.

By Minkowski’s inequality,
(@+53+3) 3+ (33 +43+5%)1/% > [(a+3)* + (b+4)* + (c+5)°]"/%,
since here r =3 > 1.

The equality occurs when § = m = §.

or, [1+(216)33 > (a+3)*+ (b+4)®+ (c+5)?
or, (a+3)%+(b+4)*+(c+5)% < 343.
The equality qccurs when § = m = £,l.e, whena= m.v = m.n =

sincea® + 0 +c3 =1.

@l

L

5. If a3 4+ b'/3 4 ¢'/3 = (127)Y/3, show that (a + 1)1/3 + (b+8)'/3 +
(c+27)!/3 > 7. Discuss the case of equality.

By Minkowski's inequality,

(V3 4+ 6/3 4 cV/3)3 4 (113 1 813 4 9798 < [(a 4+ 1)V 4 (b 4
8)1/3 4 (c+ 27)1/3))3, since here r = " A

The equality occurs when 3= m .

or, 1274216 < [(a+ 1)'/% + (b+8)Y/3 + (c + 27) /3]
or, (a+1)"3 4 (b+8)'/3 4 (c+27)1/3 > (343)1/3
or, (a+1)Y34 (b+8)1/3 4 (c+27)V/3 > 7.

.H___mmcmm mlo .
" quality occurs when ¢ = § = % ie, when a = .w.m.v e

o= 47 since a}/3 4 p1/3 4 c1/3 — (127143,

Il corm
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Exercises 1B

1. If a,b, c be positive real numbers, prove that
A et +b 4t S abe(a +b+¢),
a ]
(.5 T“_.Me.mv wnﬁﬁhvu_
sy 0 b
Q—-v ? + o + £> 3,

. 2

(iv) ?%i“i}x&u + bc® + ca®) > 9a2b?c?

el T T L TR Ve |
% aTbreS ot + btc + ?wnmm__. + w T w.

_a_ b

{@ e t o + 2553, unlema=b=c
,\ci E+s+8xa-_+s-_+s-:v?+@+ )i
2.1 : .

f a,b,c be all positive real numbers and a + b +
AT o+ e i
G pu.. l1-c=2)
*r\ms ?+L.+@+¢»+?+tuv§

i) (14+a)(1+b)(1+¢)> 8(1-a)(1 luma 1
[Hint. (i) 138 (0+b)+(cta) ,\ll.llia 5

D) 2> Ap+¢:n+n.

3. If a,b,c be th
1 ree aye
greater than the nrzuoan_ca

AT B8

» Prove that

(1- c)(1-= 5._

>

-

ie.,

?\Am_“«w (@+5+0)* > 27(a + b~ )bt ¢ - g)
. i) abe > 8(s ~ a)(s — b)(s - ¢), where u-n._.m..ls. shib N
_\/\Tﬂv o+“lb T n+v 5 + M >3 uuﬁ.—.m.__-wn. o .
X 2= a+b-c = ,
..Wm_.._mn..__:na.ﬂa.ww Let b+c—a = z,c+a-b =y, a+b— : 4l %
dy+ab=detz)c= ity Theaz>0,y 50, 50
4. a,b, ¢, d are positive real numb. 4
B e Prdrdy |
a® +b° + ¢ +&..an&?n+vu+nu+&uu
e (st s oyepin, .
FAD (140914590 +c9(1+ ¢ 2 (1 + abod’
! — ’
\ .\ES Mﬂnou+wu.+n.+m¢w?+¢+n+&?u+%+m+%
a?4b3+ b4 a2+ *)
42 Bl < o ?..n._...,wﬁ + nun+ﬂ»+nnu + nla&um.m%v.pfw obed, B8
= ‘v.._.n.
+d,
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d be all positive real numbers and a=a+b+c+t d, prove

m'.h—.. n._:_n.
“that g
/ﬁW glabed < (8~ a)(s - b)(s — s —d) < 256% 0
3 - B b ke d,
(1) Wm..mmm.m + 3-b 8—c + ulnm..p + b + e d
g. Ifnbed positive integer > 1, prove that
o e
%a o> 135 (2n— 1)
) 2 >1 a0
. 1
j : Za/m
i = n-l
[Hint. (iv) F&mlnb > y/n(n— 1), i.e. 2=l > WESN
w. Ifnbea positive integer, prove that
1 1.3.5(2n-1 < 1
A0 T < zaG-an VI
K@) et
LR - et =g
i) Take a =1- 5 . dm = ntl, Then o™ —1>m(a=1).]

(Hint. (il
8. Hmmzu__+w+w+...
(0 20 ifn>1
(i) n4+ 1)V ifn>1

i n—sp\n-1,5 1
) (=)o min>2
(ii) Consider n positive numbers 1+1, 1+ e

+ 1, prove that

8 >
n+8n > ﬁﬁ
1+ L. Apply AM 2 G.M.

[Hint.
Strict inequallty occurs ifn>1

(1if) Consider n — 1 positive numbers

Strict Inequality occurs if n — 1>1]

.,@n beall positive real numbers and 4102 ...@n
:+=LC+§...C+9L >+ k)"
1,2,...,nand (21 —a)(z2 —a)...(zn — a) = k"

1-4,1- 1 ..,1-L1 Apply AM > GM.

(k>

= k"

0. A: If a1,02,-:
0), prove that

:.: Ifg;>a>0fori=
(k > 0), prove that ~ T1T2...Zn > (a+ k)"

10. A and G are the arithmetic mean and the geometric mean respectively
of n positive real numbers a1,a2,..-,dn. Prove that

() 1+ A)" > (1 +a)(l +a2). (l+an) 2 (14+G)Y

(i) ifk>0,(k+4)" 2 (k +a1)(k+a2)...(k+an) 2 (k+G)"
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11. a,b,c are three positive real numbers in harmonic Progress;
Slop, P,
Tony

that mw%.?mv " i

M:umﬂarn.... <oy lparen vo_mm:sm real numbers in EE._ann Progressiop, _u.d:
() aigz...an < (B4%)" (i) al+ad+ - +a2 > n(%tan )

”._“w.ﬁ.o“ 102, ..., an are n positive real numbers in harmonic _u_,owngm_ou_. vg_a
(Nar+aa+--+a,> .um..»lwﬁa._.p_ (ii) a1a@2...an > ﬁmuﬂnﬂmﬂv:

”_Hw_ﬁ_: :.wu = a+b+c+d where a,b,¢,d and & 5B g &
a..uvﬂﬁ_nn_M “Mm. prove that  abod > 81(s — a)(s — b)(s — c)(s — d),

y 8§ ~ d
Unleg,

(ii) Hn-1)s=a,+ag+---+
*** +an where a; and s - a; are all pocis:
prove that aa;...q, 2(n=1)"(s—a)(s- az)...(s — an). S
Hint. (3) l=b)+ S3irlend) 5 3 (s—b)(s—c)(s—a)
=a> a\?Is:f%T&. Equali ifb=c=
Consider 3 other similar inequalities.] S
15. (a) If a3, a3, ...,a, be all positive real numbers, prove that
i
(@) (ar + a2 + Foa)(G+ i+t L) > 02
(if) (BFOE=dBagn 5 4 o (2

(i) (] +a3+---+a2)? > nP-v(g?

WO, i - (af+af+---+a%)?, where P\ q are rationa]

o ﬂ.u Ifay,a;,...,a, _um‘.E vommnﬁgucﬂvﬂ.m_ S =ar+al +... &

nrw_n ; ; Anrmmsﬂo_.nwmvaaanﬁs_’auﬂﬁp:!u
n—1)L.Sm > (n — m)Lm! Py % o

[Hint. (&) o +af* +--- +a™ > ™{a182..am), af* + o + ...

7(a183-.8m+1), ... Consider “cm such inequalities and add. RHS=mp, Bac

@™ occurs ® ¢, _; times in the sum in LHS. So M S S Slﬂr”s

2mp,

:Im. w_..lu.

16. RE.B...-.P._umwuvommnm«datnzﬂvmaunaunn_+$+.:
prove that toy

- s s L kil

ﬂ-w s—aj £ $—az : 3 + u.lnlN n—1'

e S—a 8—4a: =

@ (SIS .:ﬂlu@vn_e:.?.s_ﬁn_u&u...uf
mMHtEnl ?v Consider A.lhlu + tlu_hn FAEE o _-Ihal :hlhb_. + -I_.nu +...+.n”hl. .
use 15(a)(i). i

17. If a and b are positive rational numbers, prove that
ﬁl&r IV| ﬂnuu.w..wad..v N hbvn.
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tive rational numbers, prove that

be posi
e B n+~.+n.

24 yotbhe > a"bte® > (2tEL)
?t.::_hwlnv:la\...nmwlaw:t;: > (axfts)stire

opbc® > (252) g1
“(b+c)"(c+ a)® < {3(a+b+c)}**""°, unless a = b=c.

ﬁ itive integer > 1, prove that

(="

n+ )M ()4,
AT (B

@n" >
(i) gointt) > (

; ﬁlul_.l-un._-ua?-.._-:\_u > H.Nﬂ.uwﬂ :

i 3

L r s+t > b

(iv) w1 T 3 . ;
0 but # 1 and z,y, z are rational numbers in ascending order of

Ifa> a*(y—z)+a'(z—z)+a*(z-y) <0.

1

”M_m:::%. prove that
[{a1,@3,-+14n be n positive rational numbers and s = @y +az+- - - +@n,
g1, Ifan, 83 -
hat
prove ¢ .
(i) 0f'ag” - On" ()"
= g 1

(i) (& = VM — 0P
—a) s—az\a $=0n\an (5)9
(iif) Aﬂ_lau un_ﬁ n—1 v . A n-1 v Mﬁav '
If the perimeter of a triangle remains constant, prove that the area of the
Ew:m_m is greatest when the triangle is equilateral.

“ Prove that in a triangle ABC, R > 2r, where R is the circum-radius and
the in-radius of the triangle; and R = 2r if the triangle is equilateral.

ris
=geandr= —2f—, where A is the area of the triangle.]

[Hint
rove that the minimum value of ? + y* + 2% is (£)? where z,y, z are
itive real numbers subject to the condition 2z + 3y + 6z = ¢, ¢ being a
constant. Find the values of x,y, z for which the minimum valuc s attained.

{'Find the greatest value of zyz where z, y, z are positive real numbers and
2 +y*+2* =12 (ii) zy + yz + 22 = 27.

(&.\ un p p_._um ¢ are positive real numbers, prove that the least value of
pleec’ 6+ ¢® cosec? 6 for different real values of @ is (p+q)%.

Hint. 5 tan? 0 + g% cot? 6 > 2pg.)

. M =uw=aqw3u8=.m<n_.mso=m_ numbers, prove that the greatest value of
0 5in" for different real values of 0 is —Ed— .
?+£u+a

2 i - 2
sz._.rvo%.ﬂ_n__ﬂ PRNH i pstiets nnﬂ 2, .Il_.wu £ with weights p, g respectively. Apply
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4
74 \\&\
&.1 - Prove that the minimum value of 22 + y* + 22 is 27 where

\ X~ positive resl variables satisfying the condition 1 + Lyl BALLENS
¥ 29. Prove that the least value i
. of +2y+4z is 4V/3, where
real numbers satisfying the condition zy’z = 8. '¥h 2 are —uoa:._.i

¥
+-30. If z,y, 2 are positive real numbers and z° 4 y* + 22 =

g .. )
y minimum value of 2% + y3 + 23 is 24 and the maximum valu

51 Prove that the s 3
! greatest value of a“d” is =%, where a
numbers satisfying the condition 3a + 45 = 5. - _

12, prove thay the
eofz4yy-, ing

32. If a and b are it es
h, positive constants, prove that the great val
Mﬂ.a uw.a.,.wzf e:%n + ay) is £a’d" where z,y are real numbers vmm: _.%sa“
conditions 0 < z < a,0 < y < b. Fi 4
T y Find the values of z,y for which th,

u.“..muﬂ.- .
of the hmwn_wawomﬁwvﬁamﬁ M_M,ommsﬁ__ma g s S

(i) (2= + 5)*(5 — )* when -3<z<s;

(i) Bz +1)(1 — 2z) when -1 <z < 3

(ii) (z+1)(y+2) when 2z +y=1land -1 < z < 3.

(iv) zy(1 — 2z — 3y) whenz > Oy>0,2zc43y < Hw.

(v) 26 —z — y) when > 0,y > 0,z +y<6; .

(vi) zy(1 — =% — y*) when 2> 0,27 4+ 2 < Ly>0;

(vii) zys ﬂrﬂ_._HVc,=Vc.quwuaue+¢n+ﬂhﬂm.

wh.wmn..?.ﬁvmﬂ_ﬂoﬁ:ﬁg_ ..
P u:B_unﬂ.EnmoEo.: inequality to prove

() A+a)1+a)1+a)0+at) 20+ a182a3a4)";
(i) (ar* + b1*)(a2* +ba*)(as* +ba*)(ae* 4 b44) > ?_Epz.: +bibibypg)¢
wwn.cmh ﬂh...% 16, P, 7 be all positive real oumbers, use Holder's inequality ¢
() (0% +8°¢°)° 2 (a® +8°)(6° +¢°)%;
(ii) (ap® +57¢° + ) 2 (® +8° + P 4 g8 4 4ty
36. If a,b,c,p,q, 7 be all positive real numbers, prove that
(i) [(@* 454 +c) T+ +a*+r )T 2 (@ +p )40+ g2y
(i) [(@®+P0) P+ E+) P+ S+ EE 2 @44
s7. Ifa,b,c.4d be all positive real numbers, prove that
(a® + M+ +d) > (a® + 0 + & +a*)

1'|||!

2. COMPLEX NUMBERS

e
2.1. Introduction.

1t follows from the properties of real numbers that the square of a
real number is never negative. Consequently, the elementary quadratic
equation 22 + 1 = 0 has no solution in the system of real numbers.
Introduction of a new type of numbers, called neiuuﬁ_.. numbers, has
made it uom.mwzm to provide solutions of the equation °+1 =0 and also

of the more general type of equations
apz™ + x4+ +an=0.

where ag, @1, - - -, @n 8T€ real numbers.
2.2. Complex numbers.
Definition. A complex number z is defined to be an ordered pair of real
numbers (a.b) that satisfies the following condition (i) and the following
laws of operations (ii) and (iii)
() (a,b) = (o d) if and only if a =c,b=d (condition of equality)
(i) (a,b)+(c,d)=(a+ec, b+ d) (definition of addition)
(iii) (a,0).(c;d) = (ac — bd, ad + bc) (definition of multiplication).
Of the ordered pair (a, b), the first component a is said to be the real
part of z and is denoted by Rl z and the second component b is said to
be the imaginary part of z and is denoted by Im z. _

Theorem 2.2.1. Addition of complex numbers is commutative.
This says that if z;, zo be complex numbers then z; +22 = 22 + 1.
ﬁa&. Let z) = Aa.u_vmv_ 9 = Tuu. ?uv.

Then z; + 22 = (a3 + a2, b1 + ba), 22+ 21 = (a2 + a1, b2 + &).
. But a; +a3 = ag+61, b +ba = ba+by, since addition of real numbers
15 commutative.

Therefore z; + z9 = z3 + 21.

.H.__.S_.mB 2.2.2. Addition of complex numbers is associative.
This says that if z;, 23, z3 be complex numbers then
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(214 22) + 23 =21 + (22 + 23). |

Proof. Let 2z, = (ay,b1), 22 = (a2, b2), 23 = (a3, b3). The comp! 5
Then z1 + 23 = (a1 +az2,b1 +b2), 22+ 23 = (ag + a3, by 4 b (@ 3.3.8 = (a, b) for all complex numbers (a, b).

(21 + 22) + z3 = (a1 + a3) + a3, (b + o&v +b3, - 2, ‘ aid to be the unit complez number and is denoted by 1.

ex number (1,0) satisfies the property —

- 1,0) 188
" 21+ (22 + z3) = [a1 + (a2 + a3), by + (b2 + by)). ( . of a complex number z;, denoted by —z1, is defined to be a
_ But (a1 +4) +03 =y +(a2+03), (b +b2) + by = b, 4 (by + Negative o _w 2z such that z; + 23 = 0.
since addition of real numbers is associative. b, | gomplex number 2 ba)

+2z2=0 = (a1 + az2,b1 + b3) = (0,0).
e = a+a62=00b+b=0

Theorem 2.2.3. Multiplication of complex numbers is commutatjy, b b
: : = G2 = —ap;08 =0

This says that if 71, 22 be complex numbers then 21.22 = z5.z;

Z].

Proof. Let z; = (ay,by),2, = (a2, ba). Therefore 22 = (—ax, .._www. :

Then 2).23 = (a8 — byby, a1 by + byay) Thus —(a1,01) = (=a1,=0 4

But a unuw.u (9201 = babs, aaby +byay). ptraction. Let z1,22 be two complex numbers. z; — z; is defined to
plication %ﬂmﬂ@hﬂ%@ﬁ.u SF.SS.N baa1.b1az = azby, since multj. m::ﬁ complex number z; + (—22)-

Therefors - n €rs 1S commutative, . Thus (a1.51) — (az,b2) = (a1,01)+ [—(a2,62)]
&& . 142 — ?Vﬁ.llh aa; — 3&H_a.—y +&—.p“ = EMWH + ?NDH mmb =4 H.ﬂﬂ« &uu + AIDD- I@Hv

tion of real numbers is commutative. BES = (a1 — a2, b1 —b).

Eﬂmﬁﬂm 21.22 = z9.2,. 1 '
Th : e 2 tiplicative inverse of a non-zero complex number z,, denoted by
HEm.moMmm.M- www.a.n.ﬂguﬁﬁvruow snu of complex numbers is associative, wm._nmv%mbna to be a complex number z; such that 2,.22 = 1.
T 1:%2,23 be complex numbers then (z21.22).2z3 = | : Multiplicative inverse of the zero complex number is not defined.
Proof. Left to the reader. Let z; = (a1,b1), 22 = (62, b2). -

, Then z1.z2 =1 = (@102 — biba,a1b2 +azbr) = (1,0
Theorem 2.2.5. If Z1, 22,23 be ssﬁ_mﬂ numbers then = a)ag — &m&u = H.ﬁuvn + Pu&— =0.
21(22+ 23) = z1.22 + 2124, — a - b
Therefore az = m.ﬂﬂﬂ?? =

Proof. Let z; = (a1,b1), 273 = (a2,b3),2z3 = (a3, by). . i
Thite 56y o) (o 0 el g P Since (a1,b1) # (0,0), a2, b3 both n“cmn. Therefore
= [31(a2 + 03) — b (b3 +bs), 01 (ba +b3) + by (0 4 ag)] | (a1.01)™" = (e o).
= [(a1a2 — b1b3) + (a1a3 — byb3), (a) by + b1a2) + (@, by + § ,ﬁ

= (a1a3 — brby, 1B + bras) + (3103 — byby, a4by + biay) 193)] Division. Let z),z; be two complex numbers where z; is non-zero. 2

.HI.. .MM_N.H %.Mp.u.m»v.& M . isdefined to be the complex number z,.z; .
Thus {2190 — (a; b,).(ag, bs) 7, provided (az, ba) # (0,0
The complex number (0, 0) satisfies the following Properties _ U8 (22,52 (a1,51)-(az, b) ™, provi (a2,b2) # (0,0)
(i) (a,d)+ (0,0) = (a,b) for all complex numbers (a,b); = (a1,b)). Aﬂum..u.ﬂq_ %v
(ii) (a,5)-(0,0) = (0.0) for all complex numbers (a, b). . o b — b
- Acn“u+vn“ ’ “uu._.....ur V.

3.8mnmlanc_uaEon«énoﬂ.&ﬂ:eawongazs denoteg X :
Thus z = 0 is an abbreviation for z = (0,0). v 0. Theorem 2.2.8. If the product of two complex numbers be zero, then

o5 8t least one of them is zero.
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Proof. Let 2; = (ay,b
G ] 122 = !
7123 =0. R ) g complex Dumbaepg
By
Then T:D.w - @ZJ_:_.._E + bia;) = HO. Du !
Therefore ayay — byby =0 .- ... (i)
aybg +baz =0... ... (ii
Let N.w n..m.o. Then n»u + vuu #0.) u
Multiplying (i) by ay and (if) by b and adding
 ayfaa? +b,7) =0, .
Multiplying (i) by 5, and (ii
e &uhnun + Vuuu =0.
nm.ﬂ—:nuzw. 61 =b;=0. Thus  #0= 2, =
By similar arguments, z; # 0 = z; = (. Ay

thy

we have

) by a; and subtracting, we haye

The complex numbers
S of the form (a,0) having imagi
of special interest. For such complex uEEwﬂm YIE Iginany pect are

(a1,0) + (a2.0) = (a1 +aj,0) and (a1,0).(az,0) = (a102,0)

It is evident that the operations o
such complex numbers take the form

f addition and multiplication for
plication for real numbers.

of arithmetic addition and -multj.

The complex number (a,0) is identi
. ,0) is identified wit
write a = (a,0). In particular, 0 = (0,0). .

The complex numbers of the form (0,
o . ,b) having the real part
5 mh.agamwvuﬁn DOD-Zero are of special interest. Such a Shv_nhu H“wwm
€ an imaginary number. For such complex numb g
(0,61) + (0,b2) = (0.b; + by) and -
(0.41).(0,b2) = (=b1b,0).

The sum of two imagi £ r
pary numb
two such numbers is real €r8 18 imaginary and the product of

In particular, the complex number (0, 1) is said to be the

the real number o. We

unit and it is denoted by i. imaginary
Thus i.i = (0,1).(0,1) = (-1,0) = -1.
Also (0,b) = (0,1).(b,0) = (6,0).(0,1).
Hence (0,b) can be expressed as ib or b.
2.3. Normal form.
The complex number (a, b) can be expressed as (a,5) = (a,0) 4 (g
Again, (0,5) = (0,1).(6,0) = (5,0).(0, 1) 0)

Therefore (a,b) = (a,0)+ (0,1).(,0) = (a,0) +(6,0).(0,1)

OOMPLEX NUMBERS 41

=a+ibora+bi

gince (a.b)+(c.d) = (at+e b+d), ?+?V+Hn.+a: i .An+nv+?+5r

gince (a.b).(c.d) = (ac - bd. ad + bc), (a + bi) (c + di) = (ac - bd) +

(ud + beli-

s ohserved that the sum and the product of two complex numbers

+~__w,__?nm ¢ + di take the same form as the sum and the product of two
]

g Is a + bi and ¢ +di (treating i as real) il we take care always

binoma
o place i? by —1 _ |
For example, (2+ 3i).(3+1)=(23~ 3+ (214 3.3)
= 3+ 11¢, by definition.
e ordinary multiplication gives
(2+3)-(3+1) = 2.3 + 2.1+ 3.31 + 342
= §3+1li—3=3+1k

The quotient mﬂuzu where (c.d) # (0.0) can be eompfed:ag

ac+bd)+(—ad+be)t _ wctbd | —adtbe
nn+ = 4 + c+ ¥

Th

; (a+bi)(c—ds
= = (i) (c—di)

2.4 m._ma:ﬁn_.mnm_ representation.

Just as real numbers are represented as points on a line, complex
ambers (which are also ordered pairs of real numbers) can be represented
n

gs points on 8 plane. E :
With respect to 2 given rectangular co-ordinate system in a plane,

the complex number z = a + bi can be represented by the point with
co-ordinates (a.b).

The frst co-ordinate axis is called the real azis and the second co-
ordinate axis is called the imaginary azis.

The plane in which this representation is made is said to be the com-
plez plane, or the Gaussian plane, after the name of Gauss, a celebrated
Gierman mathematician.

The origin represents the zero complex number, The points on the
real axis represent all real numbers of the form (a,0) and the points on the
imaginary axis, other than the origin, represent all imaginary numbers
of the form (0, b).

2.5. Conjugate of a complex number.

Let z = a + bi be & complex number. The conjugate of z, denoted by
7, 18 defired to be the complex number a — bi.
Thus 7 = a — bi when z = a + bi.
Geometrically, the point Z is the reflection of the point 2 in the real axis
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Properties.

1. 3=z,

2. 51 ¥+ =5 +3
3.

N-n=7F -
4. TH=7FH
5. (2)=8 provided z; #0.
6. 2+Z=2(Rl2),2-7=2i(Imz)
7. 23X is purely real.

The proofs are immediate.

5 .
3 X 5 m Hmm_ ng

be the absolute value or the modulus of
denoted by | 2 |, or mod 2, or mod (n + bi). e

. OmoSmEop:S mod z is the distance of the point z from the
in ._&o complex v_wa..,._. In general, | z) - z, | is the distance betwe
polnts 2, and z,. It is also evident from the definition that

I 21— 22 |=| (@ - ag) + (b, - ba)i | = /a1y = ag)7 ¥ (5, < b2)2.

Since | z | is & real number
» the statement | z, |>
But the statements like 21 > 29, kil

are purely real.

e,

nq j,

origiy
en SE

Zz3 | has a meaning,
21 < 2z have no meaning unlegs 21,2

It follows from definition that _ z|=| 2|
Also 22 = (a + bi)(a — bi) =a? 4 p2 = 2.
”Hw.mou.mﬂ. 2.6.1. The modulus of the product o
is the product of their modul;.
Proof. Let Z1=a1+ by, 2, = ag + byi.
Then 2123 = (a1ap - &pwnv + (a1b + v-nwvu.
Therefore |z; 25| = Vi(araz —b,0)7 (1155 +5yay)2
= a\nunnwu + Fu&nw +a;2b,* 4 b a2
= V(@2 + %) (a2 + %)
=z || 2]

f two complex numberg

Alternative method.

| 2123 [*= (2122)(Z178) = (2122)(2122) = (2151)(2253) =|z

_NM 2
Therefore |2122] = |z1]|22, since |2122], |21, | 22| are each nop, &

Negative,

...H_._mo-.
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modulus of the quotient of two complex numbers

om 2.0.2. Tho

e quotiont of thelr modull.
is LI

f Left to the reader. .
dule 2.6.3. ()] z|z (Al z), the equality occurs when z is 8
em 2.0.9: =
\H‘—.—chmm—emd_.m HEW— ﬂﬂavﬂ—.. e " V O
pon-n 212 (I'm z), the equality occurs when z =iy with y 2 0.
zZ|= ]
 Let z =z +iy. Then |z |= Vvz?+y? and Eula.a o
Proof c“w /22 +y* 2 z. The equality occurs when y = 0 and z > 0.
Clearlyy =
(ii) Proof left to the reader.

. Triangle inequality.
H:mbﬂﬁw.“oﬂﬂavwﬁ numbers, then | z; + 22 |<| z1 | + | 22 |, the
mcﬂw.wwnﬁm if (i) one or both of z1, z2 be zero,
o or (i) £ is a positive real number.
proof. |0 +mlP=(a+ N&E
= (z1 + 22)(z1 + 72)
=zt nn+annt+ann
=| 212 + | z2 |2 2Rl (2172), since 222) = 2122
<l = T+_Nu [2 42| 21|22 |, since Riz <|z|
<|z P+ |22 P +2| 2 || 22, since | 72 |=| 22 |
= (2| +1z )2
Therefore | z1 + 22 |<| z1 | + | 22 |, since | zy +2 Iy] z1 |,| 22 | are
each non-negative. The equality occurs when z,Z7 is real’and > 0.
i.e., when either (i) one or both of 21, 22 be zero

or, (ii) 2173 is positive real which implies
& is positive real, since = _m..«m.w
Note. This inequality can be extended to a finite number of terms.
lz1+z2 <zl +]zl++]z ]
the equality occurs if the ratio of every two non-zero complex numbers
be positive real.

oﬁwﬁ«. | 2 |=| 224+ (21 — 22) [<| 22 | + | 21 — 72 | nd
l=ln+(z-a)l<lal+|a-2|
Therefore |z | — | 22 |<| 21 —zpond |22 | — | 21 || 2n — 22 |
Combining, we have || 21 | - | za ||[<| 21 — za |-
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Worked Examples.
m.\.:. 2y, 23 be two complex numbers prove that
lzn+z P+ |0 -2 m:u__u+_~u3

|21+ 22 2= (51 + 22)(21 + 22)

(z1 +.«»ZM_|+MMV
NHM+N~,N|N.+
| 2y _M

22Z] + 2,3~
ek 2%
+n1Z + 2277+ | ~“_~

]

n-uP=(n-n)z-2)

(1~ 22)(37 - )

ﬂuﬁ_...l 2122~ 2271 + 3;
21 |* =73 - 237+ _

Th p i

erefore | 2 + 2, | +_N_|S_unm:~__u+_um_d. j

I

.\N\.ﬁ. a and b are complex numbers show that
_n+,\au|mu_+_n|,\%|mu_u_n+@_+_nio_.

¢

Let 2, Ha+4\nu|ﬂ.§ﬂal.<nutwm.
Izl 4122 ) =la+ VaT=B P 4 |a- VaT—F2 2
+2|a+Va? =B |la- VaT 12 |

O AT A
| vVa* -8 |2 42| $2 |, since ,:+e_...+_;..___H

= 2
2jaf+ 5P +2]a -2 Eac g
,a+3u+_n|e_»+n_?+§n|s_ el
la+b+[a=b[>42|(a+b)]| (a—b)
(la+bd{+|a—b|)2 |
Therefore |z [+ | 2z |=
non-negative. erid hes el -

]

I

b, since both sides are

z is a complex number satisfying the conditi
greatest and the least value of | z |. ndition 2= {1=2. Find th
We have ||z |- |2 (|<|z-2|. .H.wo_.m_.o_.m__n_lwm:Am

or, _ﬂlw |< 2, where | z |=r. Clearly, 7 > 0 in this .

This implies —2r < r? — 3 < 2r, since r > 0. i
r2—2r-3<0=(r=3)(r+1)<0=0<y <3, since .
ﬂu+MﬂIwWonv?+wv?.|:Ncnvﬂwu_mm:nm__.vn.vp

Therefore 1 < r <

3. The greatest value of | z | is _
value of | z | is 1. | 55y the leagt
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2.7 Polar form: .
. — g+ bibea complex number. In the complex plane z i8
MMM&M» Cartesian co-ordinates are (a,b) referred
EE

d by the point whose : . .
uﬁpnc_ma lines as axes, the first co-ordinate axis being called

e »
to two perpP and the second the imaginary axis.

axis .
Emmmmum the origin as the pole and the real axis
(r,0) be the polar co-ordinates of the point (a,b)-
T,

ﬂmmmMmEmSnm:S + is the distance of the point (a,b) from the origin. 7

umber z.

. eaid to be the modulus of the noBE..un. n . :

Emﬂo_. every point other than the origin, 7 > 0. m,oq. n._S point (0,0),
_ 0. Thus every non-zero complex number has a positive Eoma_ﬂp.

o ade by the radius vector through the point (a, b) with

g is the angle m .
is called an argument or an amplitude of z.

as the initial line, let

_.mﬁ._ Q.M.wm. )
._wmm cannot be determined for the zero complex number.
Consequently, 8 nOD-Z€ro complex number z is represented in the form

uﬂ-.noome.f:mﬂmv. k
This is called the polar form or modulus-amplitude form of the com-
l-lll_llllllll-l.l-llll.l‘l o
plex pumber z.

Asfis indeterminate for the zero complex number,
pumber has 1o polar representation.

For a nON-Z€ro complex number z, & has infinitely many values dif-
fering from one another by a multiple of 2m-

If z=r(cos 0+ i sin @), is determined from the relations 7 cos 9=
a,rsinfd=> %&um r=+va?+b and fis determined from the relations
cos m“m—_n‘ sin 4 "ﬂ.

All values of 8 are expressed as Arg 2 (or Amp 2). If a be a value of #
satisfying the relations cos ¢ Hma sinf Hgbhm z (Amp z) = a+2nm,
n being an integer. . :

The principal argument (amplitude) of z, denoted by arg z (amp 2),
is defined to be the angle 8 which satisfies the inequality —x < 8 < .

\_vnﬂxﬁuv_m. 3% js an argument of the complex number —i but it is
flot the principal argument because 6(= 3r) does not satisfy the relation
-1 < § < 7. The principal argument of —i is —% and Arg (-1) =
3+ 2ar, or ~% +2mm, where o and m are integers.

Note. An argument of the complex number a + bi is to be determined

from the relations cos § =%, sin € ..uw simultaneously and not from the

single relation # = tan™" m.

the zero complex
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Worked Examples.
1. Find mod z and arg z and express z in polar form, where
om, @) z=-1+i, (@{)z=1-1i
(i) Let =1 +i=r(cos@+isinf). Thenrcos § = 1 rsjp g
4y We have r? = 2 and therefore r = /2. =1
Therefore cos § = lwm and sin 6 = .,W and these determine g
. .Hrﬂ.mmoncﬁonuuz\wwuawﬂun*a.
Hence —1+ i = v2(cos 3 + i sin 3F).

3

—
=

-/,

(i) Let 1 —i=r(cos0+isinf). Then r cos § = 1,r si

i =1, b.m”l-
We have r? = 2 and therefore r = /2. b
Therefore cos § = J»sin § = !uwm and these determine § = —
Therefore mod z = /2 and argz = -1,
Hence 1 - i = v2(cos (-) +isin (-%)

/\%ﬁﬁm -1 - i in polar form. o

o rmnIul_.Hlnom@+_.m.ES..m=mwﬂ8mmHlr_.mmnmwI_
A

x
i

QA

We have r? = 2 and therefore r = V2.

. Therefore cos 8 = —J- 6in 8 = ~ 3 These determine § = 5.

Hence IHIa.Ha\m?bmmmm,:.m.E n) 4

Note. Here 8 = % do : 400
g does not give the principgl
inci H 3r . Pﬂﬂﬁhﬂﬂﬂn -1-—-1
E.En%m._. m.,nm:Bmun is — <. Using the Pprincipal argument, om e
of —1 —i is v/2[cos (-3) +isin hlml_..: ety i pol s

3. Let us recall the definition of tan 1z, when iy al
il : ) 8 real num
tan 'z is the unigue angle § satisfying the B ber.

(tanb=z and (i)-F<f<r.

We shall now show by examples that,
a an ar,
number z = a + bi = r (cos 6 + i sin ) cannot M“-MM”M of the oomplex
relation # =tan~'2 in general. Tiuned from, the

ri
(i) Leta=1,b=1. Thenr=+v2 and cos § = 1 .
The ar t L g Vosings 1
guments are 7 + 2kw, where k is an integer, mm
Here tan™'% =tan='1 = Z.

Hence tan~" £ gives an argument of z.

(ii) Let a = —=1,b=1. H&mbﬂﬂa\mganﬁmﬂforsg
The arguments are wla + 2km, where k is an integer. ! 3 ﬂ_m
Here awul.m =tan~!(-1) = —f, but —¥ is not an Em:ang m

o 2,
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gument of z.

1 & does not give an ar
o = —1,sin §=0.

——2.b=0. Thenr = 2 and oo_w.m
s are m + 2km, where k is an integer.
-10 = 0, but 0 is not an argument of z.

t of z.

Hence tan~

(iii) Let @
The argument:

=5 1
Here ton~' g = ton

-1 b Joes not give an argumen
: i o e
Hlp.ﬂrmuﬂna\m.oom 6 =—-5 810 6=-7
Hmh + 2k, where k is an integer.

-11 = X but § is not an argument of z.

Hence tan
Ta& Fmﬁ a= Iu._..v

The arguments are

Here gn.l_m = tan

-1 5 goes not give an argument of z.
a

Hence tan | o
4. Some important complex numbers and their polar forms with principa
argument.

(i) H..unOmo+ﬂ.mmuo. modl=1, arg 1 =0;

(i) i=cos +1sin z, modi=1, argi=3;

(iiiy —1=cos r+isinm, mod(-1)=1,  arg (-1) =m;

(v) —i=cos(~§)+i sin(-F), mod (i) =1,arg (—i) = -%.

Theorem 2.7.1. Let \1,z2 be two non-zero complex numbers. .:”. or
be an argument of z; and 0, be an argument of zz then 61 + f; is an

argument of 2122.
Proof. Let zy = r1(cos 6y + 1 sin 8,), zz = ra(cos 92 +i sin 62).
2122 = ry72[(cos B1cos B2—sin Bysin B2) + i (cos f1sin fz+sin 6:1cos 62)]
= ryra[cos (61 + 62) +isin 6y + 63))].
This shows that 8; + 6 is an argument of 2,23. O

Note. The theorem does not hold, in general, if the principal arguments
be considered. That is, arg(z; 22) #arg z)+arg zz, in general.

For example, let z; =1 —1,2p =1,z = —-1+1.
Then arg z; = —%, arg zp = §, arg 23 = 3.
nzy=1+1,2023 = —1 — i, arg (z122) = §, arg (z223) = - .

Here arg (z12;) =arg z;+arg z3, but arg (z223) #arg za-+arg zs.

Theorem 2.7.2, Let 2,25 be two non-zero complex numbers. If 8;

be an argument of z; and f; be an argument of z; then #; — @ is an
rgument of L
z

P .

a.“.‘. Let 2) = ry(cos 6) + 1 sin 8;), 2z = T2(cos Oz + i sin 7).
A — ricos 0)+isln 0)
# ra2cos Op+i sin 0y
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2 (cos 6y +i sin 6;)(cos 63 — i sin 6,)

il

+(cos B1cos B3+sin 6ysin ) + i (sin 6 cos f2—cos §
~Cos

= Dlcos (6, - ) +isin (6, - 65)). . 18in f,)
This shows that 6) - 6, is an argument, of 2.
Note. The theorem does n i 2
t hold, in i -
sy c0es not hold, in general, if the princi
nsidered. That is, arg (2) arg z—arg 2y, in mﬂ _“””%w_ argumey,

m,onmxnav_a.“maﬁupl-. 23=12z3=—1+41
1 =& ot 1.

..H.wumb_ D_Hm 2= fm. p_.m =
4
o T
- [ . 1 n.nuilw,ﬁmmw”lmqa E‘m.mmrv T
e arg (&) = : .
4 AE arg z)—arg z,, but arg Am& #ar Nu
Thedrsin, 4 . . X z3 B z)—arg z3.
5 R g 21,22 be a
arg (z)z;) =arg 214818 2 + 2k ar”ww zero complex nunbers, (he

k” if —
xlwm_. T <AIg 21targ 2 <
k= ,Hﬁ.ﬂmuiﬁmwu.ni "
=-lilargz4argz; > .
Proof. Let z, = rilsmd 2> .
IuﬂA%wMﬂ._nlm_.AQu
122 = r173[cos (6,

id
71 8rg 23 = ;mﬂﬂ..

_+ﬂ.m.Eer
12y = ..
P . +mwv+~mmﬂ Amnnvm»u_. g 22 =0,

1 + 62 is argument of 2 y

argument. 22. But @,

Ty . 1+ 62 may not be the principal
P 122) = 0} + 6 + 2ky .
1+ 62+ 2k where & ig

T < 7. But -2 Sty
Three cases arise, <6146, <9 . s L S
3 If -7 <6, +0, Sm then k=
(i) Ifm < 9, + 82 < 27, then :
Therefore k = —1.
(ili) If —27 < 6, 4 6, <
Therefore k =1,

Theorem 2.7.4.
arg (*

l..__.AQp._.wulwaAo

—E Wm0 <0 30, 40y
=T,

If 2,z be no
S ' n-Z
=8arg z)—arg z; + 2kn, where o
M..Iuc.m_. —m<argzy-arg 2, <
=1 ;..E.m n-arg zp < —m, .
=—lil arg z1—arg z, > 7.
Proof. Left to the reader.

compl
Plex n...:ﬂ?ﬂ._wh then
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continued).

4 Examples (

Worke o e
5 m.._namnm«s.rm_.muﬂ~+ﬁ an % -
i ar — y(cos O+isinf): Then r cos @
is gi = 37 gince sec & < 0.
2 3% and this gives 7 = ~5€C 57 =
. . U
m@h_mﬁmuim_u.w..

> 7,8 does not give the principal

= 1,rsin § =tan 3,
Let 141 180 75

We have r2 =sec’ 3
Therefore €08 § = —cos
These determine g = m+ 3. Since 9
E.m..:dmne.
Therefore aIg z = §-2r= 19%.

— 1+cos 20 + i sin 20, mAtAWmﬁ.

. Find arg 2 where 2 .
‘ = 1+cos 26, r sin ¢ =siil 26

r(cos ¢ +1 sin ¢). Then r cos ¢

Let z = :
We have r2 = (1+cos 26)2+sin? 28 = 4 cos 8.
This gives T = —2 cos ¢ since cos 8 < 0.
Therefore cos ¢ = Licos 26 — —cos 6 and

sin 20— _gin § =sin (7 + ).

mmnﬁulnnouml 3 3 5
. . 5r
ewmm%amﬂa_umsua+m. mAmAﬂanvnwAeA -

As¢ > 3F.arg 2 # &
Therefore arg z = ¢ + 2km, where k is an integer such that —m <

¢+2km <.
Cl q_w.wnlupnaamuuﬁlmaﬁmla.

rove that arg z—arg (—z) = £, according as arg z > 0 or < 0.

Let z = r(cos # + i sin #), where —w < 0<m.
Then arg z =6 and —z = —r(cos 8 + i sin 6)

= r [cos (r + 8) + i sin (7 +6)].
7 + 6 is an argument of (—z). Let g =7+ 6.

Case I Let arg z > 0. Then 0 < 8 < 7 and therefore w < m+8 <2,

m.m.. T < nwm N.:..
As ¢ > 7, ¢ is not the principal argument of (-2).
arg (~z) = ¢ + 2km where k is an integer such that — 7 < ¢ +2kmr < m.

Qoﬁn—%.#“lu. and Pﬂmﬁle“ﬁlM.ﬁnﬁlq«.
Hence arg z—arg (—2) = .

Cese II. Let arg z < 0. Then —7 < 8 < 0 and therefore 0 < ¢ < .
Therefore arg (—z) = ¢ = 7 + 6.

Hence arg z—arg (—2) = -.
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2.8. Inte ‘
egral and ratlonnl powers the theorem holds for all positve inte-

he principle of luduction,

Let 2 be a complex number and n be an integer. By t
We define (i) 2°=1, ~ “ gers 1 .
(i) e"=2"l2ifn>0 ase 2. Lot N be a negative integer.
-n _ {.=1\n ‘ = e m I8 positive integer.
() :"=0GE"")"Hz#£0and n > 0. . H\an:uu...a.ﬂ_—._a_. o _ﬁ_“bna.f*:m:%ula-
The laws of indices for complex numbers Now (cos 8+ ik iy
(1) s™.a"m ™0, - %.
(i) (zm™)" = 2™, 1
n V — %g .UW case w

il (ii) ™2™ = (5y2)™ f
old when m, n are integers, with proper restricti |
of negative index. . o iiieade 4

22 in
il — cos mé — i sin md
Let x be a non-zero compl i a
\ plex number and ¢ be a positive int _ — cos (-0 } i sin (—-m?
Then there is a non-zero complex number w such that Equnam”._. wf_. p— +.._“=u né.

existence of such a w and its non-uniqueness will be discussed T ‘
. 3. Letnbea fraction, positive or negative.

Definition. Let : be a non
i . -zero complex number and ¢ b, : Case -
integer. Then 2'/9 is a com nd g be a positiy / . d ¢ > 1,p may be positive or
plex mumb. - = are integers and ¢ > 1,p
tovbs i omt s, er w such that w? = z. w jg gyyg ﬂmwlﬁ\a where p/q
negotive.

—cos pl + i sin pf, by cage 1
= (cos 8 + i sin §)?, by case 1 or case 2,
values of (cos 8 +i sin 8)7/,

Definition. Let z be a non-zero 29 4 i sin 22)9
: g complex number gince (cos 2 + i sin E7)
rational number = and r be a posj 1 1

n » Say r = 2, where p, g are pusitive integers, 53@8.:5

i) 27 = zP/9 = (;1/ Y S e
(i) (9, (i) 27" = (dy. , it follows that cos m.. +1 sin % is one of the

. ) 2 .__.—.
@ eorem 2.8.1. De Moivre’s theorem , i.e., cos nf +1 sin nd is one of the values of (cos § + 1 sin 8) |
il ﬁ or a negative integer and @ is a real

en n is an integer, positive or negative, and § js 5 st Corollary. When n is a positive

Number pumber

ﬁgml—am‘wmﬂ QVB =Cos gnTum:H né: ,
when n is a fraction, positive or ti o (cos @ — i sin #)" =cos nf — i sin nd,
cos nf + 1 sin nf is ouﬂmmwn_“_cﬂ“mm M. M.o“n_mnpsvmq | when n is a fraction and ¢ is a real number
+1 s yi e % i o n
Proof. Case I. Let n be a positive integer. ¢ 5 @), (cos nf — i sin nd) is one of the values of (cos ¢ — i sin ¢)
The theorem holds for n = 1, since (cos +1 sin §)! This follows from the relation
cos 16 +1 sin 16. . S 8)" e o (cos 8 + i sin )~ =cos (~8) + i sin (~6) =cos § — i sin .
Let us assume that the theorem holds for n = m, where _ Note. The generalised form of De Moivre’s theorem states that if n be a
: M52 positive real number and 8 is real, (cos nf+i sin nd) is a value of (cos 8+ sin 8)".

integer. .
Then (cos € + 1 sin 8)™ =cos mé + 1 sin m#.

Therefore (cos 6 + 1 sin §)™*! = (cos mf + 1 sin m6)(cog 8y, 2.9. Roots of a complex number.
b

“,Iuomm (m+1) %MWMM_:%MN& V.M e e 6) ) When n is a fraction, positive or negative, De Moivre’s theorem states
5 ) ; that (cos nd + i sin n@) is one of the values of (cos 6 + i sin 8)™. It is
This shows that the theorem holds = ;

e e W S Ssupy, natufal to ask how many values of (cos 6+ sin 6)™ do exist in that case.

hold for n = m. And the theorem holds for n = 1. it tg

We have the following theorem in this respect.

~
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Theorem 2.9.1, If 2 be a non-zero complex number 5

integer then there are n distinct values of zl/n Hdn bog Positj,

Proof. Let 2 = r(cos 6 + i sin 6), where r > 0
” Let 2'/" = w = p(cos ¢+ isin ¢).
his impli "=y ]
s Plies w™ = z and therefore p"(cos n¢ + i gig ng
This gives p" cos n$ = r cos f and p" sin ng = ¢ 8in 6.
HM rwqml.o.. =7, i, p= {/r where {/7 is the positive nth root
n¢ = 6 + 2kn, where k is an integer. Therefore ¢ = 2kn+0
Hence w = {/F(cos Ul 4§ gin 2nt0 22 where k is an h;mwp.
For different values of k i )
. y we get different va)
that there are infinitely many values of 21/ 34.6 SR
Nm now prove that these are not al] distinct.
t zm denote the value of W corresponding to k = m ie., z
v LG, m =

~m<0<n

) =r(cosg,

of r,

T

Vr(cos 2matl 4 ;g imnt0)
We prove that only n valueg 20,2y,.

other value of w (as k runs t -+ +#n-1 are distinct and every
distinct values. hrough all other integers) takes one of thege

To prove that z, 2 i
1215+ o0 2y are distinet, e
ﬁrnauuﬂuaﬂvﬁoM3m=ru.cm.~A=_ "
= 2. implies 2B+ _ 2qwe
% =2 implies 7L _ 29w+9 = 297, where s is ap |
. That is, 21 g an integer, which is g
since p —~ ¢ < n. This proves our assertion,

assume the contrary
~landp> q.

nteger,
Possibility only when p = q,

Let z; be any value of w where ¢ is other than 0, 1 2
TRy, — A

By division algorithm there exist integers A
where 0 < p<n-1. . N

Therefore ze = {/r(cos 22x¢ 4 j gin 2ri9)

= {/Flcos (2Ar + 2722) 1 j gin (2An + 2nt0))

= y/r(cos 4218 4 jgin 0y _ ,

Since 0 < p < n — 1, it follows that there are only n g
of z'/™ and they are

{/r(cos 2:240 4 j gin 25240) where k=0,1,...,.n~1.
Note 1. They have the same modulus aid their arguments gy

o
R N sen.

uch that ¢ = nA+u,

Unct valyeg
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o 2. The value corresponding to k = 0 is called the principal nth

12. f z. The principal nth root of z in {/r(cos m + 1 sin mv. where

_.oM”.:Mm 2,0 =argz (principal argument).

i em 2.9.2. If z is a non-zero complex number and m, n are positive

MWMMW prime to ench other, then (z'/")™ = (sm)M/m,

proof Let z=T (cos 8 + i sin @), where -7 < § < 7. Then

nn:ia = 2\33?3 mm.ﬂl..hq. + 1 8in m._.|_.._.hm_3_ where _....uou. r:...:a 1
= (yF)™|(cos & +1 sin &)u*|™, where w = cos ZF +1 sin s
- Sﬂ_nom n_mm + 1 sin ﬁh_era_ where k=0,1,...,n— 1.

gy = Y7fon BB 4§ sin 2ezind

— :\qﬂ_nom_ n“.h.fﬂ. sin %_83 where w = cos m..n + i sin m_m
pnﬁ;uc.r:..:t 1.

Since m and n are prime to each other, n.rm numbers 0, m,2m,.
(n - )m when divided by n, leave the remainders 0,1,2,...,n — 1 in
gome order. Therefore as k runs through the values 0,1.2,...,n— L, the
two sets of values of w*™ and w* are same.

Therefore (2}/™)™ = (z™)¥/n,

Note 1. The n numbers in either set are the values of z

_n_r.ﬂ Qw-.: . Hu__na-_-t”-a
Therefore z™™ = {/7™(cos _H + i sin e

m/n

= U™ (cos [(2km +8) 2] +1 sin [(2km +68)]), where k = 0,1,...,n— L
Note 2. If z is a non-zero complex number and m,n are uom._pn?m integers
primo to each other, then z=% = ()% =[(2)™]~ = (z7™)=.

Also z=% = (1% = [(})3)™ = (z=»)™
Note 3. If z is a non-zero complex number and m, n are positive integers,
then (z!/%)™ % (z™)'/" in general.

For example, let z =i,m = 4,n = 6. Then

(™)™ =18 = cos 2 + isin 2%, where k = 0,1,...,5. These have
six distinct values, -

(Z/m)m = (i)' = cos 4%EL 4 isin 4L, where r = 0,1,...,5.

These have three distinct values,

Theorem 2.0.3. If z is,a non-zero complex number and p,q,m,n are
Positive integers where E = I with gcd(m,n) = 1, then P/ 2/,

Proof. Here np = gm. Let w = z#/9. Then w = (z"/4)P, by definition.
wh = :u—\aumv: = Aur\avvz o na__\av.t: i :u_\auavi =z™,
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Therefore w = (z™)}/" = (z1/")™ gince ged(m, n) =
= gm/n, el

Therefore zP/9 = ;™/n,

This completes the proof.

Note. The theorem gives a method for evaluating ;»/¢
positive muﬂamﬂm not prime to each other.
2P/9 = (z%)™ = (;m)1/7 where B =
prime to each other. !
For example, it= (i})4, by definition. [art. 2.8)
And also il = i¥ = (i4)2= (%)} by the theorem
It follows that i¥ has three distinct values.
It is worthwhile to note that (2

) Ermg
uu.ﬁ 5

m and m,n are s

n ) Positive Ewamﬂ.

)4 has six distinct values,
2.10. nth roots of unity.

When the complex number is 1
are called the nth roots of unity.

EﬁgN"H.BOQN"HgQQ N“O
theorem, the n nth roots of unity E,M - Therefore by the previous

the roots are of special interest, They

cos 2% 4 in ﬁm.éwﬂmr,uo_r:..alr

They h
i PM .Ea nrwa same modulus 1 apd their arguments are
.B‘aa...ﬁwﬂl..ﬂ. f

Geometrically they represent po;

points Py, P, P, . .. i
plex plane such that OF = op ml. .H.. M OT.Ual _W;ounoum
{PoOP, = [POP; =-..= (P,_,0P, - 2 Bt i

Therefore Py, Py, P;, ..., P._, are the vertices rn a regular polygon
2k s o 2kw - .
cos =% +1 sin ..:I_mucam._v;mm:;bao&wmu:m i i
¢ ; 7 18 an integer. Since
oM»M:IP.»:hEpuﬁﬁmma_mwuaoawﬂwuc.am. =
If n be odd, there is only one real nth root of unity, corresponding to

k = 0 and the real root is 1.

ﬂ:&mme.mb“ncmﬁggcnmw:oonm corresponding to k = ( n
The real roots are 1 and —1. L)

Again the roots corresponding to k =7 and k =n,

— T are
2rm > ot 2rm 2rw PRI T
cos = -+ 1 Sin e and cos 5 —is8m -l Hmmhvanﬁcouw..

They are conjugate as well as reciprocal to each other,
When n is odd, the roots can be exhibited as
1,cos 2% + i sin 2%, where k= 1,2,..., %7

a0
When 7 is even, the roots can be exhibited as
+1,cos % +i sin 2% _wherek=1,2,...,3 -1

n Yy

A

.
OOMPLEX NUMBERS ili}

_ 1 can be expressed as the product

n
n is odd, = iy
Sﬂ__n__v?m*:»:a _ cos 32 — 4 sin 22)(z ~ con it - 4 gin 22))
(£ 1)
-1)/2
(2~ :? 3” (x? — 2z cos Ax 1),
= k=

n _ 1 can be exprossed as the product
When 7 i8 even, T

. ~ i kx i sl kx
( 2 :?..mu\m:u..no_u 2tx _; gin 2kr)(z — cos LT+ sin 55 )]
L2 =1
2kn
T.luu\n 2 1).
uﬁau\: wm_ (" — 2208 7, +3

2r by w. Then the nth roots of unity
yhias
E E

(cos @+ sin-F),

2n —
Let us denote cos -+ |m=“
Emer.iwm_.m»ﬂo_u.;..z ;

t z be sl arbitrary non-zero complex number 7
Let 2

Q.Umﬁo l.ﬂ.A%Muﬂ.

f z are

e n nth roots o B Y

d\.ﬁwm 2krtl g sin m__hﬁ_,hv_ where k=0,1,...,n—1
T " - B

~ 0. isin £)(cos X +i sin 2kn)
= gr(cos 5 t1 = =
_ yilcos £ +i sin ) - .

k where zo = ¥/T(cos m +1 sin mv. the principal nth root ot z.
NSE roots of z can’

the nth .

chmna& mw:uo Noe.noﬁu_ ...,zow""! and they can be o,cnmm.Ema by

cmcmﬂw__.ium the n nth roots of unity by the principal nth root of z.
m

Note. If /z denote the principal square root of z then the square roots

of z are /2. Y
If ¥z denote the princip:

¥z, w¥z and w? Yz, where w = cos

al cube root of z then the cube roots of z are

2 .o 2
=+ sin 5.

‘Worked Examples.
. Pind the cube roots of 1.
Let ¢ = 11/3. The polar form of 1 is cos 0+ sin 0.
Then z = (cos 0+ i sin 0)}/3.
There are three distinct values of 7 and they are cos 253* +i sin Zx,
where k = 0,1,2; i.e., (cos 3 +1 sin 2r)k, where k = 0,1.2.
Letw =cos & +i sin & Then 7 = 1,w,w?.

] 2x . = 2w
Hence the cube roots of 1 are 1,w,w?, where w =cos 5 +1 sin -
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2,Find the cube roots of 1.

~ The polar form of -1 is cos 7 +1 sin 7.
There are three distinct values of (-1)1/3 4pq
cos Brd® 4 i sin Hnlwk.irmwmwﬂc_rw.

1€, c0os T+1isin Z, cos 7 +1i sin m,cos 5 4 gin 3

eﬁmv‘ are

Note. The principal cube root of —1is cos 3 +isin I _l4v3

3. Find the fourth roots of 1. m o
Let £ = 11/4

Thenz = (cog mu; sin 0)1/4

g o ik o

» where k =0,1,2,3
4

v».g&e.m»..n
= ._..n..u.u._-.u, since MOm 2% O..._;M.w

¢ tisinZt —;
/\nwo_aanrmoa:paoaHm+nm+a¢+au+uu+H+Hﬂo
£ Aue+am+u¢+au+nn+a+:?1:naqlH .
2kw -
o000, irm..mcpwn.““ W.WI. +.”—mw”~nmhww%h. J&E.m»ll.o_
. Mxn_n&wmuaboa:m%nwoo«o“.druu 4 ;
T +H»+H~+H+~Hownmn_nn:

6

. *+1@”, where q = ¢og 2r 4 i sin

IXEQ the sum of 99th Powers of the roots of the
X The roots of z7

IIH”QNHGOS 2rw
H;OHQ"GO_W

The roots of z7 — 1 —
m.ﬂ.- H;Qu QM_ -

-

1 sin 2rn
+1i sin 2cm . _
Z +isin 2 .H._pmbq R e D B
.

0), the roots of 6 4+ 55 4

equation 7 — ] =

COMPLEX NUMBERS

T

N3
” i the product of all the values of (1+1)%. .
: - - A
_ 3» . _,\m?om T 4isin m:w = [4(cos 7 + i sin 7)]%
1k T
.AH_rmnm are five distinct values. They are

YA|cos ZEEE® +1 sin Zkrtn] where k=0.1.....4

¢ ;o dmk Bt d
— /4[cos § +1 sin 2)(cos % +i sin Z), where el
; T 4isin Z)%(cos 2% 44 sin ZE)0HIA24IHE — g
The product = 4(cos T +1 Z) .
rove that Vi+vV=i=V2
i
i=cos ¥ +isinj, —i = cos(—F) +isin(—3).
— 2k = . . 2kn4Z ~0.1.
The square roots of i are cos =3 4 isin =52, where k = 0.1
The principal square root is cos § + isin § (corresponding to k = 0).
o g o NS
That is, Vi =cos § +1sin § I&.

. Mr-% L icin2*""% Yhere k=0, 1.
The square roots of —i are cos —;—% + isin ——<, where ;

6 The principal square root is cos(—%) + isin(—%)(corresponding to

k =0). That is, v—1 = cos(—%) +isin(—F) = ¢1m..

Therefore Vi + =i = $ + _qlul_,.m V2,
“ *
i Prove that ¥/i+ /=i = 2cos Z, where n is a positive integer > 1
0.

and {/Z is the principal nth root of 2.

i3 3 - i=cos 5 +1i sin % I-.Hnom..nl.mv+a..mmnnlm.v.
09 —a99. .D.Q-|...ﬂw. 1 - . n SR —t y 1 =, —
l+a +...+AQ53"wlopa..na..qHc.mmugns.qﬂmmnanamme &ﬂ.ﬂ.nm.m Ml:.f._ sin 35 ~1 = cos (—57) +1 sin ( mﬁv
6. Find the roots of the equation 2™ = (, 4 1", wh / . 8 25 =1 Sin g
integer > 1. Show that the points which re s ™ I8 a pogitive Therefore {/i+ {/=i = 2cos X.
are collinear, present them in ¢he 2z-plane | o

—z+1 __1
nhusla. ngwla

-1 N:”AN..T::HVSS

=1,
Therefore w = cos 2% 4 ; g 21 where k= .1 » n it
Voo —
. - 1 =
Therefore 2 =0 ZE4; ain ZE g where k = L2, ..n_ 1
1 cos _ﬁlm sin P:m
" 2i sin i1 (cos 2% 44 sin ) T 2iein 2

7

= Iw — 2cot &% where k=1,2,...,n- 1.

The points represented by n — 1 roots lie on the line = <d b
is parallel to the imaginary axis. ich

. N -

211. Some applications of De Moivre’s theorem.

m w Expansion of cos né,sin nf,tan nd when n is a positive integer and
i8 real,

When n is a positive inte
8 nf +1i gin ng =
= Sm: Q +3
a3 43

ger, by De Moivre’s theorem

(cos 6 +i sin §)"

C1 cos™ 1 6i sin 6 +" C; cos"26i? sin? @ 4+ Cy
8in*0 4 ... 4 in ginng

(cog™g _n Ca cos™2¢
O_ cogn~1 /]

| i . sin§ 4" Cs cos™ %9 sin'e + s} 4
Sin 6 —" C3 cos"3@sin® § + ...

™
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au._wclnm.m.e_mnhwm cosnf = cos"§ —" Cy cos"~2§ gjp2 +" e, wom_arJ o R
. :
sinnb =" Cy cos™! @sin ml:ﬁ,_Sma..mmmmuum+=qmo8=|mmmm 5 uéwwﬂm E_Mcm am g1+ 4" Onoyz.ilr +
m:a:m,___.qu._vu%.mwmm. the last ._pmn._m in cos né and sin n# are P _Uue.!._ or, (2" cos" 6) = "+ X))+ Ci(E" 2+ )+
n cos 6 sin"~!g respectively. ) sin”y _ g cos nf 4" C1.2cos(n — 2)0 +7 C2.2 cos(n—4)0+...
T%wfwmmww%umﬂ%sﬁ,wu m..-;\,..a cos 6 sin"~1 g anq ?ﬂﬁﬂ%ﬁﬂ%.w%ﬁ s A wm_.mﬂ._um.w Aiermbrro
Hence tan ng =Sinné MM:M_%@ containing = and the other containing .w :
- :m . , The last term in the expansion of (2cos §)" is a constant IE 7 e even
=— C)_cos""! 9 sin §-"Cy cos"-3 9 sin3 6. and is & term containing cos @ if n be odd.

§-nCy cos™=2 @ gin 0+"Cq cos™~4 g sip i
—_"C) tan 6-"C; tan3@+...
1-"C; tan? 04" Cy tando—.-

If n be even, the last term j
: ; in the numerator is (—1)(n-2)/2
and that in the denominator is (=1)"2 tann ¢ T

of sin™@ in a series of cosines or sines of multiplies ]

.vm:m._ou i
Cording s T is an even or odd positive integer.

& Let z = cos 8+ i sin 6.
Then 5 + L =2 cos f,z — 2 =2i sin 6.
ny 1 =2 cos nd,z" — 2= = 2i sin nb.

ntan"-1y

Hmwawm%m& the last terrs are T:?r:\u tan” 8 and T Tz £
(-1) ntan" ! g respectively. i Case 1. Let n be even.
2. Expression for tan(f; + 6, + - - +6,), where 8, 6, 8, ice feal We have (2i sin )" = (T — Lyn : _ :
: 1929000y 4 _ %ﬂ%l...l e, (i il
it :J.a.s An.o@.mm_ +1 siny)(cosb +i sinfy)- - (cos b, + i sind,) = Mnaa + hv =0 Qpﬁaamu + )+ ) J
s |8m.ﬁF+Qu+...+&=u+mmmDAQH..TQu.T,.(xTQ:v. - _ MGOmMQI_‘-Q—..MOOmmﬁlHMvQ.T...
herefore cos(61 + 62 + -+ +6,,) + i Sin6) + 6z + - +6,,) Since n is even, the expansion of (z — 1)" contains a middle term

which is free from z. )

cos 61(1+1i tan 61)cos G(1 +4 tan 6,)... cos On(1+ i tan 6,)
a The last term in the expansion of (2i sin #)" is a constant.

= cos 6; cos mn...nommaﬁ+a.§+H.u..__u+.:+_.=m ), whe
81 = Xtanb), 5 = Ltant tanflh, 83 = Mﬁm.:.a:. tan @, —.m.“%m i

Case 2. Let n be odd.

Wi 2
E (] rm.<on_..u0m nmu + 62 + + 65) = cos 61 cos ;... cos 6,,(1 — s, + | (2i sin 3: S AH = Wua
84 v an ! = z" l:QpH..-lu +=QNHSI§.I...+= Q:l...*ﬂl F:
sin(6y + 62+ -~ +6n) = cos 01 cos 02... cos G,(s; — s, + 35 ) (n=1)/2 1 2 1 : :
A -_— sl nil_ n— N "a-.-tl _n n—s g
Hence tan(6) + 02 + -+ + 0p) =5tz W ou"nweu_m =w -n M.:ahn m.mue e i i
_ Ifn be odd, the last Mm_..ﬁ.mln. V_“\_wm numerator is (—1)("-1/2 5 04 opos Therefore ual-mlu.iw..c\ 2gin™ § = sin n¥ —" C) sin(n — 2)¢
in the denominator is (—1) Sp-1- +" Cysin(n — 4)0 — - -«
If n be even, those are (—1 yn=2/2 g and (~1)n/2 $n Tespectiyly, m Since n is odd, the mxva.:mwo_b of (x - wva contains two middle terms
x s 3 of o s : . x TR 1
3. Expunsion of cos™ 8 in a series of multiples of § when n j 4 Seitive %ﬂma_”m signs, oE.w containing z and the o_nwm”. ooueﬂw%\mu 2 e
integer and @ is real. (1) ae.me _.mn.B in the expansion of 2 (=1) iy 8
Lot ¢ =cos 6+ sin 6. & PR .Q{m_ue. /
5 = i s ,z~" = cos né — 1 sin nb. ) _
Then " = cos nd M _. n:._l ”_W:HH et/ B M%”a. The methods discussed in 3 and 4 can also be used to express
2% 4+ z~" =2cos nb,z e msmam in a series of sines or cosines of multiples of 6, when m,n
Positive integers.
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Worked Examples.

....u&wnﬁmwmﬂﬁ.m,mggvadggﬂm
i . : 1-10

/\ ﬁmgﬁoammt+_mmummﬂa8mm+..m53m =

cos 56 + 5¢; cos* @i sin 6 + 5cy cos? ;i
: 8

Scycos?#idsin® @ +---+15 sin®@ .

(cos®@ — 10c0s™ 6 sin® @ + 5 cos 4 sin'g)

i (Scos*® sin 6 — 10cos? 8 sin®6 + sin® )

.H.rmaﬁ,aa 56 = cos® 8 — 10cos” 6 sin?§ + 5cos Osinty

sin 56 = 5cos* @ sin 6 — 10cos? 0 sin3@ +sin® 8. b

Hence tan 58 — -3.0* @ siné—10c0s? 8 sin® §+sin®
2005 610 cos’ 6 57 0-r5.00m 8 76

— Stan #—10tan®f+tan® 9
1-10tan? §+5 tan'6 °

tan QIMQ tand

sin? g

+ 0+

rove that cos 5 = 16 cos®¢ — 20cos® 8 + 5 cos 6.

From Example 1, cos 56 = cos® 9 — 10cos® sin® 6 4 5cos § sind |
= £ -108%(1- %) + 5¢(1 — £2)2, a:ﬁﬁu&ww a

t5 — 1083(1 — £2) + 5¢(1 — 262 + ¢4)

16¢° — 2083 + 5¢

16 cos® 6 — 20 cos® 6+ 5 cos 6.

/\h.\ﬁﬁ”ﬁb& cos” 6 in a series of cosines of multiples of 6.

T=cos 0+isin . Thenz"+-L = :

Awocm&q"aﬂnvwvﬂ "+ = =2 cos nb.
=z +728 + 2123 + 352+ 351 +21. 5 +7.5 + 4
u?ﬂ+m£+:am+m_qv+”:uu+m$+u2u+mv
umoﬁ§+._..u08mm+5.u8m%+a.w§w.
Tharilore soaT QH%Aoom wm+ﬂ8mum+u_8mu$+wun83.

|

and sin® @ cos? # in a series of cosines of multiples of g,
Let z = cos 8 + i sin 6. Then 1= el e
¥ z" + & =2 cos né, n..-m.;uu.Tm..amwﬂm.n = =2isin s,
(2i sin 8)%(2 cos 0)? = (z - })'(= + = - =z-1p
=(z' -2+ X)z* -2+ F)
Hﬁha+mrvimﬁu.+milﬁuu+m_l+n
=9 cos 60 —4cos 49 — 2 cos 20 + 4.

Therefore sin® ¢ cos? ¢ = 75 (cos 66 — 2cos 46 — cos 20 +2),
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Exercises 2A

are complex numbers. Prove that

5, and 23
S pmng2lalal
T,v I 1 — Z143 _u —|z1— 2 _u“ (1- | 21 _J:l | za _J.
?;v | 1+ T1a2 _u +|a—22 *uH (1+ |z “JAH._- v £ ] _J
(i
are two no

a3 n-zero complex numbers. Prove that
.. and 22

21
' i AL |< 2.

Dl o
22 |2 A_ zn |+ | 22 _w __u__nT_u_l_ .
that for 8 complex number z, | 2 |2 Z=(| Rz | + | Im2 D).

. al? 2 u
e Leti= a + ib. Use the inequality lelHBL > (Lekblel )2 )
[ 2y BT€ complex pumbers and w© = VZ1za. Prove that
A B 33 +3
_ ais yw|+| ain _yw|

—wl) = B P+ 252w ]

1

2
ﬁ_-y M_u- +

3. Prove

_Nu_:—\—hﬂ_“*

atz +w |+ 252
ot (57~ 7 s pha 0 P 42| 852 P snce o+ b [T+ 1a b
21872 3
b2
“u_n_u+u_

[Note that Jiza # JZ1./71, in general]
5. 71,71 BT€ complex numbers such that |z1 — 3za| = |3 — 2122 and |z3| # 1.
Prove that [z1] = 3-
mplex numbers su
d z; are purely real, or z1 = .

plex numbers such that mw is real. Prove that the points

plane are collinear with the origin.

6. 11,23 are coO ch that z; + z2 and z1 22 are both real. Prove
that either z1 an
7. 11,22 are com
representing 21 and z3 in the complex

a variable complex number such that the ratio w.ﬂlw is purely imaginary.

| B
| .A__”m:pw. the point z lies on a circle in the complex plane.

(w“r a variable complex number such that an amplitude of Ml.._.‘w. is
{ the point z lies on a circle in the complex plane.

rvo.\ 2 s a variable complex number such that mod “Iﬂmu k. Show that the

,“._Q, 2 lies on a circle in the complex plane if k # 1 and z lies on & straight
ine if k = 1.

P
1 Show

| _\_\ 2is a variable complex number such that |z| = 2. Show that the point

#+ 1 lies on an ellipse of eccentricity § in the complex plane.

,\N._”\mf _R_ the complex number z with the least positive argument that satisfies
condition |z — 5] < 4.
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or,.\nam is a variable complex number such that | z —
d the least value of | z |.

. Three complex numbers z;, 22,23 are such that z, 4 P
'<3

| 21 |=| 22 |=| z3 | . Prove that they represent the verti =0
: ; rtices of o
triangle in the complex plane. an BE_a_.._a
/\b.\: 21, 23, 23 be three complex numbers such that z,? + 3,2 3 37
Za2z3 — 2371 = 0, prove that 3 Ty,
21—z |=lz2-z3|=| 23 - 21 |.
il
Q..muaﬁ.ur_.—n three complex numbers 21, 22, z3 will represent the vertices of
" equilateral triangle in the complex plane if and only if —i— 4 —1 D
0. 21=22 ' a3-z23 +N..|H-,~.u

[Hint. Let 2 - 33 =0, etc. Then a+ 3+ =0and therefore G+ F+ 5 =0
__H_“_.Q_"_J_nvﬂﬂﬂmh"iﬂw.nﬁﬁ..H.——E...-..TW..TM"O i
o - .

1
Conversely, 3 + § + 3 =0=0? =75 0% = aly = faf° = [af1]. |

r\—\%. e roots of the equation 2” +pz + ¢ = 0, where p and g are compl

numbers, are represented by the points A, B on
' the complex plane, o
OB and £LAOB = 28, where O is the origin, prove that plex p IfoA=

p* = 4gcos? .

18. (i) Two complex numbers z;,z; are such
. ) that =
amp z2 differ by n. Prove that z; 4+ z; = o f=l = {and Bmp s

(ii) Two complex numbers z), z; are such that |z 423 |=

Prove that amp z1 and amp z; differ by 3 or 3=, |21 — 23|
Kw. Find mod z and amp z (principal amplitude) where
e 1+v/3i F ol
® = T+ (ii) z= 4L
(i) z=1+itanb, F<O<w
/\ﬁ.&\u"u+..noﬂm. O<f<r
_ 1+cos 6+i sin @
(V) z2=1"cos 0+i sin 8’ 0<f<m
__14sin #—i cos 8
..\T&M Z =1+sin 6+i cos 0’ 0<%
(vii) z=1+cos 20 +i sin 20, F<O<m y
(viii) z=1+4cos 20 —isin 20, F<0<m

(ix) z=1—cos O(cos @+isinh), 0<f<r
(x) z=1—sin O(sin O+icosb), F<O<m
= ., = (0 (0 < @ < ), find the modul
20. n.m |z| = 1 and amp’z 0( ) us and ¢, A ]
amplitude of
2 oy 2 (iv) 2
1-z! 142! 1-27°

W & W

10 ) :
r _|l 3. m._ﬂn ﬂramwoﬁ.ﬂ

63
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+§4How=amm= o + 8in g+ 8in + =0, prove that

cos a +¢08 g
.u\\q cos Ju -+ €08 30 + cos 3“u§?+b+i.
ﬁw. in 3a +sin 33 +sin v = 3sin(a+ B+ 1)
?.w m.““%n..,n&uul..nouuqummnun+a=uu+u5»4nm.
”HW cos(f +7) +cos(v + a)+ .Sn? +8) =0,
(v aim+i+mm=3+cv+m_=?+Eu.o.
+4 sin o,y = CO8 g +i sin f,z

¢ = cos O
“1—. yz= Yz, wv—.Of..m that

cos(f— )+ cos(y — a) +cos(a — ) = B 3

— cos 7+ i sin 7 and

23, Ifn be an integer, prove that

(Lz N.ru cos 8Y" = cos(3 — ) + sin( &% — n6).
[ +sin U=
[tz=cos 8+ sin 0 &

nd m is a positive integer, prove that
24.

m m--1 m 8
sm“m.mu:%:& (i) (1+2)™ + 1+ 2" =2"""cos” 3
z

g=z+3andfis real, prove that

26. If 2cos
9cos nf = z" + =, 7 being an integer-

26,/1f 2cos & =t prove that

& Licos 70 _ (92— ¢* - 2t +1)%
cos 70 _

z 1 L z'+1y2
[Hint. Let ¢ = cos 0 +i sin 6. Then z+i=tand Au.H-J.IMNAmIHuu ]

r+1l
27. If a = cos 22 + 1 sin 2* and if p is prime to n, prove that
1+aP +a® +---+a" P =0
e & positive integer and (1+ 2" =pat+mz +p2z° +-- -+ pnz", prove

,‘\S\,ﬁolu&,_rﬁal...
.\?J PL—ps+ps—-

(ilt) po+pa+ps+-
(V) Po+ps+pe+-

=2"2cos ¢,

= 2"/ %sin F,

= gn=2 4 on-D/2 o nx
— 3 oo )

(v) n+pi+pr+-- = mﬁ:t_. +nomw..».||%~uv.
M) pa+ps+ps+--

__._:wr (W)-(vi) Put z = 1,z = w, z = w? successively.
Yoo+ pa4pg +.0) =20+ (L+w)" + (140"
P 4 py+pr4-0) =27 +w?(1 +w)" +w(l +w)™
P2t ps 4+ pg + ) = 2" +w(l + W) + w1+

o WAM:I_. + cos T—-Ww_a.w-
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29. mo_.uﬁmnrm..onﬁo:rmopcwzo:...uimn+mHopﬁa:. _,
integer, prove that i va_:_..
ma+5=l_n+m_=
a-3
isfying F.._N,I_u cot ¢.

/\%m a, 8 are the roots of the equation t* + 2t + 4 = 0 and m s bk
th

= 9" Llsin n¢ cosec” ¢, where a is
a real Numbe, " ﬂ

teger, prove that
a™ + g™ = 2" cos 23,
wwsuﬁ w%wﬂ M ﬂm the roots of the equation m. +t*+1=0andnisa Posiliy
() o™ +p™ +9™ + 6§ =4c0s 237,
(i) Q"+ 4 @l 4 4antl g gantl g i

32. If m be a positive integer and s,, be the sum
; . of mth power
the equation z° + z° + 1 =0, prove that s3m = 6 cos ety Ok Ehie ooty

33. Solve the equations ’
¥ ® ©+8=0, (i) *+2*+2?+1=0,
(iii) z*+2°+4=0, (iv) 2®+2°+1=0,
W) #+@E-1'=0, ©) P=@E+1)"
(vii) z°422%+2=0, (vili) (z+1)°=(z-1)°
34. Show that the solutions of the equation

HMH:..E.E

4n !

ﬁ._.n_.an: +:. .luuvu_.— ) Owﬂm
r=12,...,n

35. Sh i :
3 ow that the mowu...o:m of the equation (1 + z)2"+! _ (1—z)?+ =0

HHo_n_u_.nE.._n:+H. r=12....n "

36. Show that the solutions of the equation
z =1 tan ZF, where

r = 0,1,2,...,n=1, if n be odd *

= 01,....,5-1L,3+1....,n—1, if n be even . _

37. Find all values of
@ (DY ) PP GE) (=Y () () 5
38. (i) Show that the product of all the values of (1+ v/3i)1 i5 g,
(ii) SHow that the product of all the values of (V3+i)k isg;,
(iii) Show that the sum of the squares of all.the values of (V3 4 4)§ 1 4.

(I+x)" - (1-2)" =0 are

39. In a triangle ABC, prove that
o cos 3B + 3a?b cos(2B — A) + 3ab® cos(B — 24) +6% cos 34 = @
where a, b, ¢, A, B, C have their usual meanings.

COMPLEX NUMBERS

?lmin_ﬁu — 2z co8 i + 1], if n be an even positive

k=1 n

o o 19 e 4
E_.mmma”_ e that sin 75 Sin mum.m_smm:.u_zw.m. =g
D uc 2% .
(n~1/2 3 T . 1] if n be an odd positive
_ 2 — 2z cos— + ], i
w_1=(z-1 »m_ [ n

. . . 5
_._anmmmn m—ﬂ.—nm.dauﬂu.

peduc

) . 2m n 3T
e that sin 75 Sin 25 SIN.2

AMW + Huqﬂ i H._. if n be an even ﬁamﬂ_ﬂﬁ
m

—HN — 2z cos

- o BN of
hat sin 7g 5iP ¥ sin g 510
Aq.luv\n

=(z+1) I

= _ L
16 8vV2

(2K + 1) + 1), if n be an odd
n

wnn — 2z cos

jtive integer- \ . : _
9 s codw o Brogn 7T = L

Deduce that (i) sin{gsin 1gsin g S0 = 16
Ir 3

.. :. u|. Mﬁ
(i) cos 75 €0s 15 05 13

" __

18 — 167

42, Prove that :
Tu Hn +m\m = :HH.N -— MHE_ cos Hmh + m\lv_ T = H-W- n\v. 7.
3 i
ort cos 40 +1= 11 _Hulw.ﬁ no..wnm+|nv|v+:

T_& Hu 7 r=0

3 1 T
T+ & —2 cos %H«W_LH.TM Imnoim+ﬂ:

[Hint. Divide both sides of (ii) by =4.]

3 4¢ —cos 40 =8 W—aﬁnom ¢ — cos(6 + Hma.l:

Hint. Let = = cos ¢ + i sin ¢ in (iii)]

43. Prove that

4 tan 0—4 tand 0
=T-R ian f+tan’d 0
ton 40 1-6 tan®f+tan? @

cos 70 = 64 cos’ 6 — 112 cos® @ + 56 cos®@ — 7 cos 8,
(i) cos® 0 = 2 (cos 60+ 6 cos 40 + 15 cos 20 +10),
,\E\nm% 0 = ;L(cos 80 +8 cos 60 + 28 cos 40 + 56 cos 20 + 35),
(v) sin 76 = 7sin 6 — 56 sin® @ + 112 sin® @ — 64 sin’ 6,
M) 2° §in®g = sin 99 — 9 sin 76 + 36 sin 50 — 84 sin 36 + 126 sin 6.
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2.12. Exponential function.

When 7 is real the infinite series
14484 &4
dc”_ﬁ..mi for all » and the sum Is denoted by 7. ¢ jg 4 funcy
real variable x defined for all z. This is called th R
of a real variable 2. T rensial fy

For a complex variable 2 = 7 + 1 ;
" - v, the exponential funci
!.1«”: a5 exp z, is defined by exp(x 4 iy) = ¢"(cos y + i sin h_ou of ,
iis definition o ith the res N - ¢
il roal grees with the real exponential Tunction when , r
fft—uonnmaﬁ5~au._ = e ,
v y real, y = 0 and exp z = ¢"(cos 0 + i sin 0), ,
When =z is purely imaginary, 7 = 0 and _
: : Y, T = exp z = (cos ;
ie., exp(iy) = cos y + 1 sin y. (cos %+ sin v,

of i
.5_5.

u-ﬁ% 11} Bh.u. Hoama 1 i —
ﬂg— H.—.——H—u.v@.ﬂ i
| q . Z. 5 Z I8 & non-ze no——_bwﬂh

Let u + 1v be a non-zero co
) -2¢ mplex number and let its polar
tation be r(cos ¢ + 1 sin #). Since r is positive, log r E_”.g._ wﬂﬂw“m.,.”_u

= €% (cos 6 +1i sin )
= exp (log r +16).
Thus when u + iv is a given ron-zero complex number there exists

a complex number > = log r + if such that
R ¥ g il + . ' 1
that the range of the exponential function of z is the musnmumom.nwxn”hw“

excluding the origin.
Properties.

1. exp z;.exp 23 =exp(z; + 22), where 2;. z; are complex RuDtherg

Proof. Let zy =x; +1y1,22 =22 + 112,

Then z; + z2 = (1) + z2) + H{y1 + ¥2)-

exp z; = €% (os y; +1 sin y)),exp 22 = €™(cos y3 + sia g,)
€%1(cos gy +1 5in §1)e™ (008 4o 45 g
N..:.THN‘DEH.-\._ + Ev+— mwbﬂﬁ_ +S: I m-.ﬂv
exp[(z1 + z2) +i(n + 12)]
munHuaNn.?hnv.

exp zI]. exp Iz

LI T

COMPLEY NUMBERS

wp i = exp(zt ~ 13)
P g defined

2. 22
4 Gince €xp 22 s 8 NON-Zer0 complex number, 280
ﬁ:&cﬁa n=n+ iy 22 = T2 + 1y
55— = (z1 — x2) + (s —12): %
ﬁs- _ o1(cos i + 4 8N p1).exp 22 = ™ (con g + 1 B0 1)
ep 1 41 _#in

exp il = nh_ihnﬁ ya+i aln 12
S ¢#1-73[cos(y1 — ya) + i sin(y — v2)]
exp|(ry — z2) + il - v2)]
exp(z1 — 22)-
m-uw..m = mxﬂalhv.

m the property since exp(0) =1

(exp z)" = exp(nz).

3. Ifn bean integer,
1 and the relation (exp z)™' =

This follows from the property

exp(=2)-

Note. 1f ¢ be real and
ie, (cosf+ isind)" =
4. lfn be an fraction 2y p/q, (exp z)™ has g distinct values but exp(nz)
w. unique. In this case, exp(nz) is one of the values of (exp z)".

Note, 1f 8 be real and n be a fraction, it follows that (expind) is one
o the values of (expif)™, i.e., cosnd + isinnd is one of the values of

(cosfl +1sin ar.

5. If n be an integer, exp(z + 2nmi) = exp z.
This follows from the property 1 and the relation exp(2nmi) = L.
This states that exponential function is periodic with period 2mi.

Note. A complex function f is said to be a periodic function on its
domain D C C if there exists a non-zero constant w such that for all
integers n, f(z + nw) = f(z) (*) holds for all z € D. If no submultiple
of w satisfies the relation (*), then w is said to be the period of f.

n be an integer, it follows that (exp i)™ = expind,
cos nf + isin nf. This is De Moivre’s EoonnB.

Let w be a non-zero complex number. Then there always exists a

complex number z such that exp z = w.

. xw“,usa property 5, exp z = w = exp(z + 2nmi) = w, where n is an
E -

Thus for a non-zero complex number w there exist infinitely many
omplex numbers z such that exp 2z = w.
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Worked Examples. 2241 cog 2y = 0,2+ 4in 2y = 1.

efore €
L. If o, 3 be real, find the sum q,__a”_ ve'e?7+! = 1 and cos 2y = 0,sin 2y = 1
i , We have © )z
3 cosa +n8?_ +8)+cos(a+20)+ - ton terms; > u\_cnv::uw.mma Wc =1=>y=(4n+1)%, where n is an integer.
(i) sina + sin(a + ) + sin(a +20) + - to n terms. cos .NM.\E z=—4+@n+ )i
ore 2 =
[Here the angles are in arithmetic progression with the g, e 1+V3i
and the common difference 4] = tery, 4. Solve exp % = .
, =+ . P o i
Let ¢, =cosa +cos(a +B) + - + cos(a + n = 14) ,ﬂﬂm“% 2 = 1+ /31 implies e*(cos y +i sin y) = 1+ V3.
¥n = Slna +mm=AD +mv Zorin +mmnmn N — H_Qv H_._mﬂmmo_.m eX cos Y= 1,€° sin y= z\w %
ﬂa_—»mn_n:.._.__.h =expia +expi(a+f) + ... : —e H“MWBQOOmH\HW,mmHt_" J
= (exp1 H.. y A 2 & +G€2D+3l~3 e mine z = log 2 and y = 2n7 + %, where n is an integer.
Pia)(l + (expif) + (expif)? + ... 4 (expig)"=1) These deter log 2+ (2nm + B)i
- -\ 1=(expif)® : efore z = 3’
= (i) 5lemar) o
- phos 1—cos nf—i s i function.
(cosa + 1 sin n:..lIIPIIhTB. ununm”m ] 2.13. Logarithmic

. = lex number. Then there always exists a
= 1 S _Iooc?a....,nm::u 1< : | Let z be a non-zero comp .
(cosa + umE&_ n_lnssuﬁmgmntasm _ | complex pumber w such that exp w = z.
= ,_ T ithm of 2.
= (cosa +isina)[2sin? 3 _ 19 5ip 18 g0 1812507 £-+i26in £ cog 2 w is said to be a logari .
[ n% 12sin 5 aom.um:’»%_ | Again exp W = exp(w + 2nmi), where n is an .ESNQ... This shows
= (cosa + isina)(~2isin ) (cos 2 + igin ") (2isin £) | st if w is a logarithm of z, then w + 2nmi is also a logarithm of z.
2 | . )
_?8 8 _igin 3y 2 This means that “logarithm of 2" is a many-valued function of z.
. dsin? ) This is denoted by Log z = w + 2nmi.
HW:-WW [cos(a + wlqm_lmv + isinf{a + mlulmmv_ Of the many values of logarithm of z, a particular one is called the
) - i - principal logarithm of z and is denoted by log z.
Therefore c;, uﬂb..n .w;oomnp + 2518y ong L Since z is a non-zero complex number, z has a polar representation.

N

. Hm._au? + 2518y, Let z =r(cos 6 + 1 sin 8), -7 < 8 < (a polar form with amp z).
ind all complex numbers » such that exp z =

=-1.
H\mﬁ Z=zx+4 _—E
Then exp z = —] implies e
Therefore e* cos y = =3
We have e = 1 and cos y = —1 gig 4 —
=1z, y yEL =, These determine u = log r and v = # + 2nrr, where n is an integer.
e R _ i Therefore w = log r +i(8 + 2n7), -1t < @ < 7
Mo%m%mmon : Wnn_mm_u ¥ .onv y=(n+1r, Where n j5 oy inte, i i e N
€z =(2n+1)mi. ger. ,\Arom z log 7 +i(0 + 2nn
3. Find all complex numbers z such that exp(2z +1) = . og | z | +i(arg z + 2nm).
Letz=z+iy. Then2:+1= (22 + 1) + 42y,
€xp(2z +1) = i implies 2+ (cos 2y +1i sin 2y) = ;.

Let w = u + iv be a logarithm of 2. Then exp w = z. This gives
€“(cos v+ sin v) = r(cos # +i sin 8).

Therefore e¥ cos v = rcos #,e"sin v = rsin §.

We have e* = r and cos v = cos §,sin v = sin 8.

(cos y+i sin y) = _;.
€” sin y =,

Therefore Jog 7= log r+il,-r<é <
T 7 = log|z|+iag 2.

-

The princi p_._mmwn:g of z, denoted by log z, corresponds to n = 0.

o T g

ST
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Note 1. Lo z has been expressed as Log z =log r +i0 4. 9,
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i 3 i kel i 0,0), in the form A + iB where A and
¢ is the principal argument of z and n is an integer. Whe, ;. Expres ro__.«m”__ M_mmﬁ Mﬂ. w\.w\ﬂ (0,0)
: : : ; 27l and :
An equivalent expresion is Log z = log 7 +ia+2pmi, wherg ,, is p ove 1o 20 is & non-zero complex number, it has a polar representa-
argument of z and p is an integer, since a = 2mm + 6 for some mﬁomei manme " Hﬂ_ﬂ — r(cos §+18in ), —T <O
| o s T
The difference in these two expressions is to be noted. m, tion. Le nod(z + iy) and 0 = arg(z + iy) (principal argument).
_ ) P
The first expression gives the p.v. of Log z(i.e,, log z) whey . Then e =ot 0
but the latter does not give log z when p =0. =0 Let rMMu? +iv) =z +1iy =r(cos 0 +i sin 6)
n - 2o
Therefore in order to find log z (the p.v. of Log z) we shall neceg, - A__._a (u(cos v+ sin v) = r(cos m=+._ mEIE. e
stick to the polar representation of z with principal argument, Al m,,.,u.m gives €% cos V=T cos f, e€“sinv= M sin n 5
i v=—r=3u=]I = 3 log(z* + ¥°)-
Note 2. From the definition of Log 2 it follows that We have v =ri=>et=r nlv u mom. T lua mﬁm )
i ) nanﬂ.amr?.maom_ﬁlnom ,8in v =sin 6.
(i) exp(Logz)=zforallz#0 and Since

(ii) one of the values of Log(exp z)

; is z, the other values beip
z + 2nmi, n being a non-zero integer. ;

The Ex,unmv& logarithmic function is the inverse function o
exponential function and

(i) exp (log z)=z for all z # 0; and (i) log (exp z)=2 for all 2 €C.

f the
pri

Therefore ¢ = ¢ + 2nm, where n is an integer.

iy) = u + iv = L log(z? +1%) + (6 + 2ar).
Log(z +iy) = u+iv = 3 log(z +12) +i( .
%mﬁwmoﬂwm.m = Llog(z? +y°) and B =0 + 2nw =Arg(z + i)

The E.Enwvm_ logarithm of z +1y corresponds to n = 0 (since ¢ is the
ncipal ergum ent). .
ffence log( + iy) = 3 log(z? +y?) +1i arg(z + iy).

Worked Examples. 3. Find Log and log 2, where z=1+1i tan 6,5 <8 <.
1. Find Log z and log 2, where . Let z =r(cos ¢+ sin ¢) Thenr cos ¢ =1,7 sin ¢ =tan 6.
W z=1, (@) z=-1, (i) 2= (iv) z=—i. _ We have 7% = sec2 @ and this gives r = —sec  since sec § <0.
() 1=1(cos 0+ sin 0). (polar form with principal argument) _ Therefore cos ¢ = —cos 8 and sin ¢ = —sin 6.
Log 1 =log 1+ (0 + 2ar), where n is an integer. | These determine ¢ = 7 + 6.
Therefore Log 1 = 2n and log 1 = 0. (corresponding to n = 0) _ Ay <o< 9, ¢ is not the principal argument of z.
(ii) ...“_..H:nOms,.*.d.mm:ﬁu. | Emn"ﬁimﬁ”mlﬂ.
Log(—1) =log 1+ i(m + 2nx), where 7 is an beger Hence Log z = log(— sec ) +i(8 — m + 2nw), where n is an integer
Therefore Log (~1) = (2n + 1)ri and log (-1 = 3... and log z = log(—sec 6) + (8 — ).

to n = 0) Hao:.m%ou&am

(iii) i=1(cos ¥ +1i sin 3

Log i =log 1 +i(5 + 2n), where n is an integer.
Therefore Log i = (4n +1)%i and log i = Zi.

(iv) —i=1[cos 3= +i sin =

Log(—i) =log 1+ i(SF* + 2n7), where n is an integer.
Therefore Log(—i) = (4n — 1)3i and log(—i) = i,
Note that Log(~1) can also be expressed as (3 + 2nr);.

erties.

f 21,29 be two distinct complex numbers such that z3zz # o.. then
g 21+Log 23 =Log(z122)-

Proof 2z #0= 2z, #0,22 #0.

Let z; = ry(cos 61 + 1 sin 6;), 22 = ra(cos B2 + i sin 62).
Then z)2; = ryrafcos(6: + 82) + i sin(6; + 82)}.

Log 2y = log 1 +i(f1 + 2nm), where n is an integer ;
Log z3 = log gy + i(fl2 + 2mn), where m is an integer ;

Log (2123) = log(ryrz) + (61 + 62 + 2prr), where p is an integer.
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Log 2y +Log 23 = log ry + log ra + (61 + 63 + 2nmw  9pp, _
= _cmﬁﬂ_ﬂuv +i(h + mu + wq.___,v. where qQ=n v _
Since p and g are arbitrary integers, Log 21 +Log z, Hroi_. LR
2
z“..pﬂ uw If 7 = 2y, Log 7+ Log z3 = w_cm m+ -Au 0 4 A:a_v«&.
n Is an integer; and Log 23y = 2log r1 +1(2 6
integer. R 8 11 +1(2 61+ 2pm), wherg

| The set of the general values of Log 21+ Log 23 Is a
the set of the general values of Log z; 2.
Hence Log 2,+ Log zq # Log x123 if 21 = 2.

ote 2. log x, + log z; is not necessarily equal to log(z, z3)

_q._: ﬁ

™ |
3:____
g
_
[
f
|

HUH.DHuDH m_._.g-
of

"y For example, let 2, =i,z = —1. Then z;29 = —i.
2| =1, |zl =1, |z122) =1, arg 2 = m; arg zg =, E.mﬁuun& 3
log 2y = §i, log 23 = mi and log(z)2) = -§i. o

Hence log z) 4 log 2, = 3 # log(z23).

2. If z) and z; be two distin
4 cl
e complex numbers such that 2,25 # (, they
23
Proof. 2129 #0 = 21 # 0,23 #0.

Let n= J_HOOm mp + 1 sin aL.uu = _.uﬁonvm mu +1 8in muv.

Then 3 = Z{cos(8) —62) +1 sin(6, - 6,)).
”M M w “om r+ __Q: +2nr). where n is an integer :
gy = _om _n..u. + uQu +2mr), where m is an _Emmm_._ i
n = log(3)+i(61 - 0, + 2pr), where p is an Eem_wm_,

Log z- Log z,=log ry - log ry + i(8,
. = log(2) + i(6,
Since p and g are arbitrary in

= b3+ 2nm = 2mrr
=02+ 2qx), where g = n — SV
tegers, Log z;-Lo 2
B . B 23 =Log &,
ote 1. If z; = 25, Log z, - Hom.«uucpnn_romw. N

ﬂ.—uﬁnﬂ n is an :HSNQN. Hence H\OW - Hbm. 29 # H._Om.nw.rﬂ H\ON le= N:.:,—..
L]

ote 2/log 2 - log z3 is not necessarily equal to log &

or example, let z; = 1,z = —{ "
a1l = 1, Jeal = 1. [5] =1, arg 2 Nl i, A
log 2y =mi log 2, = —%iand log(&) = wwﬂ.lm. Ewﬁwv =<
Hence log 2 — log 23 = 3 # log(21). .
3. If z # 0 and m be a positive mn_ammq_ Log 2™ # mLo
Proof. Let z = r(cos 0 +1i sin 0). h
Then 2™ = r™(cos m 6 +1 sin m 6).

COMPLEX NUMBERS T

{(# -+ 2nm), where nis an integer;
m . i(mf - 2pr). where p ja an integer.

= log Tt

Lo# #
Log 9" log 7
. = mlog r 4 i(ml -+ 2mnm)
s — log r™ +i(mb + 2p ), where py = mn
¢ p is arbitrary and py a0 multiple of m, each value of m Log =
a Ho_. Log z™ but not conversely.
. get of values of m Log z is a proper subset of the set of mlues

of Lo ,m, .H_saﬂmho_.m%. %

For oxample, let z = im=12
2Log 2= 2Logi= (dn + 1)m, where n s an integer.

Log 2° =Log(-1) = (2k + 1)mi, where k is an integer.

]

ach value of 2 Log i is o value of Log i? but not conversely.
Hence Log i% # 2 Log i.
4. 1fz#0andm be a positive integer, Log ZV/m = Llog 2.

E

Proof. Let z = r(cos 6 +1 sin 8).
.H.—umﬂ Nu\_q— = %nnﬂmﬁhﬁm +._ m.m—._.w_nlupu.hu. .EFGHG _—a = O, u. Jm = 1.

Log z=log 7+ i(0 + 2nw), where p is an integer;
Log 2t/™ = Llog T+ :mmaﬂ._..h + 2pr), where p is an integer
= L log r+ilL + mﬁﬂ_laﬁi

Since0 <k <m-—1landpisan arbitrary integer, k + mp 18 also an
arbitrary integer. Let k +mp =g

Then Log z'/™ = Liog r+ .2%: + mm.hv. where ¢ is an integer and

) n o :

Llogz = Llog r+i(m+ in1) where n is an integer.

Therefore Log z/™ = ;= Log z.
Worked Examples.
1. Verffy that Log(—i)'/? = jLog(-).
—i = cos(—%) +i sin(-3).
wromﬁt..v = 3l(2nm - 5] = (nm - 1)i, where n is an integer.
Two values of (—i)'/? are cos r-§ i sin 2% k=01
i.e., cos(—F) + i sin(—F),cos Tt sin 31,

Now Log [cos(—§) + i sin(— )] = (2mm — 7). and

Log [cos 3 + i sin &] = (2pm + 31} = [(2p + 1)7 — i, where m,p
are-integers.
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The values of Log (—i)'/? can be exhibited as (nw —

an integer. Hence Log (—i)'/? = 1Log(-1)-
211 z is real prove that :omnl.m =r-2tan" 'z, ifx>0
=-r—2tan"'z,if 2 < Q.

Vm. ﬂ-—.—ﬂﬁm i

Case 1. Let z > 0.

Let z+1 = r(cos 6 +1 sin 6),0 <8 < 3. Then = = rcos g 1 _
rsin 8. Therefore cotf = z. _1e
log 351 = log 22-g7i507 = log[oos(~26) +isin(~26)]. ~ MPL iy
0<0< 3= —7<—20 <0=—20 is the principal argument.
Therefore ilog = = i(—26)i = 20 ... (i)

T+

otf =z tan(3-0) =71 0<l<F=20<F-0<Iay
therefore tan(§ — 6) = z gives § — 6 =tan"'z.

From (i) ilog £f =20 = 7 — 2tan"'z.
Case 2. Let z < 0.

Let +1i=r(cos f+1 sin 8),3 <0 <. Then cotf = z.

F—1

log £33 = log[cos(—260) + isin(-2 8)].

F<OKT= -2r<-6<-1230<-W+r<nr= -20+2nis
the principal argument.

Therefore ilog £ = i(—20 + 2n)i = 20— 2 ., (ii)

cotf=z=tan(5 -0) =z, L

. 3 mAqAaUranlaAlwﬂlmA
7 — 0 <0 and therefore tan(§ — 6) = z gives F-0=tan'z,
From (ii) ilog £ = -2(m - ¢) = -7 — 2tan~! 5,
Case 3. Let z =0.
log =5; = tlog(—1) = i(mi) = —n = -7 - 2tan~1z,
3. A"tove that sinlilog mu._wﬁ = f,.
Note that (a, b) # (0,0), because otherwise mﬁv is not defineq
Let z = 222 and let a +ib = r(cos 6 +i sin 0),~7<f<p
Then 2 =rcos 8,b = rsin 6. P
Therefore z = 22.5=f+n ¢ eﬂ..n__“ § = cos(—20) +i sin(~2 8).
arg z may not be equal to (—26); arg z = ~20 + 2kx, Wwhere . ;
integer such that —7 < =20 + 2kr < 7. 18 an

Therefore log z = (26 + 2kr)i, where —m < —20 4 2k

Hence sin(i log 2) = sin(—2knr + 2¢) = sin 26 = ..u.._..a )

<
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Log [Log (cos 8 + 1 sin #))(0< 8 <m)in the form A + iB,
4 mréna”n_ B are real.

g+isin )=+ 2nw)i, where n is an integer.
cos

> 0. Then 0 + 2n7 > 0. .

:mM:E = 0 + 2n7 and arg [(?+ 2nnm)i] = mv =
i sin )] =Log [(6 + 2n)i]
L g(cos@ +1 sin 6)) : .
HJMM%_.H uhmvm,.oﬁwa + 2)i, where k is an integer.
i 0.
na.no..;oum+uaan . ]

Case MH:%M onw)i] = —(8 + 2nm) and arg [(8+ 2nm)i| = -z
mo

efore Log [Log(cos 6+ % sin 6)) =Log|(8 + 2n)i]

ﬁ__MMTQ +2nn)] + (2km — 3)i, where k is an integer.

2.14. Complex exponents. @.
If a be a non-zero complex number and 2 be any complex number, a*

is defined by

Log (

1. Let
Case
mod [(6

at = munﬁﬁu Lo n__u.

Since Log a is many-valued, a® is a many-valued function. The prin+
cipal value of o® corresponds to the principal logarithm of a.
Let a =r(cos 8+1i sin ), -7 <0 <7 and z=2z+1y.
Then z Log a = (z + iy)[log r + i(2nm + §)], where n is an integer
= [z logr — y(2n7 + 8)] + i[z(2n7 + 6) + y logr].
Therefore a® = € 987V (cos(z(2nm + 0) + y logr} +
i sin{z(2nm + 0) + y logr}], where n is an integer.

The principal value of a* corresponds to n = 0.

The p.v. of a* = e* 1987=¥®|cos(x8 + y logr) + i sin(z8 +y logr)]
> =exp|(z +iy)(logr +i6)]
= exp(z loga).

Particular cases,

1. Let a be & positive real number and z be a complex number w + iy.
Thenr = a,f=0.

o° = g*HV = ¢ loga~-2my(cog(Inxz+y loga)+i sin(2nmz+y loga)),
Vhere n s an integer.

The p.v, of g% ig 184 (cos(y loga) + i sin(y loga)).
In Particular, if @ = e, then
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mu+._._na?u=a___8mﬁzaa+ E._._.mwiwzas._,c:_ éss.a :.
integer. Therefore =+ has many values. iy
The p.v. of e¥+'¥ = ¢%(cos y +1 sin v) = exp(x + 1y).

Thus e* is a many-valued function and the principal value of (2 i i
z.

2. Let a be a negative real number and z be a complex number 5 +,

Y

Then a=rcos § +1 sin §, wherer=b=-aand ¢ = .
Q=+ = ¢ 1Rb-(n+ Voo (2 + 1)nz-+ylogb} +i sin{(2n41),,,
vlogb}], where n is an integer.
The p.v. of a™H¥ = e* log ,...J_Sm?u +ylogb) +1 sin(nz + ylog S_
= e 5bloos(y logb) + 1 sin(ylogt)].c~™V(cos mz + 1 sin 7z),
Now the p.v. of (—1)=+¥ exp((z + iy) log(-1)]
= exp(z + iy)mi]

= ¢ "(cos mz + i sin 7z).
Hence the p.v. of a™"¥=(the p.v. of b*+'V).[the p.v. of (~1)+W),

3. Let a be a positive real number and z = z, a real number.
Then r=a,0 =0,y =0.

a* = e* '€ [cos(2nmz) + i sin(2nnz)], where n is an integer and the
p.v. of a* = ¢* logs,

I

a* hasinfinitely many values having the same modulus e*1%8a_ In the

complex plane they are represented by points on a circle whose centre is
the origin and radius is e* 1€

Subcase (i). Let z be an integer.

Then cos(2n7z) + i sin(2nmz)

e=loga. =1 and a* is the unique real number

Subcase (ii). Let z be a rational number E

prime to each other (g > 1).
Then oﬁﬁw.mmmv +1 m.ETuaw_.am

correspond ton =0,1,...,9 - 1.
Therefore a% has only a finite number of valyes,

» Where p and g are integers

) has only g distinct valyeg and they

The principal value of a¥ is % 182 Aoc:.amvounm:w b 0)
Subcase (iii). Let z be an irrational real number, .

Then sin(2nr7z) # 0 for all integers n # 0. Ty,
number of values, all of which excepting the vz:awﬂnog a* hag infinjte

complex numbers. The principal value of a* is ¢zloga value are non-real

|
|
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number and z = z, a real number.

= .v. f)l =m, V= 0.
_p. where b > 0. Then r .
Let @~ _aw.oﬂomﬁa + x4 gin(2n - 1)rz|, where 11 is an integer.

at = P 7 log v_nOu xr +1 8in mz].

p.v. ofa® is e

The { (—1)F = exp[z(mi)]
Now the p-v- © (-8 = (cos mT + i gin m).
he p.v. of a® =(the p.v. of v*).[the p.v. of (=1)7]
e = p
Hen€ os 0 +i 8in g, where @ is real and z =z +1y.
B row_m M Mn — (cos 8+ sin g)=+iv
e

— exp|(z +iy) Log (cos 8 +i sin )]

exp|(z + iy)(2n7 + 6)1] .

exp(-y(2nT + 6) + z(2nm + 0)i]

e~ v(2n7+0)[cos x(2nm +#) + 1 sin z(2nm + 6))

e D Arg a[cos(z Arga)+i sin(z Arg a)).

i

I

v. of (cos 8 +sin §)=+v
Hence the ﬁﬂ ¢~V W€ 2[cos(z arg a) +1i sin(z arga)}-

Let a = €08 g +i sin 8, where 8 is real and z =z, a real number.
5a. -

Then a® = (cos 6+ sin 8)7 = [cos z(2n +6) +1 sin z(2nw + 6)),
m —

i integer 2
awhnwwwhﬂnom (cos B-+i sin 6)* = cos(z arg a)+i sin(z arg a), where
”pu cos B +1 sin 6.

). Let T be an integer. .
mavﬂnhnﬁ_woow @ +1 sin QVH = cos =6 + i sin zf. In this case noa 9+
i sin )% has only one value.

Subcase (ii). Let z be a rational number &, where p and g are integers

rime to each other (g > 1). -~
P Then cos(2nm + 3m +1 sin(2nm + 3m bas only g distinct values.

So in this case (cos 0 +i sin #)* has only a finite E.nb.vm_. of distinct
values and cos x + i sin 78 (corresponding to n = 0) is one of these.

The principal value of (cos 6-+i sin §)7 is cos(2 arga)+i sin(% arga),
where a = cos 0 + 1 sin 4.

Subcase (iii). Let = be an irrational real number, then (cos §+i sin 8)* =
s z(2nr + 6) + isin z(2nw + 6), where n is an integer _wwm_ cos 6 +
i sin 78 (corresponding to n = 0) is one of these values. |

The principal value of (cos 8+ sin 8)® is cos zarga+i sin zarga,
Whete 0 = cos 6 + i sin 4.



78 HIGHER ALGEBRA

Thus if a = cos 6 41 sin 6, where =7 < 6 <
(i)"the principal value of (cos € +i sin 3.““ is cos me +1i

8in By
D, q are positive integers prime to each other; ¢ Why,
(ii) the principal value of (cos 8+ 1 sin 8)% is cos 6 + ; sin 29,
Eﬂﬁmnuﬂp_. 1 H F
Examples.
1. if 7.y be real,

_a+eu ﬁv:n+ﬂ.c:..om:nmxﬁ=u+ -.Sﬁuzﬂ.:,ﬁrmnm:mm an ipg,
=e™>""V[cos 2nrz + isin 2nnz]. 8
In particular, if y = 0, then
1* = [cos 2n7z + isin 2nnz), where n is an integer.

(i) If £ be an integer,
r=1

Amvmmavmwnwzonﬂ n:E,aQ m, where p, ¢ are integers prime to each

other (g > 1), [cos maa.m + isin mza.m_ has ¢ distinct values, Therefore

there are g distinct values of 17 jn this case,
(iii) If = be an irrational number, 1%
is an integer.

Since z is irrational, sin 2nmz # 0 for all integers n # 0. For n = 0,

sin2n7z = 0 and cos2n7zr = 1. Therefore there are infinite number of
values of 1% of which one is real and all others are nop-rea|. i

2. If z,y be real,

(=1)"T= ﬁﬂ_? +iy)Log (-1)]
= expl(z + iy)(2n + 1)mi)), where n s an integer
= mlﬁ:.r:»._._now (2n+ V)mz + igin (2n + cﬂw_.

In particular, if y = 0, then

(—=1)* = [cos (2n + 1)7z + isin (2n + 1)), where n i
(i) If = be an integer, [cos (2n + 1)mz +isin (20 + 1)mz] <
as z is even or odd. Therefore (—1)* = +1 according as 7

[cos 2n7z +isin 2nmz] = 1 for all n. Therefo,

= [cos 2n7z + isin 2nmz], where n

an integer.

*1 according
S even or odd.
. : P -

(ii) If z be a rational number £, where p,q are integers prime bRl

other (g > 1), [cos (2n + Ca.m +isin (2n + :a.m_ has ¢ distinet <&=8.

Therefore there are ¢ distinct values of (—1)® in thig GG

(iii) If = be an irrational number, (-1)* = [cos (2n + T v

1)mz], where n is an integer. . (2n +
Since z is irrational, sin(2n + 1)7z # 0 for all integer, n

there are infinite number of values of (1) all of which gy, noa.MMmoE

_ \
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mﬂoﬂm—ém@u.
and a are complex numbers where a #0,
1. If z1, %2 af.a® # a®1ta,
(the PY of a*t).(the p.v. of a*) = the p.v. of a®+%.
ut (£0€ F-7
b = exp(z1 Log a) . .
proof = exp[z1(log a + 2nmi)], where n is an integer;
1 = explz2(log a + 2mmi)], where m is an integer;
nulﬂa — exp|(z1 + z2)(log a + 2pmi)]
a

exp|(z1 + 72) 108 @ +2p(21 + 22)mi], where p is an integer.
- n g = exp[z(log a+ 2nmi)]. exp(z;(log a + 2mmi)]
¢ exp(z1(log a + 2nwi) 4 z(log a + 2mmni))
exp[(z1 + 2z2) log a + 2(nz; + mzz)mi].
Vhen m,m,p are arbitrary integers, the set of complex numbers
A +M....v wm_ a subset of the set of complex numbers nz; + mz;, but

I

(21
pot. conversely:

herefore a™ .a
m:“rﬂ p.v. of ™ = exp(z; log a), the p.v. of a* = exp(z; log a)
and the p.v. of a®+*? = exp|(z1 + 22) log a].

Therefore (the p.v. of a*).(the p.v. of a*?) = the p.v. of a1+,

2 £ a®itz:,

9, If z,a and b are complex numbgrs and ab # 0, (ab)* = a*.b%, but the
pv. of (ab)* # (the p.v. of a¥).(the p.v. of b%).
Proof. a* = mkmuﬁn. Log Qv_ b* = munmvﬁu Log b),
(ab)* = exp[z Log(ab)].
exp[z Log (ab)] = exp(z Log a + z Log b)
= exp(z Log a). exp(z Log b).
Therefore (ab)* = aZ®.b%.
The p.v. of a* = exp(z log a), the p.v. of b* = exp(z log b) and the
p.v. of (ab)* = exp(z log ab).
But logab # log a + log a, in general.
Therefore the p.v. of (ab)® # (the p.v. of a*).(the p.v. of b*).

3. 1fa and z are complex numbers and a #0,
Loga* = 2 Log a + 2nni, where n is an integer.

Proof. Let , =Z+1y,a=r(cos 6+ sin §), where -r <9 < m.
Then 2 Log ¢ = (z +iy)[log r +i(6 + 2mn)], where m is an integer
=zlog r —y(2mn + 8) + i[z(2mr + 6) + y log r);

ME_ p?nma_on r=v@mT0) [eos{a(2mm + 6) + y log r} +i sin{z(2mn +
v._ve _Om ._1:.
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Hence Log a* = T. log _.lim_ﬂs..*s_+_.~HAM=..5+3+E _Om "
2
L]

where n is an integer
=z Log a + 2n71.

xamples.

1. Pind the general values of i'.
_ exp(i Log i)
expli(2n7 + 3,
exp[—(dn+1)}] =e

e values of i* are all real.
d the principal value of (1 +1)'

1+i=y2(cos§ +isinf).
Log (1+4) = & log 2+i(2n7+7), where n is an integer and log(1 +i)

where n is an integer
—(dn+1) %

Note.

2,

jlog 2+ %i. S
Hence the p.v. of (1 +1)"

expli log(1 + )]
exp[~§ + (log 2)i]
e~%[cos(; log 2) + isin(1 log 2)]

3. Show that the ratio of the princi jy) ot
2 Floyus e it ngmbavw_ values of (z + iy)*** and (z -
(i) cos2(blog r + ab) + isin2(b
Shaci i ) +isin2(blog 7+ af)), where r = |z + iy, 6 =
oy Dby i
(i) Ma [cos(2blog ) + isin(2blog r)), where r = |z, arg(z + iy) = n
ﬂ - = 3 . ' ¥ )
e ) Ly i <
e deg : =180 ¢) = r|cos(—0) + i sin(— _
c arg(z —iy) = —# provided ¢ FmIlf0=n, Eanﬁ .E.mvﬁﬂ Mm“.nvm lm )
nn%wr 6 =arg(z+iy) s 1. inliey
€ P-v- of (z +iy)* = exp(4 4 ip)
= expl(a + ib)(log r + )]
= expl(alog 7~ pg) 4 4
The p.v. of (z - jyjaib _  Hiskg 4 b))
(2= ig)o =
expf(a - ib)(log 1 2
=exp(alog - pg) _ ;
The ragi- 8) - i(blo
Iatio = exp[2i(blog r 4 ab)] & afl

= 08 2(b]
(blog 7 +a) 4 sai 2(blog 1 + af)

t

log(z + iy)]

@ —ib) log(z - 4
- if)]

‘-‘3‘!1
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— arg(z + 1y) =T
f(x + ﬁ.n\va._‘t- = .mkﬁ:.e log T —
expl(a — ib)(log  + im)]

expl(alog r + bm) — i(blog r = am)}.

| Cose 2 :
The p.v-© b} + i(blog T+ am)).

The p.v- of (¥ = ty

v.u];

— exp|—2bm + 2iblog 7]
— =27 [cos(2blog T) +igin(2blog 7)].

The ratio

4. Discuss the reality of =¥, where z,y are both irrational.

Case 1. z > 0.

zv = exply Log z] = exp[y(logz + 2nmi)], where n is an integer

= ¢V1987[cog 2nym + sin 2nym).
0 and cos 2nym = 1. sin2nym #0foralln #0.

For n = 0, sin 2nym =
nly one is real

e zV has infinite number of values of which o

Therefor
real.

and all others are non-
0. Let x = —t, where t > 0.
v = exply Log (—t)] = exply{logt + (2n + 1)mi}]
= V108t [cos(2n + 1)y + isin(2n + L)yn].
7 is non-zero for all integers n.

Case 2. T <
Lg¥ = (—t)

Since y is irrational, sin(2n + 1)y

Therefore z¥ has infinite number of values all of which are non-real.

2.14.1. Definition of Log,z, where a and z are non-zero complex

pumbers.
We define Logaz = w such that z is any value of a®.

We have a® = exp (w Log a). Therefore z =exp (w Log a).

This gives Log z = w Log a
Log -
og o’
Thus w is 8 doubly infinitely many-valued function of z.
)

or, w=

For example,

-, where m and n are integers,;

(i) Logi(—1) ={gmy1)3
(ii) Loge(1) .I.H.mm_“_w.; where m and n are integers;
(iii) Loge(—1) H.ﬁm.u*.ﬂa_ﬁm_ awhere m and n are integers.
i 1
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Exercises 2B

1. (i) f exp z is positive real, prove that
Im z = 2nw, where n is an integer.
(ii) If exp z is negative real, prove that
Imz =(2n+1)%, where n is an integer.
(iii) If exp z is purely imaginary, prove that
Imz=(2n41)%, where n is an integer.
2. Find all values of z such that

(epz=-2 (i) exp =i, wilfexp 72144,
AV exp(22 4 7) = 3 4 4.

aexp(ifl) 4 bexp(3i6) = ¢ where a,b,c are all real, prove .
&\M—ﬂu—ﬁ.ﬁ.ivln— Qw oggr

4. Prove that
%§m+§$+g$+§$+aﬂmﬂ*_
Hsoim+aim+§m+§$+§m+8.h_¢n*
5. Find (I) Log 4,log 4, (i) Log (=1), log (~4);

(ilf) Log 41, log 4i; VT Log (-41), log ( ~41),

6. m_i__is_a.1+_£:+.__n_£.:+;.
::_on:._onﬁ.._+bt_au:|:;.
(Es._.o%+.,V.1ura:f:z:i.._...v.uu_i::.

7. m§.5p5§x+‘bs_.._nax_2&hsé
::onin?z.uﬂ&. O<tcg
::_oni_._QIuS-&. O0<fcj
:_:_onﬁ+u,8~3. f<0cy

A1) log(1 + cos 20 41 sin 26),

fel<n .
.'*\Amav 0,b>0and z = nuvn....u-..__.olz.h.
log 2= tan™' Jab,  rg
l&a+nﬂ_n.n&.mf_. fa<y
=15 ifa=b

[Hint. Lot z = r(cos 6+ i gl f),

M&ﬂ*ﬂ. Ifa>b,0=tan—? nwm.v
*.\\ If x be real, prove that

~F <0< x, ua!awl..a

_—n.n?ur:+§|-u$n ]
ilog £Xt

i

=="+2an"'zifz >0
=7+2an" 'z ifz <,

A
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1+iz = ranP:I_ .
| —iz

L — I log L not
13. Sho¥ e non-zero complex number, Log § = —[v. 2 W 08 0N
o+ if z be & noT-
(i) if 2 _log 7 -y can e aeed dlon e
be equel 1 d z are complex oumbers and a # 0, a™* = 1/a” an
Aw “.....u M__za p.v. of 1/a". . =
1.4. u& 5 values and ““ﬁﬂ-ﬂﬁ.\_—mi:h
Fi s o /3 -1)¥7,
12 u,— A-: Nw. :.Ev 27 yu.m& u X Aog(1+1)
O e, (g (M
Ai u__. % ’ &I _
1. Sb¥ :_.5.. Antl S here m,n are integers.
(i) Logs® =am+1"

2n+1)mi , T are integers.
(i) Loga(—1) um-ﬂ\u.wﬂm.‘iaa

| 14. Shiorer that
(i) the p-¥- o (

]
i of (=4)" Is not equal to the ratio of the principal values of (1)
() the p-v- 145

-& _... . - " u e a\m‘ o
1 Viv=T+1 (it) i1 =1 V1
1. Show that (1) \/i(=1+1) # oy b

values of i* and
. the ratio of the principal
4)" is equal to

__n.
._Eq.__u_.”ro;:ai :a-:.:.&vli:ﬂo_.:+ :..
§ sin(log 2) + i cos(log 2). | o
- ]
11, If a.b, z are real and |a + ib| = 1, prove that (a + )" Is purely
18. I £ be a nur 2ero real number, prove that
P =™ (e s(log z) +i sin(log )|, when z> 0
o e B 17 (coq log(—z) + 1 8in log(~z)), when z < 0. 5_
ues
19. If a, b are positive real numbers and a* = b, show that the general
(']
i b43mey, ing Integers.
ol z are given by -ﬂ“[-».ﬂﬂu:ﬂ? m, n being |
w&:. = i show that z is real ani] the general values of z are given by

s =424, . being integers.

. i#+1V where z, y are resl.
2L Find the general values and the principal valus of i

Show that the principal value is purely real or purely imaginary according
1323 even or an odd integer.
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22. Find the general values of (o(cos v +1 sin )]/
and 7 Is a non-zero real number. Show that the po
the complex plane are collinear.

’-——ﬂ—.& a>

-~
ints reproge LT

:23@ L

St

23. (i) Show that ( ,\mv.\m has infintcly many values, all of
principal value, are non-real complex numbers,

Show that the points representing them lie on a circle in the co
(ii) Show that Al,\mu,\m bas infintely many values, all of wl

hich
real complex numbers and the points representing them lie on g a_.n_pa g
complex plane. < ke

which axﬁ..w_.:_n th
e

mplex Plang

.Eansmmmzmnw_iﬂﬂo:ige+.ﬂmm= _\,..._...er
%mfcgaeedaz. ,y. _.anw.mqvplx

W

If u # 0, v # 0 show that the points represented by them lie

ui4o? -
gular spiral r = Qru|._.nl.r-

on the equjap.
in the complex plane.

[ Hint. Let [o(cos ¥ + 1 sin Y)"HY = p(cos ¢+ 4 sin ¢).
Then p = e log o—v(anw+y) 4 _ log o+ u(2nm + y).
Therefore p=¢e" log o—(¢-v log o)v/u UQ..'u...“..._lu lllos._

2.15. Trigonometric functions.
In Art. 2.12 we have seen that when y is real,
exp(iy) = cos y +1 sin y.
Therefore exp(—iy) = cos y — i sin v.

These relations determine cos y and sin ¥ in terms of the exponential
function.
When z is real, cos z = . sin z = Pliz)—exp(—iz

2
When z is complex, cosine and sine functiong are defined by

s 7 uMm@HnmnE. i «Iém%mg
The other trigonometric functions are defined by

ta sin z __1 . |
2= cos 2! BCZ=T Z =4in 2

. Cos z
cot z wit,
Properties.

1. When z is a complex number, cos? z + sin? z =1,

1 =
Proof. cos z HWu... and sin z = h|u...m. where ¢ = exp(iz).

Therefore cos? z +sin? z=}{(t+2)?+(t - 1)’} = 1.
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omplex numbers then

2. If 21, %2 be n..u gin 7 cos 73 + €08 21 mm._._ 7,
gin(21 + unw — cos 71 €OS 23 —8in z1 8in Z3.
cos(%1 o) mv.m_w_l..@_+nu:|3_l..?n+3z
__wE&. Gk = me__.u_u.m.xﬁ:”u! (—iz1). exp(—iz2)
= 2

.—. ‘
= w_l__mml__c.hh, where t; = exp(iz1), t2 = exp(iz2)
121321

2 163 S ;
-] -1
(t 2_1) (123 +1)+ (b2 +1)(ta
= di Lyl
: 2) () (ta-g)

n_..lluv ﬁnunTn w 1 7
= ﬁ u_._ —g T TTE ot E
— gin z; €OS zz + €08 21 sin 2.

I

exp [i(z1+22)]+exp[—i{z1+22)]
2

+n)= :
cos(z1 1 22  optin).rpla) e (—izy). exp(—iza)

n_nu+n|uml _ : t,=e T_Nuw
= ll.wlrp_ where t; = exp(iz1), ¢z Xp
_ 3241
— 24l

(b2 +1) (62241 +(t12 1) (t2? -1)

4t
= .L.._v :ul.m._v
Asul_v-W-v ﬁnu+n v ﬁh—. t )
= .I.Nl:l 2 " 2% %
=co§ z; COS zg —sin z; sin 22.
3.sin(z + 7) = —sin z, cos(z +m) = —co8 2, tan(z + m) = tan 2,

in(z + 2r) = sin z, cos(z -+ 2m) = cos z.

Proof. sin(z 4 7) = sin z cos ¥ +cos z sin M = —sin z
w8(z +7) = cos z cos w —sin z sin ¥ = —CO8 2
_8in(z4w) _ —sinz _ 4
tan(z + ) = = e ™ ian

Sin(z + 27) = 8in z cos 27 + cos z sin 2x =sin 2
w8(z + 21) = cos z cos 2 —gin z sin 2% = cos 2.

Note, sin ; and cos 7 are periodic functions of period 27;tan 2 Is a
Priodic function of period 7.
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4. If x, v are real,
sin(xr +1y) = sin * cosh y +1 cos * sinh p,
cos(x + 1y) = cos  cosh y -1 sin 7 sinh y,

Proof. sin(x + iy) naﬁ.ﬁi..-zwﬁ_;_i..é

_ @ "{cos 4y ain £)=¢¥(cos x—=1 ain x)
= h

= sin H.num.“lg H.shlﬂm“

=sn r cosh y+1 cos r sinh y.

cos(x +1y)

e~ ¥{cos s+ sin x)+e¥(cos -1 sin z)
2

= o8 u..rwau 2 _§ gin 3.8
=008 x cosh y—i sin z sinh y.

The right hand side expressions give the real and imaginary parts of

sin = and cos 2, when 2 is a complex number,
It follows that

|sin(z+) ? = mE“n. cosh®y + cos?z sinh?y
= sin Hoomwuw+clauuuu sinh?y
= sin’r +sinh’y.

lcos(z+iy) P = cos?x cosh?y +sin?r sinh?

ncu.,....u oomwumipuoo%i sirh?
= c¢os"r+sinh y.

Since sinh y increaes steadily with y, i
. ) v, it follows that the funct;
Sin = and Cos z are not bounded in absolute value. By if z ”o H_mn_swnw
functions sin = and cos z are bounded in shsolute value, as | sin 7 | and

| cos = | are never greater than 1.

5. When z is a complex number,

—

sin Z = sin Z,C08 Z=700S z and tan Z = tan 3,

Proof. Let z = z + iy, where z,y are real.
sin z = sin(z + iy)
sin Z = sin(z — iy) ~sin z cosh(—y) + 1 cos z sinh

mmu T cosh y—1 cos z sinh y

sln z,

I~

n

y

mmnHaan%.T-.SmHmEr.

(~y)
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., co8 T
gmilar!
tions.
cbolic func . .
9.10- Hyp® 5 s hyperbolic functions cosh z, sinh z, ... are defined
: is real
phen ¥
(C.- nnl.nln " 'w T Ilu_-._-.. T
by, mn.w.wm.ﬂu. ginh z=—7— 18N0 T = pp >
7 cosh F7 1 _cosh z
ce u.\n___.l.u... cosech = =Grps coth z = h—7 -
qech ¥ = cosh T
ies . &
_:.owmnu.. ah?z =1, sech?z + tanh® £ = 1, coth” z—cosech®z = 1.
( Tr- s saw i
\w\%.% ¢ follows from the definition.
/ roo i e
/7 1) = cosh z, sinh(—%) = —sinh z, tanh(—z) = — tanh z.
3. oo m the definition.

. proof folloWs fro

_ g cosh 72 10T all re
w. vl Considering tWO

| L GM, wehave

T gaet > JeTe 3, the equality occurs when e* = e™ 7.

_ a.u cosh z > 1. the equality occurs when x = 0.

4, Forall real «r, sinh x increases steadily with x and assumes every real

al x.
positive numbers e* and e™* and applying AM.

yvalue O_H_w. once.

; eSte”® _
Prol .‘Wﬁm_aﬂ x)= 5 = cosh z.

Since m.w@mc z) > 0 for all real z,sinh x increases steadily with z.
Let ¢ be an arbitrary real number.

smhz=t=>e* - T=2¢
or, e —2te —1=0.

Therefore e* = t+ Vt2+1, since e >0
or,x = log(t+ ViZ+1).

Therefore for an arbitrary real t, T is a unique real number.

When 2 is complex, the hyperbolic functions cosh z,sinh z, ..... are
defined by 2

=P rtexp(~3) . p z—exp(-2) i
cosh = = n+u .u._ m_gu”ﬂn au N.. amDVN”MMMWM
sech z =—1 - | / cosh 2

coah g0 Cosechz = ———,  cothz =552,




88 INGHER ALGERRA

Properties (continued).

LI 2,
5. When z Is o complex number, cosh® z = sinh® z =1,

.

Proof. cosh z = ﬁw and sinh ¢ = qu_ where { = exp 2,

Hence cosh? z —sink? x=3{(¢+ 17 -+ )P} =24 <,
6. If 21, 22 be complex numbers,
sinh(2) + r3) = sinh 2 cosh 23 -+ cosh 2y sinh 23,
\
cosh(z) + 22) = cosh z; cosh 23 4-sinh 2y sinh zy.
Proof. sinh(z + zg) =% T,,Iiluﬁm?.k_lu&

— eXp 31.6Xp z—exp(—21). exp(—=z3)
2

wa-gly
|wr.ur_ where t| = exp z;,i3 = exp 2,
— Higi-1
21ty
— (=) (2 )+ (2 41)(ta? 1)
LRI Y

o
(t FV.:»+mwu + ::+._IL :u...W
2 2 2 y 2
=sinh 2, cosh 23 + cosh z; sinh 25,
Proof of the second part left to the reader.

—_—

7. When z is a complex number,
cos(iz) = cosh 2z, sin(iz) =i sinh 2,
cosh(iz) = cos 2, sinh(iz) =1 sin 2.
These follow from definitions. >

-

8. If z,y are real numbers, —
(i) sinh(zx +iy) =sinh = cos y+i cosh z sin ]
(i) cosh(z 4 1y) = cosh x cos y + i sink & sin v

Progf. sinh(x + 1y) .hﬂEuiSlw.nElul.S

= g =
a0 (cos y+i sin eulwn *(cos y—i sin ¥

= 52" cos p+ i€ in
=sinh x cos y +i cosh z sin y.
(ii) Proof left to the reader.
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glnh z ore periodic functions of period 2mi, tanh z Is a

and |
M_En:nu of perlod mt.

0. acwr

ﬁa_a.:n h(z + ki) = cosh z cash(2kmi) + sinh 2 sinh(2kmi)
proof. < _ cosh 2 cos(2k) +i sinh z sin(2km)
_ cosh z, i k be an integer.
+ 2kmi) = sinh z cosh(2kmi) + cosh z sinh(2kmi)
siah(s — sinh z cos(2km) +1i cosh z sin(2km)
— ginh z, if k be an integer.
i iodi [ f period 2mi.
{ cosh z and sinh z are periodic E:m:oam of p
It ?:os.“.ﬁwa _  cosh z cos(kw)+1i sinh 2 sin(km)
cosh(® = (=1)* cosh z, ilk be an integer.
inh(z + kmi) = sinh z cos(kw) + i cosh z sin(kn)
si

— (=1)* sinh z, if k be an integer.

Therefore tanh(z + kmi) = tanh z, for all integers k and so tanh z is
a _umzo&n function of period 1.

ﬁonwua Examples.
1. Find all values of z such that cos z = 0.

Letz=2%+ 1y. )
Then cos z=0 = COSZT cosh y=10 oo e 401
and sin z sinh y =0 U 11
From (i) cos =0, since cosh y # 0. d
Therefore = = (2n + 1)§, where n is an integer.
From (ii) sinh y = 0, since sin z =sin(2n + )% #0.
Therefore y = 0.
Hence z = (2n + 1) ¥, where n is an integer.
7. Find all values of z such that sin z = 0. —
Let z =z + 1.
Then sin z=0 = sir z cosh y =0 )]
and cos zsinhy=0 .. .. (i

From (i) sin z = 0, since cosh y # 0.

Therefore z = nx, where n is an integer.

From (ii) sinh y = 0, since cos z = cos nmw # 0.
Therefore y = 0. Hence z = nm, where n is an integer.
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3. Find the general solution of cos z = 2.
cos z=2
= t+1=4 wheret= exp(iz)
>3 -4t+1=0

Therefore t = 2% V3.

When t=2+V3, iz = Log (2 + v3)

= log(2 + V3) + 2nmi.
Therefore z = 2n — i log(2+ V3).
When t=2-V3, iz = romﬁia\wv .
= log(2 - v3) + 2nmi.
Therefore z = 2nw—1i log(2— Vv3)
= Onm+i log(2+V3)
Combining, z = 2n7 + i log(2 + V/3), n being an integer.

4. Find the general solution of sin z = 2.
sin z=2
=t — 1 = 4i, where t = exp(iz)
>t -4it-1=0.
Therefore t = (2 + V3)i.
When t=(2+V3)i, iz = Log(2+V3)i
= log(2+ v3) + (2n7 + Z)i.
Therefore z = 2n7 + {& — i log(2+ V3)}. .
When t=(2—+3)i, iz = Log(2-+3)i
= log(2 - v3) + (2nr + Z)i.
Therefore z = u=a+m|:omﬁi¢\wv ﬁ B
(2n+ )7 — {F -1 log(2+ V3)}.

1l

Combini - A
ining, z = nx + (~1)*{} — i log(2 + v/3)}, n being an integer.

5. Find the general solution of tan z = 2+

tan z = (2+1i)

TR S
=12 = WN-I =_131;
=T 3 +31.
Therefore 2 i Hgmnlm & wc
=1 1 2

b e 7108 3 + (2n7 4 3); 4

principal amplj )i, since | ~1 4 1j |= L
g&ﬂﬂﬁm Oh AIW + Wmv mm %. 2 Mu — ”\m pﬂ& nw_m

Therefore 7 =
=nr3x i
S +1log 2,n rmwcmgmbnmmmw

| _

, Find the mmsm:_._ golu

. Find the general

COMPLEX NUMBERS 91

tion of cosh z = —2.

cosh z = -3
>t+1= —4, where t =exp 2z
> 2+4t+1=0
Therefore ¢t = —2+V3.
When t=-2+ V3, z = Log(-2+ V3)
= log(2- V3)+(2nm + 7)i.
When t=-2-V3 = = Log (-2-+3)
= log(2+ V3)+ (2nm + m)i.

Combining, we have z = log(2 £ V3) + (2n + 1)mi.

solution of sinh z = 2i.

= nu -
Therefore t = (2% V3)i.

When t=(2+v3)i z = Log(2+ V3)i
= log(2+ V3)+ (2nm + )i
. When t=(2-V3)i z = Log (2- V3)i
= log(2— V3)+ (2nT+ 2.
Combining, we have z = log(2x V3) + (2nm + ).
tan(f+i ¢) = tan B +1i sec § where 8, ¢, are real and 0 < g<m,

oaﬂwwnnusﬂoonmwummuna+m+m.

uwu_m+-.ﬁ~ — sin B+i
cos(0+i¢) cos f§
coa(f+i ¢)+i sin

OT, Coa(B+i $)—1 sin

6+4i¢) __ cos i sin §-1

(6+i¢) _ cos f—i sin f+1

_ -2’ B4% sin & cos §
2 cos? B—2i sinj o §

or,
or, exp 2i(0+i9) =7 HMMHMM HWMPW

or, e2%(cos 20 +1i sin 26) =1 tan & (cos f+1 sin 8).

Therefore e~2¢ cos 28 N\ tan m sin B, e **sin 20 =tan £ cos .
We have e~ ¢ = :,.Ewm. and this implies e~2¢ = tan £, since tan g >

Q_ m.m.. nuﬁ = cot m

Also cos 20 = —sin g and sin 20 = cos B.
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ggﬁmﬁ@”ﬁ"?ﬂ+m+,m.m.¢.-auaﬂ+.m+%

: . 1 :
log sin(f +i¢) = a +1 3 where 8, & a, 3 are rea]

=y Prove

(i) 2cos 20 =¢® -2 _ geta thay
(ii) cos(f - 3) = e cos(0 + 5).
Let sin(8 +1i9) = p{cos ¥ +1 sin
\ . + ﬁv.ﬂ.w—ﬂﬂﬂlﬂ.ﬂ
=g 3,
=%

g..ﬂgﬁbg%"u.aﬁgwu .
therefore o = sin” 8 cosh” ¢ + cos w.m_.bﬂumﬁ !

MQ"M—ONEHFN?FU Q+mmb.ru &v

Therefore 2@ = sip? :

#nn.mua sin m+n_huuﬂﬂw2l8mu3+7hhﬁnu

ar, -I.HM'N&N@.TNN‘&;N!HGIN 2 w

or, Mgwmuﬂu'.—.NIHthnﬂﬂ

ggmﬂﬁ&.&uhuﬁang

Therefore tan § tan 6 = tanh ¢ B

l4tan Ftan @ -]
~ 14tan
Tt T tan = 1oy

cos(6—65) __ cosh dsinh ¢

cos(6-+5) cosh ¢—sinh ¢
cos(8 — 5) = € cos(¢ + §).

o 0 sin

or,
OH.U
or,

10. :HHEWEAH 8
‘tan(§ + 3), where 6 is real, pro
6 = —i Log tan(} +15). L e
msnﬂmumug.—_ﬂmwg.
e =tan(§ + 3) ~i-gal”

Therefore tan § =£=1
R TENEY

t—t—l . pT/2_ -
or, F—r=iE—==< /2 <
" n..Tul qlu.ﬂu +e—2/29 aﬂ_umﬂmu"mueﬂalumv
t2_1 __ isinh% in &£ ¢
or, Z#7 = ot Rl 3
kel cosh3 ~ cos¥ : 3
or, sﬁuﬁunﬁgﬁ.ﬂ'.—,muhv
or, 6= —iLogtan(]+if).

»

COMPLEX NUMBERS o
If 2 =zt . prove that
- ) | sinh |<| sin 3 |< cosh y;
1
: | sinb y [ €052 |< cosh .

ii)
( .\umE?f_SnmEhnE: y+1 cos x sinh .

i) sin 7 :
A | sin 2 [*= sin

Therefo™ ' 5 nom#_uw+ﬁ

27 cosh?y + cos’ sinh?y
_cin’1 1 — sin? ) sinh? y
—sinz+sinh’y

m_+mm=_uucnn8r V.

n z |< cosh y, since cosh y is positive for all real y.

Therefore | si

| sin 2 _uh gin’z + sinh?y =/ sin z 2> sinh? v

or, |80 % |>| sinh ¥ |-

Therefore | sinh ¥ |<| sin z |< cosh y.

(ii) gimilar proof.
517 Inverse functions.
1. Let zbed given complex pumber and w be a complex number such
. 2. Then w is said to be an inverse sine of z.

that sin W =

mmbE“uuvnOmEHuw,\nlnu.
Then exp(iw) =1z % Ji=2°

w= —1 H\ONT_N + av

» is a multiple-valued function of z,w is a multiple-valued
values of w are denoted by Sin~!z.
obtained by choosing cos w = V1 - 21
7) and taking the principal logarithm.

or,

Since Log
function. The

The principal value of wis
(the principal square root of 1 — 2
It is denoted by sin~!z.

Therefore Sin~'z = —i Log(iz + V1 - 22)
sin~'z = —i log(iz+ v1 - 22).

n complex number and w be a complex number such
verse cosine of =.

and

2. Let z be & give
that cos w = z. Then w is said to be an in

cos w =z = sin Eﬂ&(wlnm.
Then muﬁﬁevnnu_”_.,\u.uum |
or, w=—iLog(z+iVl-— 23).

i mm.unm Log z is a multiple-valued function of z,w
unction. The values of w are denoted by Cos™'z.

is a multiple-valued
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The principal value of w is obtained by choosing sin w = 1
(the principal square root of 1 — 2?) and taking the principa/ &?JJ
It is denoted by cos™? z. th,

Therefore Cos~'z = —i Log(z £ 1Vl - 22)
and cos™) z = —i log(z + V1 - 22).

3. Let z be a given complex number and w be a complex num},

er
that tan w = 2. Then w is said to be an inverse tangent of 2. Such

gt .
tan w = z =>{=—y = iz, where t = exp(iw)

or, (1-iz)t?—(14iz)=0.
t cannot be determined if 1 —iz =0, i.e., if z = —1.
Again, since t = exp(iw) # 0, therefore 1 +1z # 0, i.e,, z # 1.

Therefore if z # +i, 2 H#.....m

or, exp(2iw) Hm

or, w=-—1%i Homm
H«EE pmm a multiple-valued function. The values of w are denoted by
|u‘

The principal value of w is obtained by taking the principal logarithm. .

It is denoted by tan~!z.

Therefore Tan~'z = —}i Log 17, provided z # i

and tan~! z =i _omwl.mmm provided z # .

iz?

In a similar manner the inverse of other tri \ g
gonometri
be defined. c functions can

4. Let z be a given complex number and w be a comp]
ex
that sinh w = z. Then w is said to be an inverse u..i_ww 2 DR o

sinh w=2z=t—} =2z wheret = exp w
St=z+tVz2+1
Therefore w =Log(z + vz + 1).

w is a multiple-valued function. The values of v g
Sinh~!1z.
Therefore Sinh~'z =Log(z + V23 +1).

denoted by

5. n\ma 2z be
hat cosB

Cosh™'#

6. Let 2 be
that tanh ¥

COMPLEX NUMBERS 05

a given complex number and w be a complex number such
_ 2. Then w is said to be an inverse cosh of z.
z=>t+ 1 =22z wheret=exp w

=>t=z*% (\NJMI.||~.
Thereforée ¥ =Log(z £ VI - 1).

s 8 multiple-valued function. The values of w are denoted by
w i

Therefore Cosh~1z =Log(z £ By = s,

a given complex number and w be a complex number such
— 7. Then w is said to be an inverse tanh of z.
tanh w=2= “lmm.”. = z, where t = exp(w)
(1-2)t- (1+z)3 =0
o, (1-282-(1+ z) =0.
¢ cannot be determined if z = 1.
Again, since t = exp(w) # 0, therefore 1 +z # 0, i.e., z # —1.
Therefore if z# £1, . 2= WIWI” or,w =3} Logts.

» is a multiple-valued function. The values of w are denoted by

or,

Tanh~'z.

Therefore Tanh™'z = 3 Log}t2, provided z # *1.

In a similar manner Cosech™! z, Sech~! z, Coth™! z can be defined.

Worked Examples.
1. Find Cos™1(2), cos~1(2).

Let Cos~1(2) = z.
sin? z + cos? z = 1 gives sin z = ++/3i.
We have exp(iz) =cos z+1i sin z=2% V.

When exp(iz) =2 - v3,z = —i Log (2~ v3)
—iflog(2 - V3) + 2nmi]
onm — i log(2 — v3)

= onr+i log(2+ V3).
When exp(iz) =2+ 3,z = —i Log (2+V3)
—i[log(2 + V/3) + 2ni]
onm — i log(2 + V3).

Then cos z = 2.

I

I
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Therefore Cos ~1(2) = 2nm i log(2+ v3) . .
| ._ ’ ] = H\Om A§+ Hv‘n i
and cos~1(2) = i log(2+ V3). i At vz = am__omﬁ,\f ) +,ﬁ\m.§ﬁmz
g 2+1). ;
2. Find Sin~1(2), sin™*(2). = nmtz 7t _W\m.ﬁ
H | - J e " _ 1 = - H\O@ :..l NV.« N
Mwm,ﬂ sw =z p dﬁ. Bl M,\w when exp(iz) = (1 V2)i,2 = sl ,\wﬁ c_ " mmﬂ mwz
z+cos” z=1givescos z = 1 = (@hr= ) =3 1BV 2
We have expl(iz) = cos z +i sin z = (2% V3)i. = onr— {71 log(vZ + 1)}
When exp(iz) = (2 +V3)i,z = ~ Log (2+v/3)i _ Therefore Cos~'(i) = 2n7¥ 3 M\w _om%,\m.v R
i M = o caei() = §ilsly2+
= (2nm+7) -1 log(2+ 3) i
= nmt{B—ilog2+ ey | s FmdSn@en 0
. Let Sin~ (1) = #- Theweins =&
When exp(iz) = (2 - v3)i,z = —i Log (2— v3)i 1 e N+§fn£§§.ﬂuw,\w
= —iflog(2 - v3) + (2n7 + )i sin . s e U /.
= (nm+5)—ilog2—v3) | We have exp(iz) = €08 Z e A
= x_ o x o = =f Log -
(2n+ 1) - {F — i log(2+V3)) | When exp(iz) = vZ2-1,2 _ |“=om7\m _ 1) + 2ni]

Inw —1 log(v2—1)
nm+1 _omT\m +1).

Therefore Sin™'(2) a4 (=1)"{Z - i log(2
and sin~!(2) = I—i log(2 n«ww og(2 + v3)},
_i Log (—V2-1)

3. Find Cos~!(-1), cos™*(-1) /3
: ’ 1 = —v2- “_;N A
Let leuﬁlc — 2 Thencos z=~—1 When meTNv Im—nomﬁ/\mu + : + AN.Z.H. =+ q_..v.L

: = (n+l)m—i log(v/2 +1).

Il

Il

t+4
‘or,—5t+=—1, where t = expiz 1
_ (1" (VA + )

2

2 N

or, 24+2%A4+1=0 Therefore Sin 5 3 R

or, 1 =-1,~1 and sin _E- = 1 _omT\m+ 1).
or, expiz = —1. 6. Find Tan~!(~1) and tan™"(=1).

H..—.—ﬂ—.mmow.o 7= H..Omﬁlu_.u tan z = -1 nV...I”W“ I..-.._ ﬂ__.rmu.m t= mun—uﬁan

= log1 + (7 4 2nm)i, where n is ap integer
or, z = 7 + 2nm, where n is an integer. o

Therefore t2 HWI.TI..HI_. or, exp(2iz) = —i-

Therefore Cos™!(—1) = @ + 2n7, where n is an integey This gives 2iz = Log(—i) = (2nm - wﬂvﬂ.
and cos™'(~1) = or,z=nj - I
4. Find Cos™ (i), cos™ (i)- Therefore Tan—!(~1) =15 — & and tan~(-1) = - -
=105 = = 1. P
F.&,\.On.m (§) mpe, Thea gos 2= 7. Find z such that tan z = cos f +1 sin 6,00 <3
mwuun+nomuunumm<8mm=uﬂwe\w. tan z = cos @+ sin 0

We have exp(iz) = cos 2 +isin z= (1 v2)i. by .
#mﬂwu i(cos 6 + i sin ), where t = exp(iz)
1
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i cos 0—ain 0 __ i con 0
=11 con Ofsin 0~ 14sin 0°

Therefore exp(2iz) ﬂﬂﬂoﬂ_ﬂwﬂ.
or, 2iz Hﬂbm:mmmed&
= _onﬂﬁ +(2n7 + §)i, since 5240y 5 0,
Therefore z = nm + § - §log 15245
=nm+ § + § log Lizin g

=nm + § + § log(sec 0+ tan 0),

or, 13

C1f cosh™ (x + iy) + cosh™(x — iy) = cosh™" a, where z,,
and a > 1, prove that the point (z,y) lies on an ellipse.
Let cosh™ (z 4 iy) = u + iv.

11 arp ey

Then cosh(u + iv) = z 4 4y,
Therefore cosh u cos v =z, sinh u sin v =1y,

Then cosh(u - iv) = x — iy

or, cosh™(z - fy) = u — iv + 2kmi, where k Is some integer.
Therefore (u + iv) 4 (u = iv 4 2kmi) = cosh™" a

or, cosh(2u + 2kmi) = a

or, cosh 2u=a,

ﬁu Eu |
Now cosh? u + sinhTu— ]

or, um%u—‘ + m:_m..ﬂ_.ﬂ 1.
Since a > 1, the point (z,y) lies on an ellipse.

9. If tan™" (z+iy) = a+iff where z,,a, 8 are real and (z, ) # (0,41), |
prove that

() 2 +y?+2z cot 20 = I _
(i) 2z?+4?+1-2y coth 20 =0. "
If (z,y) = (0,%1),tan"'(z + iy) is not defined,
tan~}(z + iy) = a + 1/ implies tan(a + if) = z + iy,
Therefore tan(a — i) = z — iy, since ton Z = {an z.

1
cot 2a "»D::D.Imrﬂnlua_

_ l-tan(a+if) tan(a—if)
~ tan(a+ifd)+tan{a—iff)

L

A

coMPLEX HUMBENS ¥

oy Sy
Hﬁ“ﬁn_ﬂ_‘?ﬂ_|h ]

e:i&: - 1+ 2z oot 2= 1,
1 = tanl(a +10) = (@ = 1))

Again can(240) = to u—_ﬁ .

=Ty ty

in(2f) . Ll 20 yanh 20,
Aot gan(247) = coa(2)) . coah 2

Oﬁbﬂa ﬁ— b Hn + _\uvg:—_ MR‘ - NE.

ﬁ.a_ s +1f =W cotb 29 =0
ory ,

un~ (z + y) In the form A 4 {8, whers A, B,z,y nre real

. B e
_w“_h_ ?..S&B..w:. Li(e
won~ (2 W) = = 44108 1115

= —}ilog {AEE
{is

v

= |mm_0m

(-~ )4H2 = p(cos 0 +1 #in 0), -7 <D S
ot G2 |

Em..uba_u_\um_ne.-. ) Euwwo
?&oaaﬂpgn_.ﬂmnmﬂu if1-z*- ; c
- >
Hﬂ+§=|_n|.wum..—.u fl1-z22-yP<0,zr2

2
..||.l.__q+-.=.=|_._. w..mll—..u f1=22-y <0,z<0
=% ifz?4, =12>0
=-% fz? - P =1,2<0. .« o (1

; V42 4y? =2
Henco tan™'(z +iy) = tw.ﬁ_om +2T+y w+$_

2 i i).
= 0+ 4 log IR, 0 being given by (1)
Some patlcular examples.
oo 1) pepe =1
() tan1 (1 + ) = — §ilog THTFR=—4il08 =
Let <142 —r (cos 0 + isin 0), -7 <8 S 7.




e

100 HIGHER ALGEBRA

Then r = ur:nﬂn+§r;auu.

tan~'(1 41) = ~}iflog J5 +i(x + tan~"(-2))] =
m._oma.

(i) tan™ (1 + V) = —Jilog

LS T
w. it ;-M:

whl_u.\m.mn L =r(cos @ 4+ isin 6), ~-x <O <. Thenr =
Ere r n.:,mﬂum,

tan~'(14V2i) = Ifwoaiﬂ + u»u& = uam + m..—omﬁz\m.* 1),
(1if) tan~'{cosa + isina), where 0 Sac<i.
Comparing with tan~(z + iy), here z? 4 y? =

v

=
"
Ll

L2 > 0. Thergy,
1

T Ty T T_.Eu_ = (seca + ngn&u.
Therefore tan~'(cosa + isina) =
§ log(seca + tana),

m+m_cﬁ§o+§bouunm+ m

(iv) tan~Y(cosa + isina), where § < a < 7.
Comparing wi - i .
. rm.vu:na with tan™(z + iy), here 22 + 2 = 1,7 < 0, Therefore |
Terlepledy ) |
Here ot = Lin 1522 = (seca + tana)?.
re =1 . o N |
Therefore tan~!(cos a +isina) = - % + i log(seca + tan a)?).
[Note that here (seca + tan a) <0]
Another method.
Eu_ﬁ§9+nnmbﬂ o 4 1+i(cos a+isin o
) el _cn?q:ﬁlﬁtn_:nu

= A 1-si
= 5; log;

1 -
= _0 Cos o _m .
o STHaina ~ 31, since T4aina > 0

=-it m..._oﬁlwaap - tana).

CO8 O

TegoTy’s series,

1en § is real, exp(it) = o ¢ -+1 sin ¢

ond exp(~i8) = cop g { gip g,

COMPLEX NUMBERA 1

8)-Log(1 — i tan ) = 26
— log(1 — i tan ) + 2nmi = 214

the expansion of log(l + z) ns the infinite

| z|=1 but amp z # .

herefo . — tap §—iluan?0 , el _ ...
log(1 +1 tan #) i . = Wh hu
p_m_on:l.:us = |.:Eml,l.ﬁk|,|é.k..:

provided —1 < tan # < 1.
3 L]
Therefore 9if = 2nmi + 2iltan 0 - tanf ytanl ..
3 n.-._hﬂi-..
g nm = tan 0 — S5 + e

o provided —1 < tan 8 < L.
3
.?r_unaunwuaﬁ_:m_ euagmlﬁ%m+:;|:
_u_.cé._ﬂ_malwmngmm_w:m -7<0< 1
:PE%“H. ﬂu

-1 = l..|+a__l...
Therefore tan™" Z=% = F T°F

if-1<z<land -f<tan'z< %

Note. When z i8 complex
tan™! nuni%+wa..|.: vuoﬁn_nn_n_m_.vﬁummﬁn._
wd also the principal value of tan~! z is taken into account.

Worked Examples.
r?aaﬂ&wemn”lr+ww.+q.pﬂ+:
We have tan™! uHHlmwm+wm..I.:
?ﬁ&c_.mmuwlw+wlw+.:

The series in the right hand side is convergent. Therefore grouping
of terms is valid.

Therefore 1

when -1 <z <1

DHGE-m
+ e ..

nn

L]
+
b
+
Ay

13

by dybady e -
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- X .
i m s SRR = 0 10 A‘_‘ i) = gin(a + i), prove that
~1l-cos ® . 20 _ 0 : 60 o {an i .
tan~! (T tan? § - ftan’ g + J tan'® § ” w\_q_ i o = sinh 29 coth f
i | W, o0 y ‘ that
l-cos 6 _ ussumu.__ gm. a._._?+.$ =u+ v MaAhA m), prove tha
i ot m 1. If _Om= - w _QMAGOQ—.__.h V= cos Hv
Therefore 0 < frRf <1 -FSO<F SV = tan™'(cot @ tanh )
i Lo g i h in 0, where ~r < 0 < 7. Th
So the expansion of tan~! in Quahog_w series { h y=rcos f,cos wainh y = rain §, wher < n. Then
e 8 val . jn @ co¥
..,w i m and id 55 _M__a.»n.e““_...ph..na%a. ton mpn_ _ndo..vﬂ:s__ p0<z<n=rsing>0=comb >0
-1)= & P = ~1(cothz tanhy).
tan™! {=EE = tan~!(tan’ mv yarlore 0 tan e
= 20 _ 6 08 _ .. , :oma:e.:_mo: on o
tan®§ - § tan® § + § tan'” § g, Find “ ek () csr=},
g =2i (lv) cos z=2%,
Q_c gin 2 '
| (v) sin 2= -2, (vi) cos z=-2,
‘Exercises 2C : | (vi) sinhz= 2, (viii) cosh z=2.
1. If 2, 23 be complex numbers, prove that 9, Show R__ln_a 2o
(i) sin 2) +sin 2 =2 sip 22% cos 251 . (i) Tan (= '

~1(~1) = nw = §, n being an integer
(i) cos 2; + cos 2 =2 pos Uiz 5= c_v.HE._ (
. Piewak B i) Ton™'(14+14) = §((2n + 1)7 + tan™"(=2)] + { log 5, n being an integer
nz-u tan(z, + nwv =0z ttan 2 ( ) -1 N i
1-tan z; tan 23" ) Ton=! (=1 +1) = §[(2n + )7 +tan™" 2| + 7 log 5, n being an integer.
2. If n be an integer and 2 be o complex number, prove that
(1) (cosh z + sinh z)" = cosh nz 4 sinh nz
(i) (1 +cosh 2z + sinh 22)" = 2

10. If ¢ be a real number, prove that
ySin™!(iz) = nm +(=1)" log(z + VT +1),n being an integer
(1) Cos™"(iz) = 2nm £ [§ - ilog(z + V27 +1)|,n being an integer
ity Tan ™" (iz) = + flog(£2), -1<z<1
=nr+§+flog(2H), 2>lorz< -1
Hint. Tun~!(ix) = -4 Log{2.
' _a_n_nlwmnmwmmqVonvranm.mu_onmm+u=1.

4. Show that _a_v_nv*..uﬂm! ~mmw_4 <0= rommmﬂ_ommm.*+_ﬁu=ﬂ+=:._
(1) cosfilog(2 + v3)] =2, () sinlilog(1 + v2)] = 1,
(iti) tan(§ + Jilog3) = 21, (iv) tan[filog3) = {,
(v) cosh[log(2 + v3)] = 2.

5. If sin(@ + i ¢) = .ME B + i sec [, prove that
cos 20 cosh 2¢ =3. :

cosh™ (cosh nz + sinh nz),
3. If z, y be real numbers, prove that

(i) tan(z +iy) =8I0 _2z-i sinh

(i) cot(z +1iy) =

(1) tanh(z +iy) =

11 If 2 bo a real number > 1, prove that
() 8in~'g = -+ (~1)"[% — ilog(z + V@7 = 1)}, n being an integer
WY Cos™'z = 2nm + i log(x + v&@¥ = 1),n belng an integer
(1) 8in~ (~z) = 2nn - % i log(z — Va7 —1),n being an integer
; (Iv) oo-:_,ﬁluw - ﬁ: +1)n w..f log(z — V=T 1), n being an :E.ne..
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[Hint. (iii) Let Sin~!(-z) = u +,_F_. Then sinucoshv = ~%,Co8 u iy,

sinhv = 0 = coshv = *1 = sinu = %, an impossibility. cosu=0= ,, _ m«e S,
u=2nm+ % and sinucoshv = -z = coshv = -z, an impossibility. Sq ,, _ m” 3 3
and coshv =1.] - x:m

12. If cos™!(u + iv) = p + iy where t,v,p, ¢ are real, prove that cog?
cosh? g are the roots of the equation P ang

- z(1+u? +07)+u? =0
13. If sin~'(u + iv) = p + iq where u,v,p,q are real, prove that gjp?
cosh? ¢ are the roots of the equation

2 —z(1+u? +v%) +u? =0.

D apg

14. (i) If | cos(z + iy) |= 1, prove that cos 2z + cosh 2y = 2.
(ii) If | sin(z + iy) |= 1, prove that cosh*2y — cos 2z = 2.
15. Prove that the general solution of
(i) sin 2 = cosh 4 is (4n + 1)§ £ 4i, n being an integer,
(ii) cos z = cosh 4 is 2nm £ 4i, n being an integer,
(iii) tan z =1+ v/2i is (8n + 3)I + { log(v2 + 1), n being an integer.
[Hint. (ili) tan z = 1 4+ /2i = exp(2iz) = u.|m.+_ 5= q.lu_i_oa 3= 4+ isin 37)]
16. If «x 4 iy = ¢ sin(u + iv) prove that when u = constant, the point (z,y)

lies on a family of confocal hyperbolas;and when v = constant, the point (z, y)
lies on a family of confocal ellipses, ¢ being a parameter in both the cases.

gﬂaﬁ that

() ;5 =1-ss+gm—s+
(i) F=0-F)-30-m) +i0-Fx)-- -
i) =G+ -HF+ PG +R-

18. If a, 8, be three cube roots of unity, prove that
i bt (B R B TS}
19. If0 < 8 < 3 prove that the principal value of tan™!(cos ¢ + ¢ sin 6)

is I+ 4log tan(f + %)

Deduce that when 0 < 8 < 3 )

1 cos 36+4 cos 86—+ =0
<= glog tan(§ + §).

‘ 3. INTEGERS

\\\“ﬂuﬂﬂ.‘

ral n
3.1. Natu onsiting of numbers 1, 2, 3,... is called the set of all
The set M ﬂm The well ordering property of the set N states that

um y
yral 7 emply subset of N contamns a least elemend—
non-
at if S be a non-empty subsct ol N there is some natural

h that a < z for all 7 in S.

1.1 _u_.m:n:u_m of induction.
* r ; § be a subset of N with the properties —
e

; belongs to S, and
M_Nv Hawm:aé_. a natural number & belongs to S, then k + 1 belongs
1

to S.
Then S = N.

Proof. Let T be the set of all those natural numbers which are not in S.
The theorem will be proved if we can prove that T is an empty set.

Let us assume that T is a non-empty set. Then by the well ordering
property T' possesses a least element, say m. Since 1 € §,m > 1 and so
m~1is a natural number. Again since m is the least element in T,m —1
isnot in T and so m — 1 is in S.

Sincem-1isin §, by (ii) (n—1)+1isin S, i.e, m is in § which
is a contradiction.

Therefore our assumption is wrong and T is empty and the theorem
is proved.

m_se.ns 3.1.2. Let E, be a statement involving a natural number n.

) Ey is true, and ;
amhcw.u .m_.: is true whenever E} is true, where k is a natural number,
n 15 true for all natural numbers.

P
Eﬂ.ﬁmrm.ﬁ S be the set of those natural numbers n for which the state-
n 18 trye,

Y

a4

o T
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Then § has the properties

(1) 1€8, and

() &+ 1€ 3 whenever k € S.

Then by the principle of induction 8 = N.

Thus E, is true for all n € N,
Note. To establish a thearem (or & propasition) involving natury)
bers by the principle of induction, both the conditions (i) ang (i) Dy,
be established. My

The condition (1) is called the dasis of induction and the assump;
made in the condition (ii) is called the induction Aypothesis, Plig

Worked Examples.

1. Use the principle of induction to prove that
~+w+:,+=ﬂw.ﬁ...|:.,mﬁw==ws=¢_ numbers n.

Step 1. ?uzuwﬁamggnwﬂ:agﬁm~uﬁmb.

Step 2. Let us assume that the statement is true for some naturg] |

oumber & Then 1+ 2+ .-+ b = HED

g~+w+...+»+?+suwﬂb+?+:u HIHWHIUM

Hﬁwgﬁﬁﬂmmﬁgpmﬁgmﬁgmgngusga+;
it & tree for k.

By the principle of induction. the statement is true for all natural
numbers n.

2. Prove that 3™ — 8n — 1 is divisible by 64 for all n € N.

We use the principle of induction to prove the statement. Let f(n)=
3™ _8&n-1.
Step 1. f(1) =9-8-1=0. f(1) is divisible by 64. Therefore the
ststement s tree forn=1.

Step 2. f(k+1)— f()) = B2 -8k +1) - 1] - [3%* — gk _1
=8(3*-1)=8(9*-1) _
=88(95 1 +95 2+ 41)
= 64p where p is an integer.

Therefore f(k + 1) is divisible by 64 if f(k) is so.
§§§%%w5m§»+ﬂm=w§mmﬁa.
By the prin B.EW&F&H&B%EW?FWEE,E

numbers f-

{

|
\
|
{
|
|

h o
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nelplo of Jnductlon to prove tisb for all natural numbers

:%1.,_3 _d_._v“r maa,__.,..._5639_uEva_Eca;L:ng
3 Lag°

» ", .
rement 18 true for n = 1, since (a1a;)} < agm .., (j)
gta hat the statement is true for n = k, where k is a

ral ==Ecg_..,.aurvuf < n||lw.-|lh|p+au+...+a * = p, say.

. fori= H_u..:_mf.
umw = wﬁ..whurnhnw = q, say.
..:nvwmw.ﬁ:g..,wwrvm*ww = ng

vmﬁmﬂ. < Aa—+=n+..,+nuwwﬂmv—+au+!.+vuru

.. Qgk+1
+

Hnuhn v au»....u.n.n—.ﬂﬂ < (ay+a3

hows that the statement is true for k-+1, if it be true for k.

or, (@103 o

k41 ﬂ
i.ey
This

the principle of induction, the statement is true for all n € N.
By

There is 8 variation of the principle of induction.
Let S be & non-empty subset of N such that
(no €S, end (ii) k(> no) € S implies k +1 € S.
_H,wau.mu?mzuawzi.
We can utilise this principle to prove that if P(n) be a statement
ivolving & natural number n satisfying the conditions — -
(i) P(no) is true (no being the least possible natural number)
ad (ii) for k > ng, P(k + 1) is true whenever P(k) is true,

then P(n) is true for all n > ng.

Worked ple (continued).
ve that n! > 2" for all natural numbers n > 4.

Let P(n) be the statement  n! > 2".
The statements P(1), P(2) and P(3) are not true.
The statement P(4) is true, since 4! > 2. -

Let us assume that P(k) is true where k is a natural number > 4.
Then k! > ok

berefore (k + 1)! > 2% (k +1) > 28+, since k+1> 2.

ﬂ.w\L.._.— Y r .
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This shows that P(k 4 1) is true whenever P(k) is trye,

Since the statement P(n) is true for n = 4 (the least pogg; _
number), by the principle of induction the statement P(n) i true qa__;_
natural numbers n > 4. T

U_a Ny

3.1.3. Second principle of induction.
Let S be a subset of N such that

() 1€, and (i) if {1,2,...,k} C S, then k+ 1€ S.
_.H.wuou. S=N.

Proof. Let T = N - §. We prove that T = ¢. If not, T bejy

Ea ngy,
empty subset of N must have a least element, say m, by the well oas:”_
property of N, g

Since 1 € S,m# 1. Thereforem > 1.

By the choice of m, all natural numbers less than m belongs t, g
Hence 1,2,...,m-1¢ 8. ‘

By (i) m € S, a contradiction.
This proves T = ¢ and therefore S = N.

Worked Example (continued).

Prove that for all n ¢ N, 2+V3)"+(2- V)" is an even integer,
~Let P(n) be the statement (24 V8)"+(2- V3)" is an even inte
The statement P(1) is true,

since (24 v3)! 4 (2 V/3)!
an even integer,
Let assume that P(n) is true for n = L2,... kL X
h.u + a\w.vri_ + Aw - a\wu»..v_
=a** 4 b+ where a = 2 V3b=2-3
= (a* + b%)(a +b) - (a*~1 4 bk-1)qp
= a?—r + &J - Aawlu + ealpv.

ger,
=4 and i i

" ' : ko pk k=1 pk-1
| This is an even integer, since a”+-b" and a*~1 4, re even integers,
by assumption. . %

This shows that P(k + 1) is true whenever P(1), P(2),.. P(k) e
true. ! ar
By the second principle of induction, the statemeny p

n) i
@: natural numbers n. () s true for
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denoted by Z, consists of whole numbers
The sct of all positive integers (a proper %:vwmn
i rin-

$2,8h- 0 oL the set N. We shall use the properties and p

I ﬁ LFe ]
7) 18 ._H_E_:maa_ MMn:o: with the proof of any theorem about positive
of in con

. Or ‘_.—.—a-
m @-N.

a and b with b > 0, there exist unique integers q and
gers b >0,

Given Eema —bg+r, where 07 < b.

der the subset of integers
,.m.l?lwa"nmN.n!vHNE.
First we show that S is non-empty.

g

1,lalb2]al Therefore a+ |a | b > a+|a|=0.
i ”Nim._..wpﬂ all b(—|a|) € § and therefore S is non-empty.
This sho

Gince S is 8 non-empty set of non-negative integers, either
ince
(i) S contains 0 as its least element, or

(ii) S contains a smallest positive inetger as its least element by the
i i
well ordering property of the set N.

In either case, we call it 7. Therefore there exists an integer ¢ such
thata—bg=7,720.
We assert that r < b. Because if r > b, then
= —b=r-b2>0.
a-(qg+1)b=(a—gb)-b=r-b2> _
This shows that a — (g + 1)b belongs to § and also a — (¢ + 1)b

r=b < r. This leads to a contradiction to the fact that r is the least,
clement in S.

Hence r < b and consequently, a = bg -+ r where 0 < 7 < b.

In order to cstablish uniqueness of ¢ and r, let us M:EM&M ww.n...nn %
has two represontations: @ = bg +r, a = bqy + ry where 0 < )
0 <r <b

Then b(g-q) = =7 o dlg-q[=lrn-r|. .

But 0 <r <band =b < =r.< 0yield -b < rp —r < b, ie,
| r1 = |< b. Consequently, | ¢ — ¢ |< 1.

Since q and ¢, are integers, the only possibility is ¢ = ¢ and therefore
r=n.

This completes the proof.
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Definition. q is called

the quotient and 1 is called (he remas
division of a by b. _ Ainde,. In Uy

A more general version of the Division algorithm js ob

taineq
b & non-zero integer. by ki,

Theorem 3.2.2. Given integers a and b, with
integers q and r such that q =

Proof. With the

b # 0, there
bg+r,0<r<|b|.

previous theorem already established, it

< y N . i €noygy,
consider the case in which b is negative. Then | b [>.0. By the Preyi,
theorem, there exist unique integers g, and r such that H
@ = |bla+r0<r<b]
= =by +r
.Hwe.mmoga.hg._i, where g = —¢q;.
To illustrate the division algorithm, let us take b =3, a = =20,2,19
~0 = 3 -T+lgives g=-T,r=1
2 = 3.0+2gives q=0r=2
10 = 33+1gives g=38r=1.
Let us take b = —3,a = -20,2,10.
-20 = =3.7+ 1 gives g=7r=1
2 = —3.0 + 2 gives q=0,r=2
10 =

I.uw.lwn_u“—ﬂmﬂﬂ g=-3,r=1

‘When the remainder in the division
case is of special interest to us.

Definition. .gﬁﬁﬂgwgasgmgkvwgﬁgowom
there exists some integer csuch that a=pbe———

__mH
—
e express this in symbal pja gnﬁmgw&q._n_anu.im&wcmaﬁnﬁ

- this by the statements— “b is a divisor of o, “a is a multiple of »”
Hmv,rmmmmimouomnunrﬂylwmmm._mcn&&monﬁ.p,gnﬁ?nv
@ = (—b){—c). Thus divisors of an integer occur in pairs.
*ﬂwHuﬁmew.EvoHSwagﬁovﬁanuvmc..H._Em_:mn

EVETV DOD- in

algorithm turns out to be 0, the

multiple
I'llllfj

The following properties are immediate (assuming that g givisor js -
always a non-zero integer).

(i} afbandbic=ajc

() a|bandb|aifand onlyifa= b

s _555

. i | :n.fwvu

INTEGERS 1m

g, Ifal b and a | ¢ then a | (bz + cy) for arbitrary
3.2.3. \
ore™ d 1 ‘ g -
a_ﬂ_w% z o1 ue b = ad for some integet d.
” . gince | __ o ¢ = ae for some integer e.
proo): m,=%a+avu&u+a%ui&;..&:. _
.H._E_.mmoqa _W”ww_.. n _ @H + aS whatever integers z,y may be.
.. ghow
This 8
4 Examples:

the product of any m consecutive integers is divisible by
that

i

| work?

] \R&

L ccutive integers be c,c+1,e+2,... ¢+ (m-1).
" Let the mo”m algorithm, there exist integers q and r such that ¢ =

divisio

| gtn 95T f _
mgT = mq and therefore m | ¢
_ E:%..no. n+?am. 1) =m(g+1) and therefore m|c+(m—1);
| aumuqnw_m+31mnﬂﬁn+:wumnwmnmmoﬁ m|c+ (m—2);
Eumbﬂﬂ ’ "
m -1, c+1=m(g+1) and therefore m|c+1.
| = 1
_ when'? : divides one of the integers
| wéEﬁmﬂﬂnq.E%Um.s v1des
Hwﬁ&omﬂﬂwﬂw and it follows that the product ¢(c+1)(c+2)...(c+
h_n+ur..._

1) is always divisible by m.

1 &&wmoum._mo_...»gaovuocm «Ewnﬁwmmanﬁmohwnonnmnwmmﬂw
_ &%Honﬁ 8k + 1, where k is an integer. i, Tt
o me rithm every integer, upon division by
_ Nm Wﬂﬁoﬁ w_mnﬁ.u.rm.w. Therefore any integer is one of the forms
._ “ﬁm.—‘u £+m_ .ﬂﬁﬂ—dﬁwmgsnmmmh.
* %" 0dd integers are of the forms 4¢ +1,4q + 3.
L e 2 1 is of the form 8k + 1,
_ +1 8(2¢° +q) +
v Now (dg+1) 8(2¢% + 3¢+ 1) + 1 is of the form 8k + 1.
| Hence the square of an odd integer is of the form 8k + 1.

_ Uomamon....m a and b are integers then an integer d is said to be a
v Bs_:aam-.s..mo__.omnwunvwmn_nmmﬂm:m.mi? - e
! Since 1 is a divisor of every Fgmﬁ_:wmooEEoum_ﬁ.mE,MEwa
m - b. Therefore, for an arbitrary pair of integers a, b ﬁwm.nm exists \j

.4 1 '.common divisor.

b :gﬁromngﬁvc@cQggﬁe@mﬁWmSEow&,@uMnmbm»
i b Butif at least one of a and b is non-zero there is only a mEﬁm. : Evmnnrmmm
|~ o positive common ‘divisors. Of these positive common divisors,



112 BIGHER ALGEBRA

is a greatest one, called the greatest common divisor ap

is
ged(a,b). ey y
/\pmn\:mo? If a and b are integers, not both zero, the greq -
divisor of a and b, denoted by ged(a, b) is the positive integer 4 m“mds;
m 1
(i) d|aandd|b; and Ying
(it) ifc|aandc|bthenc|d.
r example, let a = 12,b = ~18. Then the positive divigorg of 1y
+2,3,4,6,12 and those of 18 are 1,2,3,6,9, 18. Therefore the pq g
common divisors are 1,2,3,6 and ged(12, -18) = 6, Sitiy,

Zonm.:mo__osmHaoﬁrraﬁ_mmn_w_.._on:5” .ﬁ.&P!EH ged(~q )
ged(—a, —b) = gcd(a, b), where a, b are integers, not both zerg, | =

Theorem 3.2.4. If @ and b are integers, not both
integers u and v such that ged(a, b) = au + bv.
Proof. Let § = {az + by : x,y € Z and azx + by > 0}. First we shoy
S is & non-empty set.

Since at least one of a, b is non-zero, let a # 0. Then | a |> 0.

Therefore | a |= a.z + b.0 is an element of S, where we choose T
ifa>0andz=-1ifa<0.

zero, then tlere exig

that

=1

Since S is a non-empty set of positive integers, by the well ordering
property of the set N, S contains a least element, say d. \
Thend = au + by for some integers u, v,

By division algorithm, a =

dg + r where ¢ and » are integers with
0<r«<d

Thereforer = a- dq

= a-(au+bv)g

= a(l - ugq) + b(-vq).
This representation shows that if r > 0 then r €8.
But d is the least element in S and since r <d,r¢gs.

Consequently, r = 0. This proves that a = dq, ie., dis a divisor of a.

By similar arguments we can prove that d is a divisor of b,
ierefore d becomes a common divisor of a and b. :

To prove that d is the ged(a,b), let us assume that ¢ is

s . & common
divisos of « and b,

Then | a und ¢ | b and therefore ¢ | (au + bv), by Theorem 39 3
ie.. ¢|d and consequently, d is the greatest common divisor,
This completes the proof.
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le,
exomP g 4= —4.(~1)+20.0
fof oy =4 an : =
F hkﬁ\\v mw_w =5 and  H= nH.2 + Whu.a 3)
§ u«uzcw& -1 #and 1=-9.(-3)+13. -2
Q_SA\F .an_? b) is the least positive value of ax + by where z,y
he ;
1. T .
Z&a ers: uniquely determined integers for which the integer
o __w“__”_w w and ¥ mmﬁ_._,.ﬂ wmm.wcma if d = au+bv, where u and v are integers
; t positive: _ . ki
i tm _“. _%wm—m%cm expressed as d = a(u+ kb) + b(v — ka) where k is an
c
then
intes” let a = 15,b=24. Then d =3 and d = 15(~3) +24.2

oHi %n_%_mmn expressed as d = 15.(~3 +24k) + 24(2 — 15k) for any
also

whi .

intege’ # teed by the theorem it is always possible to express

Note 2. O:E..EEGE combination of a and b. But the theorem gives no
as &

&?_S ess ged(a,b) in the desired form au + bv, ie., how to
g 3t EXES ,%Em sﬁ.E be discussed in a subsequent article.

Worked Example (continued).
o

Ghow that ged(a,a+2) =1 or 2 for every integer a.
¥ Emna&?,a.vmv.Hwoﬂn_ggma_a._.m. |
Therefore d | az + (a + 2)y for all integers z, y. i

Teking £ = -1, ¥y =1, it follows that d | 2. i.e., d is either 1 or 2.

Theorem 3.2.5. 1L k be a positive integer, ged(ka, kb) = k.gcd(a, b).
Proof. Let d = ged(a,b). Then there exist integers u and v such that
d=au+bv. Since d = ged(a,b), d|aandd]|b.

d|a=kd|ka,d| b= kd|kb.

Therefore kd is a common divisor of ka and kb.

Let ¢ be a common divisor of ka and kb.

¢| ka = ka = pc for some integer p; and ¢ | kb = kb = gc for some
integer q.

Now kd = k(au + bv) = pcu + gcv = (pu + qu)e.

As pu + qu is an integer, it follows that ¢ | kd.

Consequently, kd = ged(ka, kb), i.e., ged(ka, kb) = k.gcd(a, b).
This completes the proof.
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Definition. Two integers a and b, not both ze1o, are sajq
to each other (or relatively prime) if gcd(a, ) = 1.

to rm

i,

Theorem 3.2.6. Let a and b be integers, not both zero, T, &
are prime to each other if and only if there exist integers 4 anq "

that 1 = au + bu. ¥ hug
Proof. Let a and b be prime to each other. Then ged(a, b) = | ‘m__m&
there exist integers u and v such that 1 = au + bv. Ore
Conversely, let us suppose that there are integers u and y Such thy
1 =au+bv and let d = ged(a, b).

Since d | a and d | b then d | az + by for all integers z and y,
Hence d | 1 and this implies d = 1, since d is a positive integer,

Theorem 3.2,
each oth

Proof. Since d | a, there exists an integer m such that md = q.
Since d | b, there exists an integer n such that nd = b.
- b a b ;
da =mand g =n, 7 and 4 are integers.

b ; ;
d = ged(a,b), then § and § are integers prip, %

Since d = ged(a, b), it is possible to find integers u and v such hy
d = au + bv. Therefore 1 HAmvaimvc.

This form of representation shows that m and m are integers prime o
each other.

Theorem 3.2.87If a | bc and gcd(a,b) = 1,

Proof. Since ged(a,b) = 1, there exist integers « and v such that 1 =<
au+bv. Therefore ¢ = acu + bev.

Since a | ac and a | be, it follows that a|{(ac)u + (bc)v} which means
ajec

then a | c.

Another proof. gcd(a,b) = 1 = ged(ac,bc) = ¢. a | ¢ = aisa
common divisor of ac and be. ged(ac,bc) = c and a is a common divisor
of ac and bc imply a | c.
Corollary. If ap = bg and a is prime to b then a | g and b | p.
Theorem 3.2.9. Ifa|cand b | ¢ with ged(a,b) =1, then qb |e.
Proof. Since a [ cand b | G there exist integers m and n such that
¢=am = bn.

Since ged(a, b) = 1, there exist integers u, v such that 1 = qy 4 .5
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c+ (bv)e
fore nwmﬂwafﬁv = ab|c.

Ther’ ;
pe condition ged(a,8) = 1, alc and bic together may not
the C 5

gt 80—

mn L
Zﬂ_w able: & 12 and 6 | 12 do not imply 4.6 | 12,
N— . L] - -
§En 10 fais _umn_nﬂovmgan_mv:_ﬁn to ¢ then a is prime
3.2.1%
rer? .
a:«w . to b, au+ bv =1 for some integers u,v ... (i)
0" iy PP , integers m, n (ii)
i gince . to ¢, am + cn = 1 for some integers m, 7 ...
ﬁamﬂrnmﬁmmﬁ“”“:+§“nﬂn._lﬂa Tw«ﬂ:w.
M”.oaﬁa 5 MMHW ml_.rm Mﬁ are integers, it follows that a is prime to be.
] + -
gince ™
E <amples Aoouaucm&
Qoqw& e to b, prove that @ + b is to prime to ab.

.. .E

.. _m vw_ .-Em.no?ﬁrm?_ mﬁm:uﬂmmmnmsmuacmm&ﬁwﬁn:+?ur
m._uomaav_.nmmm&wma?icv+?+3cnu- e ;

This 22 ” Bneﬁmum v are integers, it follows that a is prime to a + b.

m.Eo.mul 4 by =1canbe expressed as (a +b)u+b(v —u) =1.
Agith n:: and u are integers, it follows that a + b is prime to b.
Since U~

17 3.2.10, a + b is prime to ab.

(i) ofisprimetob”. ‘
(i) Since a is prime to b, there exist integers u and v such that au+bv =
L Thenau=1-bv .
or, a?u? =1-2bv +b°v
2,2 — b2 =1.
or, a*u® + b(2v — bv?) A%
Since u? and 2v — bv? are integers, it follows that a? is prime to b.

f (ii) Since a? is prime to b, there exist integers m and n such that
,’ @m+bn = 1. Then bn = 1 — a®m

or, ®n? =1 — 2am + a'‘m?

i or, a%(2m — a?m?) + b*n? = 1. |

_ Since n? and 2m — a?m? are integers, it follows that a? is prime to
| ®

1

|
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2
0,11 d = ged(a, b), show that ged(a®,b?) = d?,
¢’ geda,b)

Since d = ged(a,b), a = dp and b = dq, where p, ¢ are Inge

2 o
to ench other, . M 3230 My,
Thereforo a? = d*p* 1 = d%¢* and this shows (hay, 2 | .

8 ¢
divisor of a? and ?, ' Cony,,
Lot ged(a?,4%) = d*u, where u is & positive integey., Then 42
and d*u|d?q® and thercfore ulp? and ulg2. 2 Uty

But ged(p,q) = 1= ged(p?,¢?) = 1. ~r "5/ @
Since u Is a common divisor of p? and ¢2 and ged(p?, q?) = ity
that u = 1, Hence ged(a?,b?) = d*. 7 oy,

7. I ged(a, b) = 1, show that ged(a + b, a? — ab + B¥)=1or3
v Let d = ged(a+ b, a2 - ab+ b%). Then d | a+b and d| (a? - ab4 g
This implies d | (o + b)(a +8) - (a? - ab+ %), i.e,, | 3qp, 1)
Therefore d | a4 b and d | 3ab. Since ged(a,b) = 1, it follows thy
WS ged(a+b, ab) = 1. There exist integers u and v such that :E+S+e? ¥
4@ 1. Sinced | a+b, a+b = dp for some integer p. Therefore ?3a+c?£ *

and this shows that d is prime to ab.

?m..w.@ k- d|3ab and d is prime to ab implies d | 3. Therefore d

" Prove that the
by 6.

"HOHQ"“.W.

product of any three consccutive integers is divisib)e

By division algorithm, any integer, u
of the remainders 0,1,2.

pon division by 3, leaves one
3k, 3k + 1,3k + 2.

Therefore any integer n is one of the forms

When n = 3k, n is divisible by 3.

When n = 3k + 1, n+ 2 is divisible by 3.

Whenn=3k+2 n+1is divisible hy 3,

1t follows that for any integer n, n(n + 1)(

Again, the product of two consecut,
Therefore 2 | n(n + 1)(

n+2) is divisible by 3,

ive integers §s divisible by 2.

n+2)and 3 | =?+5?+3.
* Since ged(2,3) = 1, it follows that 2.3 | n(n 41 .
n(n+1)(n +2). N L9 )n + 2), ie., 6|

9. Prove that 14+24-..4+n i & divisor of 17 4 9r
positive integer r.

1424 4n=208 10 —qryor,
Then 2s, = (1" +n") + (2" 4 (n - 1)

to e for any odd

s = 1l :
r r
Vot (i
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ﬁ_ 2 € i j ——. H~:.= ._—..—
:ﬂ.n.é.- mﬂ-P “_h-—,\u‘ T .T H 19 2 ‘—w(—gn Qm eac £

)] Ve

an _. 8l

.. (i)
| : y (11 + 1)[25m.+ oo (
gr P E_:_a of (i)- Therefore { \r [(n=1)+ 1]+ 2n"
S 0 e (n- 2 .
et T . i
Agoi 25 . of each term in the right hand side of (
(i) Lo ﬁ__<mmow |
o .313 9 iv . , i g& M
wnz_mca n|25n ._ + 1 are prime to each other, it follows from (ii) :
- 8t e dnor of 295 n(n+1) {
mﬁ_ﬂnwﬁ:“ﬂi +1) m.m .m.m__mwnm w.h_mlwb s an integer and therefore ==
ci +1) is divisl ) w
ki ' T if r is an odd |
i naﬁmoﬁoﬂmn is adivisor of 1"+ 2" +---+ 7 ifris “
’ :._m_+u+...+: |
That 15
positive in1eBEC
: orithm.
3.2.11- CllJeH 8 is an efficient method of finding the mnmm.ﬂ”“.._ :
idban algorithm % : The method involves repea
amﬁ”,””aﬁ_“mmon of two given integers. e
co

Jication of the division algorithm.
apP

i :.-m&.
t N_H-Q & UO ws_o .Eﬁmmmum F_T.omm Q.n.ﬁm. 18 HB__H
_.LO aada

a,b) = and b
( b) gcd(| a |, | b 1), it is enough to assume that a
1 '

. . ea> ? > D_.
mao.m.angmma. Without loss of generality, we assurm
are positiv

b.
i = +7, where 0 <71 <0
jvision algorithm, @ bqy it
W< rn_“v_w_ﬁnm that 7, = 0, then b | a and ged(a, b) R
i ; ot .
Ii ry # 0, then by division algorithm, b =r1g2+72 w_.... €er £l
_ c_ the process stops. If r2 # 0, then by division algorithm,
i Iﬂ. _.I. raq3 + r3 where 0 < 13 <T2. S
The process continues until some zero Hmnmaumm_. MMMMMMM@ i
i ; .. form a .
use the remainders 71,72,73, .- 10 e
wwmwmwm.w“p:a gince r; < b, the sequence contains at most b n &
ofi
| . i - mainder.
E_“mmMmcm assume that 4, = 0 and ry is the last non-zero re

We have the following relations

a = bpn+n 0<r<b

b = ngptrz  0<r2<T

r = Tag3 + T3 0< T3 < Ta;
Th-2 = Tn-1qn+Tn 0<rn <Tn-1j
Ta-1 = TnQny1+0.
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We assert that r,, is the ged(a, b). First of all we prove ¢},
lemma - If a = bg + r, then ged(a, b) = ged(b, r).
Proof. Let d = gcd(a,b). Thend | a and d | b.

This implies d|(a—bg), i.e., d|r. This shows that dis a commop,
of b and r, . Wisy,
Let ¢ be a common divisor of b and r. Then ¢ | bg+r, ¢,

This shows that ¢ Is a common divisor of a and b.
Since d = ged(a, b), it follows from the property of the g.c.d

¢ g,

c| d and this gives d = ged(b, r). thay
We utilise the lemma to show that r,, = gcd(a, b).
n = Q&ﬁcq ._1=v = hnﬂﬁﬂﬂlrﬂ:v — Q&Aﬂzlu_ﬂﬂl—u = -
ged(b, 1) = ged(a,b). =
Also we have 7, =7,_3 — rpn_1gn
=Tn-2— T.:lu = ﬂ:luﬂ:lpvﬂn
= (1+gn-1gn)rn—2+ (—=Gn)rn_3.
Tn 18 expressed as a linear combination of 7,_5 and Th-3. —uao.umm&:m

backwards we can express r,, as a linear combination of a and b.

Worked Examples (continued).

10. Calculate ged(567,315) and express 9¢d(567,315) as 567u + 315,
where u and v are integers. _

’

By division algorithm,

S67T_ 1,252  315_ . 63 2
a5~ 14515 o= l4g;, 4 =4

Then 567 = 315.1 4+ 252, 315 = 252.1 +63, 252=634+0.
The last non-zero remainder is 63. Therefore 9cd(567,315) = 63.
63=315-12521 = 315— (567 — 315)
567.(-1) + 315.2
/ = 967u + 315v, where 4 = -l,v=2
; two integers u and v satisfying 63y + 550 =1,
63 and 55 are integers prime to each other an
integers u, v such that 63u + 55v = 1.
By division algorithm,
63=055.14-8, 55=8.6+7, 8=T71+1.
We have 1 =8 —7=8-(55—8.6) =8.7 - 55
= (63 — 55).7 — 55 = 63.7 + 55.(—8).
Therefore u = 7,v = -87

d therefore there exist
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regers u and v satisfying ~ bdu + 24v = 30.
in

54,24).
54 =242+6, 24=64+0.

d two
gnd the .qm&
get ¥ . algorithm,

12 Fin

h_.<_m_ 4) = 6.
mwawam Q&AWM_M nv 54.1 + 24.(-2).
moa 6= mwaﬂ mo.n 54.5 + 24.(—10). Therefore u = 5,v = -10.
e uenthys
Consed Let @1,03;.--+0n be integers different from zero. An
Unmnmmonﬂ_ to be a common multiple of aj,az,...,a, if a; | b for
b is sal
er ‘ .
_.uwm_ui.;a. mnmon multiples do exist. 0 is a common multiple of
! In fact noﬂ.wm products @10z . ..Gn and —aia;...a, are both com-
o aa,..-,0n and one of these is positive. By the well
an :  Fettdic]

oD BE&_MMMMWNM the set N, the set of all positive common multiples
ing P

Jeast element which is of special interest.
a Jenst &€

on. Let a1,a2,.--,0n be integers different from zero. The

Uem&mm common multiple is said to be the least common multiple
Jeast Joﬂ”_&um integers a1, @2, - - - ,@n and it is denoted by [a1,az,...,ax].
:.n.h._u. example, the l.cm. of 2,3,6 is 6; the l.cm. of —2,-3, -6 is 6;

or ’ 3
he Lcm. of =2, 6, 10 is 30.

Theorem 3.2.12. If h be any common multiple of the integers

a,,, none of which is zero, then [a;,aq,...,a,] | h.
4,829+ OM

Proof. Let m be the l.c.m. of ay,aq,...,an. By division algorithm, there
exist integers g and T such that h = mg +r, where 0 < r < m.
Foreachi=1,2,...,n, a;|handa;|m and therefore a: |r.
This shows that r is a common multiple. If r > ou _en T becomes
s positive common multiple less than the least common multiple m, &
contradiction.
Therefore 7 = 0 and consequently, m is a divisor of h.
This completes the proof.

Note. If m = [a1, 02, - -, ap] then the common multiples of the integers
01,02,...,an is the set {0, +m,+2m,---}.

__.__mﬁma 3.2.13. If a,b are integers g.&aqo&,moﬁ zero and k is a
Positive integer, then [ka, kb] = kla, b]. ’

Proof. Let M = [ka, kb]. Then M"is a multiple of ka, kb.
Let M = p(ka) = q(kb), where p, q are integers. Then 4 = pa = gb.

This showg that M

at T is a common multiple of a and b.
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Let m = [a,b]. Then m < 4, ie, M > mk.

m is a multiple of a and b. Let m = ar = bs, where

Then mk = (ak)r = (bk)s. This shows that mk is a
of ak and bk. Since M = [ka, kbj, M < mk.

Consequently, M = mk, i.e., [ka, kb) = k(a, ).

8 Are w___._
OMmop,

)

Dy,

Theorem 3.2.14. If a,b are integers different from zero, then
[a. b)(a,b) =| ab |,

where {a.b] = the Lc.m. of a and b; (a,b) = the g.c.d. of o and §

Proof. First we assume that a and b are positive integers.
Case 1. Let (a,b) = 1.

As [a,b] is a multiple of a and b, let [a,b] =
Then b | pa.

Since (a,b) = 1, it follows that b | p. Therefore b < p, ba < pa.

Again. ba being a common multiple of a and b cannot
[a.8]. ie., cannot be less than pa, so that ba = pa.
Thus {a, b] = ab and this gives la, b)(a,b) = ab.

Case 2. Let (a,b) =d > 1. Then ﬁw_, muu 1, by theorem 3.2.7.

pa for some .Esmsu

be less thay

- a b .
Since q,m. mVH 1, we obtain, by case 1, _m,m Am. mv = mm
b
or.  d$, 2)a(8, 3)= ab.
But d[2, ¥]= [a,b], by theorem 3.2.13 and 4(2 5)_
rem 3.2.5 e C. 2)= (a,b), by theo

- Therefore [a, bj(a, b) = ab.

F the general case, let a, b be noD-zero integers, positive or ummiﬁﬁ.
( mam _nm »M_u uuT_g = [-0,—8 = [a,8),(a,-b) = (—q,b) =
~%—b) = (a,0), whatever non-zero integers q, b may be, it foll i

ot =0al (5], (ab)=(lal,|b|. D

Hence MQ_ EAP_ 3 &= m_ a _‘_ b _:_ al,|b )

=|a|[b], by what we haye proved
=|ab|.
This completes the proof.

Li iophantine equation.

equation in one or more unknowns which is to be solved i i
is said to be a Diophantine equation, named after the Breat N Integers
cian Diophantus, who initiated the study of such mathemati-

. problems,
A linear Diophantine equation of the form az+by = ma

solutions in integers or may not have éven a single solutiog Y have many
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. the equatior 2r+ 4y = fi has many solutions in integers,
_ 6 25+4.(=1)=06,29+4(-3) =6,.. |
cuation 2z +4y = 3 cannot have a solation in integers.
4 areis: the m_ﬁ._wEa is always an even integer for every pair of integers
m%n:”mﬁﬁna ,—.pm_z. hand side is odd. ,

....__:q_.
4.1

i
du,Fi. e
RON

pmsd: all, we discuss the condition for solvability of the linear equa-
of all,
First ©

¢ in integers, where a.b, ¢ are integers and a.b are not
+by = .
. al

f a, b, c are integers and a, b are not both zero, the
n.p. +by = ¢ has an integral solution if w..ua_ only if a s a
where d = gcd(a, b). If (zo, y0) wm.mnw vwﬂ_g_a._mo_:nﬁnnom
divisor oﬂmw.u then all integral solutions are given by (zg + jt.40 — §t)
” ,__w._ﬂ,_.wc:ﬁ m_uz.mcﬁm t.
- (r1.1) be-an integral solution of the equation az + by = ¢.
Proof. rmwﬁ ﬂ+ by = ¢, where x,,y; are integers.
Mwmwn&n_s =d. Then d | @ and d | b.
This implies d | az1 + by, Le., d | e

Conversely, let gcd(a,b) be a divisor of c. -
Let ged(a,b) = d. Then d = au + b for some integers u, v.
Let ¢ = dp where p is an integer.

Then ¢ = (au + bv)p = a(up) + b(vp).

This shows that (up,vp) is a solution of the equation az + by = ¢
Clearly, up and vp are integers. So the equation az + by = ¢ has an
integral solution.

To prove the second part, let (z',3") be any other solution. Then
azg + byg = ¢ = az’ + by', which gives a(z’ — zp) = b(yo — ¥/')-

Since d = ged(a, b), there exist relatively prime integers p, g such that
a=dpand b = dg. Therefore we have p(z’ — zq) = q(y0 — ¥/')-

This shows that p | g(yo — y') with ged(p,q) = 1 and therefore p |
(o - y'). Therefore yo — y' = pt for some integer t.- Also we have
s qt.

ﬁEmm.E&a_.Hac+ﬂﬂ§+mu.e\u§iﬁuglm#

Thus there are infinite number of solutions, one for each integral value
of ¢,

Note. In particular, if a and b are prime to each other then all integral
Salutions of the equation are given by

T = x0 + bt,y = yp — at for all integral values of ¢.
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3.2.16. Integral solution of the equation az + by =
are positive integers and ged(a,b) = 1.

c, £§: _
_._a

Since gcd(a, b) = 1, there exist integers u and v such th;
Therefore az + by = c(au + bv)

Q.ﬂ;.-?c .
or, a(z - cu) = -b(y - cv). :

Since a and b are prime to each other,
¥ — cv is divisible by a and therefore

= = ==, where ¢ is an integer

o, z=cu—"bt
¥ =cv+at, wheret =0,%1,42,---

This is the general solution in integers.

7 = cu s divisible 1,
em
Y

Note. —.._,o—.qum:?m integral solution, we must have cy
cv +at > 0 simultaneously. Hence =*< t <.

Hmﬂﬂﬂ+a£§35wugeﬂmwgncA.ﬁMH_ then ¢ <
Hmpnnwu:+\. where n is an integer and 0 < f’ < 1, thent >y

The total number of solutions in positive integers is m — n,

3.2.17. Integral solution of the equation az — by = c, where g )

are positive integers and ged(a, b) =1. g
Since ged(a, b) = 1, there exist integers v and v such that au+by = |
Therefore az - by = c(au + ) .

or, a(z—cu) = b(y+ cv).
Since a and b are prime to each other, z —
¥ + cv is divisible by a and therefore

I—cu __ y+ b .
7 = EX%= ¢ where t is an integer

or, z=cu+bt
¥y = —cv+at, where t =0,+1,42, ...

cu is divisible by b and

This is the zeneral solution in integers.

Note. For a positive integral solution, we must ha

; ve
—cv +at > 0 simultaneously. Hence t >=* and t > Eq_._ R ad
- =

.hwﬂ H.rm integral part of max ﬁﬁ_ mv be m. Then the
positive integers correspond to t=m+1,m+2

solutions in
e Inf ) +-:- Clearly,
of positive integral solutions is infinite. o

the number

I.GSVOE&
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(continued)- =1,

of the equation Tz + 11y

. integers
ution in intes .
e there exist integers u and v

. rnd
1 are prime 0 each other, z— 818 divisible by 1
11 ar
sible by 7 and ﬂvmnmmo.nm

where t = 0,21, £2,-"

al solution in integers.
e — 11t > 0 and
e positive integral solution, we mEmﬂ have 8 — 11
a . s
Note: m,ono mmE&ﬁmumocma\. Hence 7 < 't A e , e
S i vnr integer t exists. Hence there is no golution o
zo su m
; itive integers.
in —u%ﬁ_dﬁ 1n . . mc.
. d the general solution in imtegers .wm the equation 5z + 12y
Examine if there is a solution in positive integers. )
i ist integers u and v
Since 5 and 12 are prime to each other, there exis It

that 5u +12v=1. Here u=5,v=—2.
mcn.rm,ron 5z + 12y = 80(5.5 — 12.2)
or, 5(z—400) = —12(y + 160).
Since 5 and 12 are prime to each other,
y + 160 is divisible by 5 and therefore

2400 _ 141804 where ¢ is an integer
12
or, z=400- 12t

y = 5t — 160, where t = 0,+1,12,---

14. Fin

£ — 400 is divisible by 12 and

This is the general solution in integers.

For a positive integral solution, we must have 400 — 12t > 0 and

00
5t — 160 > 0 simultaneously. Hence 32 <t < 1o
The only solution in positive integers corresponds to ¢t = 33 and the

solution is = = 4,y = 5.
15. Find the general solution in positive integers of the equation 12z —
Ty=8.

Since 12 and 7 are prime to each other, there exist integers u and v
such that 12u + 7v = 1. Here u = 3,v = -5,
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\

v

Then 12z — Ty = 8(12.3 — 7.5) .
or, 12(z —24) =T7(y—40). , "
Since 12 and 7 are prime to each other, z -

24 is divisiy,
|
y — 40 is divisible by 12 and therefore e by,

:____
alﬂﬁ = mTan t, where ¢ is an integer
or, z=Tt+24
y = 12t + 40, where t =0, +1,£2,.
This is the general solution in integers.

For a solution in positive integers wwé must have 7¢ 4 94 > 9
12t +40 > 0. Hence t > =2! and t > 52 iy
The least integral value of ¢ is —3. Hence the genera| soluti,
positive integers is given by z = 7t + 24 M iy

y = 12¢ + 40, where ¢ is an integer > -3
Note. The solution corresponding to ¢t = —3 is given by 1 — By
The general solution in positive integers can be expressed as "

z=Tt+3 y=12t+4, wheret is an integer > (.

3.3. Prime numbers.

An integer p > 1 is said to be a prime number, or simply a Prime, if
its only positive divisors are 1 and p.

An integer > 1 which is not a prime is said to be a composite number,
The integers 2,3,5,7,11,... are prime numbers, while the integers
4,6,8,9,... are composite numbers.

The integer 1 is regarded as neither prime nor composite.

2 is the only even prime number. All other prime numbers are neces-
sarily odd.

Jn@mdﬂmﬂ u.u.m.HmﬁvnpunwnmbﬁﬁgnmnnHMQAvsﬁn ﬁmmwaam
0 a.
Proof. Let d = gcd(a,p). Then d | a and d | p.
Since p is a prime and d | p, either d=pord=1.

But since a < p and d | @, d cannot be p. Therefore d

=1andpis
prime to a.

Theorem 3.3.2. If p be a prime number and a is an integer > p such
that p is not a divisor of a, then p is prime to a.

Proof. Let d = ged(a,p). Then d | a and d | p.
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d|p, either d = p or m = 1.

i — 1 . -
P is @ ﬁ_._:.amwﬂ_scp a divisor of a. Therefore d = 1 and p is prime
[ . pE
ginc® ", p since
i
pot ¢ A prime number and a is an integer > p such
to a 4 G.W.W. MMM then .Qhﬂhﬁn..ﬁv =p.
ré : 50T ! ) .
Awmw js 3 m.::. divisor of @, @ = pk where k is an integer.
(hat gince P is mv _ ged(pk. )= p.ged(k,1) = p.
of a,P) — .
ﬁaﬂmunm mn& be a prime number and p | ab, then either p| a or
rem 33447
e0
m__wv the theorem is done.
' iple it cd(a,p) =1, since 1 and p are the only
ﬁ:un.\.. p o divisor of a then g (a,p) =1,
2 ot
1E2
Jivisor® of n“ e 1, there exist integers u and v such that au+pv = 1.
ay
s b= i d e integers
Then abu +M@ and p|PL=P | (ab)u + (pb)v, since u and v ar g
Now P _ﬁ b
t isy pi
‘Eum. etes n—u.m ﬁHOGﬁ.
A.E.m nOEHu

Ep prime and p | a1a2...an, then p | ax for some k
anAu:WH%.

awﬁmHMriﬁ.

d not go further. If p is not a divisor of a; then by
Proof-

Ifp| ar we nee

m, p | 6203 - - - Gn- L
the Emn.:mno_nﬂ divisor of az then p | azaq...a,. Proceeding in a similar
Ifpis

1 a finite number of steps we arrive at the desired result.
Em.pﬂmﬂ. 1 *

heorem ,gvoﬂﬁm number has at least one prime divisor.
Theor D

Proof. Let n be a composite number. Since m is not a prime, it has a
roof.

ivi dn.
ive divisor other than 1 an . . .
_ua_m““ S be the set of those positive divisors of n ﬂr:.ur are different
tom 1 and n. Then S is non-empty. By the well ordering property of
the set N, S contains a least element, say d. Then 1 <d <n.

We prove that d is a prime. A

If d be not a prime then d has a divisor d' other ﬁE‘E\a and 1; an
I<d'<d<n. Butd |dandd|n= d |n Therefore d € S and this
contradicts that d is the least element of S.

Therefore d is a prime and the theorem is dune.
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< Worked Examples,
%2, Prove that for n > 3, the iutegers n, fi+2, n + 4 canney by

Any positive integer n is one of the forms 3k, 3k 4.1, g, | Pling,
is a positive integer. Pc_F:
If n = 3k then n is not & prime.
~m=ﬁuh.+~Euu:...uﬂu;.v:ubn:_unoﬂv—ulap
Ifn=3k+2then n+4 =3(k +2) and it is not & prime.
.HEEEEGQB.5».%:.:+m.:+a5=2:=?5!

/w%nuamﬁ integer and p,2p + 1,4p + 1 are primes. _y_.au.
p is one of the forms 3k, 3k + 1,3k + 2, where k is an integer.

n_,ﬂﬂup..?_§3§+_ua~+unuﬁr+:§=€§-3§ ”.
Ifp=3k+2then dp+1 = 12k +9 = 3(4k +3) and it is not a prip, |

The only conclusion js,_p = 3k. Since p is a prime, k = 1. Sop=3

3. If p > ¢ > 5 and p, q are both primes, prove that 24 | (p? - ¢%).

Since p and ¢ are primes > 3, p and q are of the form 3k + 1 or 3k 43,
where k is an integer.

If both p and ¢ are either of the forms 3k + 1 or 3k +2, then 3 | (p-q)
If one of p and ¢ is of the form 3k + 1 and the other is of the form
3k + 2, them 3| (p +q).
o Thus in any case, 3 | (p* — ¢%).
uxn, Since p and ¢ are odd primes, p and g are of the form 4k + 1 or 4k+3,
a0\~ where k is an integer.
%&G/P If both p and ¢ are of the form 4k + 1, then 2 | (p+¢) and 4 | (p - ¢)

w0\l both p and g are of the form 4k +3, then 2| (p+¢) and 4 | (p - ¢)-
&+ 3@l one of p and ¢ is of the form 4k + 1 and the otber is of the form
A% dk+3 thend{(ptqand2|(p-q) .
e} Thus in any case, & | (p* - ¢°).

Since 3 and 8 are prime to each other, 24 | (p* - ¢%).

4 1f p and p? + 8 are both prime numbers, prove that p = 3.

Any integer p is one of the forms 3k, 3k + 1, 3k + 2, where k is an
ggﬂ. 0 3

If p = 3k + 1, then p? + 8 = 3(3k” + 2k + 3). Since p” + 8 is & prime,
342 + 2k + 3 must be 1 for some integer k and in that case p* + & must

be 3.
But for no integer k, 3k% +2k+3 can be 1 and for no integer £, p* + 8

can be 3. Therefore p = 3k + 1 is an impossibility.
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2
2 4 8 = 3(3k? + dk + 4). Since p” + 8 I8 a prime,
-3 ”-_%M “. for some integer k and in that case p? + B must
us

ments, p = 3k + 2 is an impossibility.
o k. where k is an integer. Since p is a prime, k must

:me, prove that nis a prime.
el P d integers each
13- .o Then n = p.q where p and ¢ are integers

—1)(2reY + apr(e=2 4 .. 4 2P 4 1)
t is evidently greater than 1 and therefore

. g» — 1 is a prime implies n is a prime.

_,BES_«

o frove that '+ "
Case 1- rm._....aawqﬁaﬂ_.mﬂfza by 4 and so it is a composite number.

e be odd and n = 2% + 1, where k is a natural number.
0‘9.ESI-.-»;T&.&&&"&-&.T&D&.EEEGQB»& y »
| ...i (n® +2a%)? - (2an)? = (n? +2an+2a%)(n? - 2an +2a%).

) ) = (n-a)? +a’.
. 1 = (n+a)? +a? and (n? - 2an+20") = (n~-a
.+wﬂ,wwnav§m§ﬁﬂ > 1, (n+a)’+a® > 1 and (n-a)?*+a® > 1.
QHM“”& nt + 4" is a composite pumber when n is odd.
Hence n' + 4" is & com
..m.r:vn.ﬁapuna be a positive integer. Prove that a” is divisible
“w:ﬁoﬁw if o is divisible by p.
Let ¢ be divisible by p. Then a = pk for some E.?mﬂ. k.
@ = p*k* = p(p*~' k") = pm, where m is an integer.
This shows that a® is divisible by p... i L
Let a be not divisible by p. Since p is a prime, ged(a,p) = 1.1
§§§=§e§~§a~.+v¢n_..
Ea-a...":...«&vauHiuu!wnnn:unbsn@m&.
o, na~+usuw§a_..-£1%. :
A isible by p.
#-.K_S«#ﬁ?&na.i =1 nﬁnrﬂome.sna is not divisible by
wﬂaniuﬂgsvﬁ.n; is not divisible by p-

ively, pla” = pla... .

is & composite number for alln> 1.

posite number for all n > 1.

P (1) and (ii) the desiced result is obtained-

e
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Theorem 3.3.6. (Fundamental theorem of >..:—:.=a:£

Any positive integer is either 1, or a prime, or it can b Xpre
a product of primes, the representation being unique excepy for 5”?_ &
of the prime factors. Oty

Proof. Let n be a positive integer. Either n=1orn > 1 14 b
the statement that n(> 1) is either a prime, or it can be axbnmmgw; be
product of primes. ag ,
P(2) is true, since 2 is a prime.
Let us assume that P(n) is true for all n, where n is a positjye int,
such that 2 < n < &. Cger
If k 4+ 1 be itself a prime then P(k + 1) is true and by the i
principle of induction, P(n) is true for all positive integers n > 1. o
If k 4+ 1 be not a prime then it is a composite number. Let k4] .
where r, s are integers with 2 <r<k+1,2<s<k+1. !

By induction hypothesis, P(r) and P(s) are both true. Then

r =pip2...p; where p;,ps,...,p; are primes, i > 1;

$ =q1q2-..q; where q;,gs,...,q; are primes, § > 1.

Thus & + 1 is expressed as the product of primes and P(k + 1)
proved to be true. By the second principle of induction p(n) is true for
all positive integers n > 1.

Hence the first part of the theorem is established.

In order to prove uniqueness of the representation, let us assume that
n=pipa...Pk = Q142 - .. gm, Where p; and g, are all primes.
Since p, | n, it follows that p; | g1g2...¢m.

Since p; is a prime, p; | g for some r where 1 < r < m. But since p,
and g, are both primes, p; = g,.
We obtain  pop3...px = q1¢2 ... Gr-1Gr41-. . Gm.
We repeat the argument with p2 and obtain p; = g, for some s, where
1<s<m,s#r. Then
Papa---Pk = Q192+ Qr—19r+1 -+ - Q5-10541 . . . @
If k < m, then after k steps the left hand side reduces to 1 and the

right hand side becomes the product of m — &k ¢’s, each of which is a
prime. This cannot happen. Therefore k > m.

If £ > m, then after m steps the right E_bm side reduces to 1 and
the left hand side becomes the product of k —m p's, each of which 5&8
prime. This cannot happen. Therefore k& < m.

Hence k = m and the products pipa...pm and qq, ... ik ‘eva tha
same representation except for the order of the factors.
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s ax_._....m.i.__ an the product of a number of primes, the
" n(~> __vq._:ﬁ unique except for the order of the factors
. )

Tht
.=:::
1;.&;_ Ev:2:,:_: of the Mmndamental theoram we writs any inte-
the 8 : lled the canontcal form,
ote- :“.v in the form, callec ¢ /
m.,.aznv R L
. mes pi Bre distinet with g < pgz < - < p, and the expo-
he PFYETL L
where ¥ are positive: . . )
gents ¢ is said to be square-free if no ay in the canonical form of
? r
n :?mmm
.> eater than 1 . “
nis & te the representation, let us take n = 3150, 210.
To anw 3.5.5.7= 230527, 210 = 23.5.7. 210 is square free.
qo0 == g R
or Tepr mmm:nmao:.im%m@ nOm;.Zm E_wmmm_. ;u::n_n.q:nm .:?S:
>=o“m mxvammmmn_ asn = m p*'P) where p is a prime and a(p) is an integer
il da(p)=0 for sufficiently large p.
i ticular, ifn =1, then each a(p) = 0 and in this case the product
In par !
I nnﬁ% becomes empty.

[ e symbol a(p) indicates that a depends on the prime p.

alp) h = Q@EE be two positive integers then
P

Ifa= He:u
min {a(p). 3(p)} and

e go.d. of @ and b is mEE, where (p)

the l.c.m. of a and b is nﬁm@_ where 6(p) = max {a(p),8(p)}-
P

+min{a, 3} = a+ 3 for any two real numbers a and

Since Em.un*n«, QH. Mn: S = a.b.

g, it follows that for any two positive integers a, b, (a,b).
For example, let a = 60,b = 63,c¢ = 1. Then
a=9233579, b=2032507 ¢=203%507"

(0,) =20.3.50.7° = 3, (a,c) =20.3°50.7°=1,
le,b] = 22.32.5.7 = 1260, [a,c] = 2%.3.5.7° = 60.
(a,b).[a, ] = 3.1260 = 3780 = a.b; (a,c).la,c] = 1.60 = a.c.

Theorem 3.3.7. If a, b, ¢ be positive integers then
W) (a,[b,¢]) = [(a,b), (a,0));
(i) fa, (b, )] = ((a, 8], a, )-
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To prove the theorem We first prove the following | ——
Lemma. If @, 8,7 be integers then

(i) min {a max {8.7}} = max { min {2, 0}, min (q ,,

(i) max {a, min {4,7}} = min { max {5}, max {q, ),

Proof. (i) Let us consider the following cases.

Case 1. a < min {f,7). Then a < max {G,7}.
L.HS. =a, RHS=max {a,a} = a.

Case 2. a > max {#,7}. Then a 2 f,a 2 7.
LHS. = max {6,7}, RHS.=max {3,7}.

Case 3. f<ax<?.
L.H.S. = min {a,7} = a,

Case 4. y<a<ph.
L.H.S. = min {a,8} = a,

This completes the proof.

R.H.S.= max {f,a} = a.

R.HS. = max {a,7} = a.

- (ii)  Similar proof.

Proof of the theorem.
In consequence of the fundamental theorem of arithmeti
there ey
prime numbers p),pa2,...,pn such that ah

a=p;"p® ...pa"", where a; are integers > 0,

b=pMipyPs ... p,B, where §; are integers > 0,

c=p"pa™ ... pa™, where 4, are integers > (.

M”_n__yu..”_wm.w_ﬂ.m%ﬂw M_:H “a = (B i =L2.n

) uEs_EE.:?._.” s.&e.a _uul ..E: ?..H.ﬁ. i=12..n0

(a,¢) =pyipy™ ., p, o ._cga ‘e. = min {as, &}, {1,300
, % =min {ay,%},i=1,2,...,n

zavs.ab.n: = tp by t
M_MT...:. P y 1] s Pn ™, 1__70.—.0 su. = max QE-.N-%_ =

By the lemma, we haye ¥ = min {a;,z}
i |
= min {ay, max {5;,,}}

= max { min {a;, 5}, mig {a;,%}}

?mﬁﬂmﬂa Aﬂ_ _.D. n: s :D.&”A“—M_.ﬁs, h-w = N-.u = - N» -1

(i)  Similar Proof by uging lemma (ii)

INTEGERS . i 131

If we define binary operations o and on the set N by
p= the W,On— of a and &. G .
a°" " ‘helcm. ofaandbforabeN

b=
a ”wm part (1) of the theorem states that ao (b#c) = (aob)x(aoc) for
suwum N and the part (ii) of the theorem states that ax(boc) = (axb)o(axc)
o
peN.
r y . . .
fo o establish that the operation o is distributive over the operation

and the operation * is distributive over the operation o.
*

uﬁﬂaﬂ_g.

worked E
an odd prime for some integer n, prove that n is a power

1. MMN__.-L‘MmW

o_.u. ...
If n is odd, 2" + _mma.<§2¢gm+_wuaerm_.omoﬂmw=+~mmsoﬁm
prime. S0 7 i

Let 7 = 9kp®ip3?...p7", where p;’s are primes.
Then n = 2*.p, where p is an odd integer.
L] k
927 41 = (22°)P + 1 and it is divisible by 23" +1,

Ifp> 1, " +1=
since p is odd. This contradicts that 2" + 1 is a prime,

O.Obmmﬁﬂﬂﬂn—%. p=1 and n = 2%,

9. If p be a prime, show that /P is not a rational number.
Since p is a prime, p is an integer > 2 and therefore /p > 1.
Let \/p be a rational number. Then \/p = 2 for some natural num-

bers m, n. We assert that m > 1 and n > 1, because
m=1and n=1= p=12 =1, a contradiction

m>1and n =1 = p = mm and therefore p is not a prime, a

contradiction
m=1and n> 1= ,/p <1, s contradiction.
Therefore m > 1 and n > 1. We also have pn? = m?. The number

of primes in the factorisation of m being unique by the fundamental
theorem of arithmetic, it follows that the number of primes (counting
multiplicity) in the factorisation of m? is always even.

Similarly, the number of primes in the factorisation of n? is also even.
Therefore the number of primes in the factorisation of pn? is odd (since
P is a prime).

Since pn? = m?, it appears that the same integer m? is expressed as
the product of an odd number of primes in one representation and as the
product of an even number of primes in another representation.

This contradicts uniqueness of the number of prime factors in the
decompostion. We conclude that JPisnota rational number.
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Theorem 3.8.8. (Buclid) The number of primeg 5 infin
. .
Proof. We prove the theorem by contradiction.

Let us suppose that the number of primes is finjte
greatest prime. We write the primes 2,3,5,7,.
the last in the enumeration.

and |,
.. in Succesgie,

n Jb;

th,
Py
The product 23.5...p in which every prime appegyg

divisible by each prime and therefore the number (2,35

Only Ongy
divisible by any of the primes 2,3,5,...,p.

D) 1N
)+ 14 1
Hence this number is either itsell & prime, or being a com

ber, is divisible by a prime number greater than p. In bg

p fails to be the greatest prime and therefore the number
infinite.

Posite
th the
of pri

:__5.

P.Eu

_.:nw ;

Note. Although the number of primes is infinite, there age E._,::E_
large gaps in the sequence of primes. For every positive integer k, :s,.
exist k consecutive composite numbers. To be explicit, each of the |
consecutive integers

(k+ D)1 4+2, (k+ 1)1 43,0, (k+ 1)+ (k + 1)

is composite, because (k + 1)! + r is divisible by r if 2 < r < »\N_.
This indicates that the primes are irregularly spaced in the equence
of positive integers. The number of primes less than a posi

Mw&.m md.«mmma
T is denoted by w(z). No simple formula for determining m{x) hag yet
been found.

Test for primality.

-

If a positive integer a be composite, then a = bc for integers b, ¢
satisfying 1 <b < @a,1 <c <a. Let b < c. Then b2 < be = a and this
implies b < \/a.

Since b > 1, b has at least one prime divisor p and p < b < \/a.

Frmmﬂmumvﬂmswhﬂwomvamwnm<m integer n, it is sufficient to divide n
by primes not exceeding /n.

Greek mathematician, Eratosthenes (276 - 494 B.C.) utilised this con-
cept to find all primes less than a given positive integer n. His device
is called the “seive of Eratosthenes” which consists in writing all inte-
gers from 2 to n in natural order and then striking
2p,3p,4p, 5p, . .. of all primes p < \/n. Thé integers t
list ( survived the seive ) are primes.

out all multiples
hat are left in the

For example, in order to determine all primes < 30, the “sieve”
method is applied by striking all multiptes of 2,3,5 from the table of

integers from 2 to 30, since-5 18 the largest prime < /30,

Te |
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1 helow.

poo

It ghow!
5 A7 ,
g 20 2! 2223 PA P 26 2T 2829 A0

limitations. If the positive integer n be sutficiently
as i i

q_%_ n__H hecomes impracticable.

10

A0 11 A2 13

A4 A5

» H.mnu.—ﬂu- L b
mouﬁnm%_imo: algorithm, all odd positive integers fall into two
ing

ini itive i f the form 4n 4 1 and
taining positive integers o
essio"® .on._anw”m;?m integers of the form 4n + 3, where n € N.
& ni

whether the infinitude of primes ::._an.m_w fall
Jar progression or they are infinitely distributed in both
ticuld

a more general theorem has been mmﬁmwmuro@ by U#._.nr.

In thiS respect hat — if a and b are positive integers ﬂwFBMH_Q prime
hich mamwmwm“._o progression a + nb (n € N) contains infinitely many
then

primes: f of the general theorem requires analytic method and as
proo

beyond the scope of the book. In special cases the proofs can
is b€

guch it 4 slong the same line as in Euclid’s theorem. We consider one

be car’ Hmm
such-

{richlet), There are infinitely many primes of the

gheorem 3:3-9;
4n—-1 . .

gl We assume that there are only a finite number of primes of the

waoﬁ: .w 1. Let p be the largest prime of that form.

orm :

Let us consider the positive integer 2 = (22.3.5...p) — 1. The product
3.5...p contains all odd primes < p as divisors. e oo
| .W.ES N is of the form 4n — 1 and 2 >p N owubop=|w
because by assumption, p is the largest prime of the form :

oo -
As N is composite, N has prime divisors and they E.M w=n MHHMM . n““

p. All of Them cannot be of the form 4n + 1, because the p

mumbers of the form 4n + 1 is of the same form.

-1 and
Therefore some prime divisor of N must be om nnﬂmmoanﬂﬂ“”& R
dearly that prime number is mnmw.gﬂ than ﬁmmu png
assumption that p is the largest prime of the form

The contradiction proves the z__mow..mu_.
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1310 The -ﬁ%.&% divisors of & positive "
be & positive integer greater than 1. Then n cap b, Y

Let m
P 39?3. ‘??. where the primes py are QW:EAA y
<< and the exposents o, are all positive. Vith
1 m be & positive divisor of n the m is of the form py % p, ., |
TRY

lrnacuuwun,..gvv..amou.‘,..ameamoq.
Eﬁainﬁ&%di:ﬁing?géumgg

a'oﬂnm_.-,ﬁqz&t (w83 s u,), where 0 < u; < q ﬂm:ﬁqg

as ... .0 S w S0 =
?%Kilﬁ%m,.E+_:.Du+c:.?..+c

m..um

i%gnu%gﬂamad&g&:mm?m.::nu.f:. (
“lapy |

Ik

= = 1, then there is only one positive divisor.

Note. The total number of pasitive divisors (a1 + 1)(a
inchude boch the divisors 1 and m. S

Definition. The number of positive divisars of a positive E:wmmw.: is

denoted by ~{(n). (tau n)

If the canonical form of & positive integer n(> 1) be
n = p;®p® .. p%, where p1,pa,...,pr and distinct

prizes and the exponents a; are all positive,
then r{n) = (ay + 1){az + 1)--- (ar + 1); and 7(1) = 1.
For {48) =7(22.3)=(4+1)(1+1) = 10.
3.3.11. The total number of iti ivi iti
.aw&mmguoawmawmgﬂcpﬂ.&ga B 5ot

Proof. Let perfect
n= %-BEHH V H__W..w..m .ul_ square and let the canonical form of n be
g P1<pz < <p, and a; are all positive.

Theneachofay,a,,... . q, i i
:..Aww+£.no&.u »@r 1520 even integer and 7(n) = (a; +1)(aa+
If however n=1 a
» @ perfect square, then 7(n) =1 and it is odd.

Eﬂé let (a; +
1 +1
Tt e e
rnn:...owgcmq.drnqun must be odd. Consequently, each of
nsnganﬁﬂmﬁﬁ o ki
. uare.

Aol.: ,
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".— mﬂlaﬂ—%
dd:wa. U@H: h—.z_ ..1:!‘!,.:
pind 7l
1 o8 31.58. Therefore 7(360) = (14 3) (1 +2).(1 + 1) =24

w 92.92.5%. Therefore 7(900) = (1 +2).(1+2).(1 +2) = 27.

a00 =
n
»..ﬂam i 3 =3
_ pa0s
ﬂ.%wa, here0<m <20<a<30<ay<2
5 o the product (1 £2+T7)(1+3+F £F)(1+5+P)
00 and conversely.

vwmd divisor of 27
. ve divisors of 2700 are given by the terms of the product

iti
_ A_._Houm%w 33)(1 + 5+ 5%).
i ol pumber of odd positive divisors are (3+1)(2+1), ie. 12
ay 2
“acw_. "_wwn pﬂ_m M.»EU% o
A positive square-free divisor of n is of the form p{'p3*...p.", where
0<u S 1,0 < ug S L...,0 <uw <l and they are in one-to-one
correspondence with the totality of r-tuples (uy,us,....u,), where 0 <
Emromgm 1,.0,0SWw s 1.
The number of such r-tuples is 2F.
Hence the number of positive square-free divisors of n is o

smallest number having 8 positive divisors.

umber of odd positive divisors of 2700.
Every positive divisor of 2700 s of the form

..pg*, where py,pa,...,pu are primes and oy 2 1,
f positive square-free divisors of n is 2.

4, Find the
§=222=222= 23

Let n be & number with 8 positive divisors.
8 = 2.2.2 indicates that the number n is

The factorisation of 8 as
of the form pi.p2.ps, where py, p2, p3 ar€ distinct primes. For example,
n=23.1.

The factorisation of 8 as 8 = 4.2 indicates that number 7 is of the
form p3.pa, where py, pa are distinct primes. For example, n = 3°.2.

The factorisation of 8 as 8 = 8.1 indicates that the number n is of the
form p, where p; is a prime. For example, n = i

Therefore the number n is of one of the forms pr-P2
Nm...w = 24.

P

.E- ﬂms*

Where p), pa, p3 are distinct primes.
Clearly, the least number with 8 positive divisors is
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3.3.12. The sum of all positive divisors of a positive Int
mwow

Let n be a positive integer greater than 1. Then n can b
where the primes p; are distine %mﬂif_
n

as n = ﬁ-c;.du:u ...E-.Q..‘

p2<: - <pPr and a; > 0.
Every positive divisor of 1 is & term in the product

(L+p g+ -+l tmt 405 ) ket
and conversely, each term in the product is a divisor of n. ®,
Hence the sum of all positive divisors of n
= (L4pr4pite 40 )(4prtpit +P2) - (Tprtply
)

)

_pmatig pp2ti— s plrte
="p-1 ° p-1 pr—1

If n =1, 1 is the only divisor of n and the sum =1.
Definition. The sum of all positive divisors of a positive integer i
is

denoted by o(n). (sigma n).

If the canonical form of a positive integer n(> 1) be
n=p®p™ .. P
ay+1 ag+l1 ar+1
P e R e Ly N
then o(n) = T e and o(1) = 1.

Definition. A function whose domain is the set of all positive integery
theoretic function (or an arithmetic function).

is said to be a number-
need not be the set of 3]

The range of a number-theoretic function
positive integers. We shall encounter some simple number-theoretic fune-

tions which assume positive integral values.
The functions 7 and o are examples of number-theoretic functions.
A pumber-theoretic function f is said to be multiplicative if f(mn) =
f(m)f(n) for all integers m,n such that m, n are prime to each other.
Theorem 3.3.13. The functions 7 and ¢ are both multiplicative func-

tions.
Proof. Let m, n be relatively prime integers.
7(mn) = 7(m)r(n) holds trivially if either m is 1 or n is 1.
We assume m > 1and n > 1.
Let m = p1®1p;%7 ... p.% and n = ¢ 71go% ... g7,
s_s_..m Pi, ¢j are primes and a; > 1, 4; > 1.
Since m, n are relatively prime, each p; is different from each g;.
Therefore the prime factorisation of mn is
mn = p;%1p,%2 .ﬁﬂnsﬂhmhﬁmmn o Qh.an.

\ 4
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= (ot Waz+1)..(or + DB+ 1)(B; 4 1).. (g +1)

l::_:“ r(m)T(n):

g4l
\._..._.u— En\_ 1 :._l.._.lH Q_.:_.._IH f241
ézna\ﬂﬂnll. m-1 pr=1 L..:la_;lﬁs..ﬂ._zrm.
o™ _ pm)a(n).
i and o are multiplicative functions,
en¢
. perfect number. A positive intege s o
CL 7t i8 said to be a

:mamcﬂ.\l.\ﬂhEle.m; if n b
pefi ; qumber if g(n n be the sum of all W5 positive

uding itsell.
ple, 6 is a perfect number; 28 is another.

For exam
d mxwaﬁ_mm.

(360) and o(900).

5. Therefore o(360) =

worke

m.maﬁ_n_.
1. 1 -1 521

“3=1 541

2
2-1 =15.13.6 = 1170.
2¥_ g%_1 59—
21 A.WT__.WINH =T71331 =

900 = 22 .32.5%. Therefore ¢(900) =

2821
m of all even positive divisors of 2700.

. Find the SU
Every positive divisor of 2700 is of the form

2 .wmw
270 <2,0<a,<30<a3<2

,3%2.5%% where 0 € a1 =
_ re each term in the product ( 142+22)(143+3%+3%)(1+5+5%)

Therefo ;
is a positive divisor of 2700 and conversely.
The evetd positive divisors of 2700 arc given by the different terms of

the product
(2+2%)(1+3+ 32 +3%)(1+5+5%).

m of the even positive divisors

—(2+2)(1+3+3+ 33)(1 + 5 + 5%)= 6:40.31 = 7440.

The su
3, Let k > 1 and 9k _ 1 is a prime. Ifn = gk=1(gk _ 1) then show that
nis a perfect number.

9k _ 1 is an odd prime, say p.
o(n) = o(287'p) = a(2F~1)o(p), since

g ok-l=2k -1 ando(p) =1+P
(1+p)=(2"- 1)2F = 2n.

9k—1 and p are prime to each

other.
a2y =1+2+2%+
Therefore o(n) = (2 — 1)

This proves that n is a perfect number.

—1(n>1)isa prime, then the

Note. This example shows that if 2"
mumber 2"~1(2" — 1) is a perfect number.

Cla-10
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=2" =1 (n > 1) are calleq l\r

The numbers of the form Mn
i (1585-1648), & French mop,

ey,

pumbers, named after Mersenne e
amateur of mathematics. " : d 4
The primality of Mn requires 7 nw_zww m?m prime.
oo Ehe My J87CAllEG B DACHEING prime apgq
If M,, be a prime n 1} is obtsined. d i ty

case & perfect number 2" (2"

: itive diviso iti
;ﬁ:.mu.. .., dx be the list of n”_.— ﬁOM.—ﬂ_MWQ rs of a ﬂOm_n._%a\m

n, provethat & +g+ o T@ T
d; is a positive divisor = 2 is also a ﬂom:?m divisor.
through the set of all positive divisors of n, 3 also does so.
Therefore m:_.+%.q.+:.+M=.N&+&+...+$Hqﬁ£

1]
1 1 % |M|“ x
oru_.._..m+:+,_. n

H_namﬂ

>mnz_e
o(n)

Exercises 3A

1, Use the principlg of induction to prove that

So@) L+3+54-+ (20— 1)=n’foralln€N,
(@) Li+2204+nnl=(n+])-1lorallneR,
(i) 3t +2tis divisible by 7foralln € N
c,& gén+2 L 5+ i divisible by 14.for all kz.\
(v) 10™*! + 10" + 1 is divisible by 3forallne N,

%\. +3.5™ — 5 is divisible by 24 for all n € N.

2. —ﬂ\z_m second principle of induction to prove that

.&\w+ V)" + (3 - V/7)" is an even integer for allneN,
# (3+V5)" + (3 - V5)" is divisible by 2" for all n € N.

3. Prove that \ -

(i) the square of any integer is of the form 5k or 5k + 1,

-

(i) the square of any integer is of the form 3k or 3k + 1,
s e
] the cube of any integer is of the form 9k or 9k & 1.

4. A&n be any Integer, prove that 6 [ a(a + 1)(2a + 1).
g\:. a be an odd integer, prove that 24 | a(a® - 1).
MY a be an odd integer, prove that 32 | (a? + 3)(a® + 7).
(iv) If a be an even integer, prove 55\ 48 | a(a® + 20).
If p be & prime number > 3, prove that 24 [ p* — 1.
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that p
5. _v_.neo—.. \ua\ma+m_ﬂ,. is divisible by 10 for all n ¢ N,
() " gn_gn+9"isdivisibleby 12 foraline N,
_%A\;Ac,. _gn)+(8" —6") is divisible by 2 and (1 — 67) 4 (8 —3") is divisible
it .
by 5|
_ gu + bu,where u and v are integers, prove that ged(u, v) = 1.

S%.qnn?_ov
f _ god(a,b). a = dp,b = dq for some integers p,q. d = au + by gives

ot 5
qu ="
mt J hat P—
. pe an integer, prove that for all positive integers n, ged(a, i
ﬂ..w.ﬁ;mﬂ.uo_. n. Deduce that ged(a,a+1)=1. i i
iv! .
s (i) Sho¥ that for all odd inegers n, ged(3n,3n +2) = 1.
(iii) 1f ged(a,b) = 1, show that ged(a® — b?, 0% + 5%) = 1 or 2.

hat nn&n»... +1, 97" 4 1) =1, if m,n are positive integers.

T%HQ‘Q t
) Let m > . Then 2™ = 2" .2k, for some integer k. Let 22" = z. Then

int. (¥
W...:a | =z — 1 and it is divisible by 7 + 1]

8. (i) If a is prime to b and c is a divisor of a, prove that ¢ is prime to b. ~
Nii)f o is prime to b, prove that a® + b? is prime to a’b’.

g. Use Euclidean algorithm to find integers u and v such that

\3\ ged(72,120) = T2u+ 120v Qi ged(13,80) = 13u + 80v.

10. Find integers u and v satisfying

\T‘v\w? +63v= H_ h: Ou + 72v = ﬂw‘ 2

11, Show that fraction is irreducible for all n € N.

) 52u-—91v=T8.

M B @ B W S :

[Hint. (i) Let a = 9n+8, b=6n+5 Then2a-3b=1 Therefore a and b are
relatively prime.]

12. Find the general solution in integers and the least pos
of the equation

itive integral solutions

) sp-2my=1, (i) 122-17y=-1
(1 35z — 13y =10, (iv) 4lz-1Ty=8,
(v) 29z -13y =35, bWy~ 63z — 55y = —1.

13. Solve the equation in positive integers
() Nz+T7y=151, (i) 1=z+4y= 115, -
(3 9z +25y =311, ((iyy 120+5= 149.
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ve integers is 200. If one is divideq by 5
I

The sum of two positi . 5 r .
er is 1 in each case. Find t] ap
e} ::-,:m.:wwm.n_ ;u

er is divided by 9, the remain

The sum of two positive integers is 100. If one is divideq b
Y 5

emainder is 3 and if the other is divided by 9, the remainder js 4 Yy,
numbers. & :.a,
15. (i) Prove that for all integers 2 > 1, n* + 4 is composite.
ii) Prove that for all integers 1 > 2, n® - 1 is composite.
%c Prove that if n be composite, 2" — 1 is composite.
16. (i) Prove that the sum of first n natural numbers (n > 2) am_:.o;
e

prime.
(i) The only prime p su
§if The only prime of the form n
Q.\ Prove that the sum of a pair of twin primes, each greater than 3, is divisiy
e

by 12.

[A pair of s
prime.]

[Hint. Let p,p+ 2 be twin

chthat p+1lisa perfect square is 3,

i

2 _ 4, n being an integer,’is 3.

nccessive odd integers both of which are primes is said to be a p,
n

primes. Then p+ 1 is even and is divisible by 3]

18. Find 7(n), where
(i) n=14, (i) n =450, gn 1482, (iv) n = 1932.

19. Find o(n), where
() n=99, (i) n=210, (ii) n=1225 o n = T007.

20. Find th of all odd positive divisors and all even positive divisors of
(i) 3600, ¥i) 6300.
Qm\ Find the least positive integer with 24 positive divisors.

4%0\5 that the product of all positive divisors of a positive integer n > 1
r(m)/2
isn .

[Hint. Let d be a positive divisor of n. Then dd’ = n for some positive divisor d' of
n. As d runs through all 7(n) positive divisors of n, d’ does so. Therefore [1d.Ild'=

n™(™) But 3&"—.—&__._
nu‘\&. n be a perfect number and d, ds, . .. , i be the list of all positive divisors
of n, prove that
L RO LN 1
A + % + + n= 2.
[Hint. If n be a perfect number, o(n) = 2n.|

ua\.ra._ﬂvu d2k_a: ) g
a(n) =2n+2. i :.: = 2%=1(2* — 3) then show ::.5
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O.oﬂm..:a:nm.
A : . :
gl mimm:nr Gauss (1777-1855), a celebrated German mathemati-

i ﬁoﬂ_cnaa the concept of congruence which laid the foundation of
_w theory of numbers.

Let m be a fixed @Jm.;.:..m integer. Two integers a and b are
modulo m if a — b is divisible by m. symbolically

let m = 3. It is easy to verify that

.:._.—.mnﬂm.wm-
‘_H.ﬁw\._a AEon_ 3), —2= 1 (mod 3), 6 =0 (mod 3), 35 =2 (mod 3).

o — b is not divisible by m,a is said to be incongruent to b

ﬁﬁwﬁ. It is expressed as a # b (mod m).
Q -
" For example, 1 £ 5 (mod 3), —2 # 2 (mod 3). p i

= 1, every two integers are congruent modulo m and

ZO&Q. gmﬁ. m . . .
0" ase I8 not SO useful and interesting. Therefore m is usually taken
”w_ﬂm 5 positive integer greater than 1.

1. For any two integers a and b, o = b(mod m) if and

A__-monma w.h. . ..
if ¢ and b leave the same HmeEaﬂermun,SmmmgS.

only
Proof. Let T be the remainder when a is divided by m. Then there exists
some integer 4 such that a=gm+7,0 <7 <m. .
Since & = b (mod m), @ — b = km where k is an integer.
Therefore b= a — km = (gm+r1)—km
= (g—km+r
and this shows that b leaves the same remainder 7.
Conversely, let r be the same remainder when a and b are divided by m.
4, where g1, g2 are integers and 0 < 7 < m.

Then a = um + 7,0 = @2m
Therefore (@ —b) = (1 — g2)m, ie,
a=b (mod m).
To illustrate, let m
91 and —14 leave the s
91 = —14 (mod 5).

m | a — b and this proves that

— 45+ 1and —14 = -35+1,

= 5. Since 21 =
ame remainder upon division by 5. Therefore

Properties.

1. a = a (mod m).

2. 1fa = b (mod m) then b= a (mod m)

3.Ifa=b (mod m)b=c (mod m) then a = ¢ (mod m).
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E‘E%n
: b+ c (mod m)
be (mod m).

4 Ha=b(modm)

a4+c =
ac =

= g&am-ﬂmﬂ“
”-Hﬂh V-n S = v*&ﬁgav

ac = bd(modm).
a..-mn.u.:n_onawi&:.“mva.gnm:g&.
g&ﬂiﬁau\.—.imuﬁgﬁ

Proof. 5. nm:n_o._awuniwugnnn .
nmmaﬁmarnlmnwﬁgwkﬁﬁuﬁﬂu.
(a+c)— (b+d) = (k+jm.
§n+nmv+magav§w+~.ﬁwu§mﬁ
By property 4
a=b (mod Ehuvn.nmwn:u&_:vmbm
nmmq.ﬂ&avﬂw?m&AB& m).

gam:nﬁmﬁwmﬁmnmmagSgnvanm.iaﬁomé. _

Definition. Hmamzﬂoma:rﬁwwmm&sgma& ue of a mody,
oy i
By division algorithm there exist integers g and r satisfyinga = gm4,
withk0<r<m—L :

muomalwu.ﬁ?am;nsnaumnnnwwuroﬂu that r i8 a residpe |

B a8

of ¢ modnlo m. r is s2id to be the least non-negative residue of a moduly

mi.

only one of the integers 0,1,2,...,m — 1 as the remainder.

Therefore whatever the integer a may be, the least non-negative

residue of a is one and only one of 0,1,2,...,m — L.
The whole set of integers is divided into m distinct and disjoint sub-

sets, called the residue classes modulo m, denoted by 0,1,2,---,m-1 |

and defined by
0={0,2m,+2m,...}
i= »\_..H.WSLHM_P:.M
2={22+ m,2%2m,...}

—

SlhuT:lm.?al:wﬁaﬂldwmat:w.

f

{
¢

T
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in a residue class are
. in 3 ga.&a.eig
pelonging to t¥0 different residne classes are §“

el

MY s

0 m : »

\.wﬂ-o h.h.%oaﬁaavnrnna = V" (mod m) for all positive
“\

s
Eﬁmﬁu ﬁnnwmuﬂww&vwonggsnﬂngng

w&.a_m_aaa =1

mmﬂh-ﬂhmﬁﬂu.wl .

The s that the theorem is true for some positive integer k.
S\N‘?ﬁmav 2

150.9" 5 3 (mod m) and a = b (mod m) together imply that
Now & b (mod m), i, a** = ¥+ (mod m).

sF8= n&kﬂnwmngmammg?;ﬁ%gr.mnum

.H.Eumrwsgnndnnoﬂw.

-um-!anrm miunﬂ.—m of induction, the theorem is true for all positive
y
. -
E&muﬁrnaamﬂ%&nrnngm&u&g
Zﬁm%ﬁ%mEV%&ggﬁﬂwgmwnm:gsv.
le, 2 = 7°(mod 8) but 9 # 7( mod 8)
For e8P (s —  73( mod 9) but 4 # 7( mod 9).
.3. =ay (modm)andaisprimetomthen z=y
heorem 3.4-3 ay
i) i
_ ay = km, where k is an integer
Proof. az — 6Y Na

omzT—y=>" .
mgnlewggﬂ.n_wﬂ. Since a is prime to m and a | km,

Let a be an arbitrary integer. Upon division by m, a leaves one and | w&:oaunwwna_». Therefore k = ag where q is an integer.

mﬁ&ulcﬂﬂzgnrwvgnggﬁr
Note. az = ay Agnﬂvgggﬂﬁgqnmu\ﬁﬁaﬂv
For example, 3.2 = 3.4 (mod 6) does not imply 2 = 4 (mod 6).

We can cancel the common factor a freely from both sides of the
congruence (mod m) provided a is prime to m.

3.-2=2 (mod 8), 3.14=2 (mod 8). :
Cancelling the factor 3 which is prime to 8 we get the correct congru-

ence ~2 = 14 (mod 8).
‘Cancellation is allowed however, in some restricted sense which is
provided in the following theorem.
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¢\\A .
(a,m) then az = ay (mod m) ¢ , _

1
S
—

Theorem 34.4. If d = ged

7)
Proof. We have ar — ay = gm where g is an integer.
Since ged(a,m) = d, a = dr and m = ds where r and ¢ - |
prime to each other. _Eomg; .
Therefore drz — dry = gds on, T=Yy = g,
Since  — y is an integer, 7 | gs. r is prime to s and r | gg implieg |
r

i.e, 3 is an integer k. _i
Therefore = — y = ks and this says T = y (mod Zt). |
Conversely, =y (mod B) = 3 | (z-y)=>m|[d(z~y) = %
m | a(z - y) = oz = ay (mod m). “
Corollary. If az = ay(mod m) and a | m then £ =y (mod =),

For example, 4.7 = 4.10 (mod 6). Cancellation of 4 from bogy, ‘
does not give a correct congruence because 4 is not prime to 6 mm.ag ‘
ged(4,6) = 2, we get the correct congruence 7 = 10 (mod §), * Slnce |

Again, 4.7 = 4.10 (mod 12). Since 4 | 12, we get the correct cop
ence 7= 10 (mod 3) from the corollary. 8TU-
Theorem 3.4.5. z=y (mod m;), fori=1,2,...,r &z =

g  ieeh | = @ EOn_
where m = [m;,my,...,m,], the Le.m. of my,ma,...,m,. (mod m)
Proof r=y(modm;) =>m;|(z-y),fori=1,2,...,r
= z — y is a common multiple of m;, mg, ..., m,
u..msu_ﬂ:wg...usi.ﬁ__ﬁuﬂlwv . p
=z =y (mod m).

Conversely, =y (mod m) = m | (z—y)
S>-mrms - Hr=7g)

= mi|(z-y)fori=12...r

=z =y (mod my), fori=1,2,...,r.

Corollary. If z = y (mod

: = mi), T =

tively prime then z = y (mod m: M& y (mod m3) and my,m; are rele-
1

Theorem 3.4.6. Let f
" .. 0. Hv = QﬂN.u.- n-1
vm_ﬁom nﬁ“mw with integral coefficients M .PTHH st gy Rl
des m (mod m) then f(a) = £(b) (mod m)
£roof. Since g = '
_uﬂmw.ﬂ..erm&oa a..MwHMMnHW_ ﬁﬁomn. b* (mod m) where k is a positive
dding these congruences for § = N&H_ w&m_.m,m_. " m.w P
LS BT RO ) . .s..m m.c.m

§+En+$n~+
e ... + Dq R!. m
% Jla)= £(b) (mod Sw. B 010+ 0B 4 2 a4 (iod )
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ibility tests.

10" + Q-1 0™ 2102 4 4
<0 k=0,1,...,m be the dery.20 Where a; are
' e the decimal representation of

b?_m
= dmn
(L
v rwa and 0 < Ok
___%m::a jnteger ™
m__‘..m.mn §= ao -+ ai
g e dvE
i) " is divisible by 9 if and only if S is divisible by 9:
1 <y

Es n is divisible by 11 if and only if T is divisible by 11
et US consider the polynomial

L o
bsa& /(=) = am2™ + am-17" ._+...+EH+DP

(i) We have 10 = 0 (mod 2)
Therefore f(10) = f(0) (mod 2).
t ﬁov =n and .\.AS = ayp.
But / Therefore n — ao is divisible by 2.
pce n s divisible by 2 if and only if ag is divisible by 2.

He
?v We have 10=1 (mod 9).
Therefore f(10) = f(1) (mod'9).
put f(10) =n and f(1)=§.
Therefore n = S (mod 9).
This proves that N — S is divisible by 9.
Hence 7 is divisible by 9 if and only if S is divisible by 9.

g4

+...+a__,a_u._"9cl9_+.._+Al:3n Then
. s
le by 2 if and only if ag is divisible by 2:

(iii) We have 10 = —1 (mod 11).
Therefore f(10) = f(—1) (mod 11).
and f(-1)=T.

But f(10) =n
Therefore n = T (mod 11).

This proves that n — T is divisible by 11.
Hence n is divisible by 11 if and only if T is divisible by 11.

For example, 35078571 is divisible by 9 since the sum of the digits

3+5+0+7+8+5+7+ 1(= 36) is divisible by 9.

It is also divisible by 11 because the sum

1-7+5-8+7—045—3(=0) is divisible by 11.

The number 23572 is divisible by 2, since the integer ao in the units
since the sum

place is 2 which is divisible by 2. It is not divisible by 9,

2+3+5+ 7+ 2(= 19) is not divisible by 9. It is not divisible by 11,

since the sum 2 — 7 + 5 — 3 + 2(= —1) is not divisible by 11.

2 Let n = a,, (1000)™ + @yn-1(1000)™ "+ + a1(1000) + ao Where ax
he representation ofa

are integers and 0 < aj, < 999,k =0,1,...,mbet
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(i) nis divisible by 7 if and only if T is divisible by 7,
(i) n is divisible by 13 if and only if T 18 divisible by 13,
(iii) n is divisible by 11if and only if T Is divisible by 11.

Proof. Let us consider the polynomial
14+ a7+ do.

f(z) =amz™ + an-12"
_1 (mod 7) since 1001 = 7.11.13.

(i) We have 1000 =
Thesefore £(1000) = f(=1) (04 7).
But f(1000) =n and f(-1) = T.
Thereforen=T (mod 7)-
visible by 7-

This implies n — T 5 di
mmuﬁaw&qﬁ.w_mgqmwnmn
(ii) and (iii) Similar proofs.

der the number 7 = 23146123. n can b,

nly if T is divisible by T

To illustrate, let us consi

expressed as 23(1000)° + 146(1000) +123. o
:w&%e_ongﬁhﬁm%mnﬁ Smlzm+mmno_m &<§sz
7.

gmﬁmmﬁﬂ:ﬂh&ﬂ%%ﬁ.:w also divisible by 13 and 11.

Worked Examples.
L Find the least positive residues in 3% (mod 77).
34 = 4 (mod 77) = 32 = 4° (mod 77) = —13 (mod 77).
This gives 3% = 169 (mod 77) = 15 ( mod 77).
Therefore 3% = 15. — 13 (mod 77) = 36 (mod 77).
Hence the least positive residue is 36.
w.vcww the theory of congruences to prove that 7 | 272 + 527+ for all |
2ontD 4 P40 = 837" 4 125.25™. ,_ﬁ

32" -25"=0(mod T) forall n > 1.
Therefore 8.32" ~ 8.25" =0 (mod 7) for all n > 1.

Also we have 133(25)" = 0 (mod 7) for all
(25)" = n2zl
Therefore 8.32" + 125. " =0 (mod 7) for all n > 1.

This implies 7 | 25747 452044 gz ol p > |
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920 = 1 (mod 181).

~1 (mod 181), whence

Alwwpc (mod _.m.:. by thearem 34.2

=
=
= 1 (mod 181).

12.4" = 9.4" + 3.4"
12.471 = 9.4""1 4 3471

Gn =9.4-+34
pareore 347 =0 +4 +8 4+ 43
Hlence 547+ = 3 (mod 9)-
5 Find Emnaﬁﬁnnmnﬁwan 1!+ 2!+ 3! + -~ 450! is divided by 15.

! =0 (mod 15) f ...
| = 0(mod 15) and (5+n) uaw&uaaﬁas
¥ gl 4 314 -+ 4500 = (11 +21+ 3 + 41) (mod 15). e

.Hea.&oa 1+
= 33 (mod 15)
= 3 (mod 15).

\

\

pear congruence.
agz" + a1z~ 4 -+ + an(n > 1) be a polynomial with
0,81, - - -, @n With ap # 0 (mod m). Then flz)=0
(mod m) i8 gaid to be a polynomial congruence (mod m) of degree n.

If there exists an integer To such that f (zo) = 0 (mod m), then zq is
said to be a solution of the congruence.

By earlier theorems, if 7, be any integer satisfying 21 = Zo (mod
m), then we also have f(z1) = 0 (mod m), showing that z; is another
solution of the congruence.

Thus if one solution be found then infinitely many solutions can be
obtained, but all these golutions belong to the same zo-residue class mod-
ulo m and they are not counted as different solutions.

5.4.8. Li

Let f(2) =
integer coefficients

Two solutions 1,22 of f(z) = 0 (mod m) are said to be distinct

solutions if z; # z2 (mod m).
Therefore, by the number of gol
mean the number of solutions incongruen

For example, let us consider the congruence T

utions of a congruence (mod m) we
¢ in pairs.

um:_u&mv.uuw
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0d

; : ngruence
is a solution of the co! are solutions of the congrye,
Ce,

ie, r =1+8k, k being an integer,
£ = 3 is a solution of the congruence and all solutions congy, |
to 3 (mod 8), e, T = 3+ 8k k being an integer are sclutiop,

congru of 4
mEMH“M £ =5, = T are solutions of the congruence, b
These four solutions of the congruence are distinct, becayg, .

of the solutions are congruent modulo 8.

There cannot be more than m distinct moEmoum. of the congrye,
since there are only m different residue &n.mwa HTS.E m.EP_._ S g o |
job to find all the distinct solutions by direct substitution z — 1, w k.

“H

o aH"uﬂ_‘H.
!

§)
twg

There are many points of difference between a E.EBQE.E congryg, _”
modulo a positive integer m > 1 and the polynomial equation ove - |
field of complex numbers.

A congruence may have no solution. For example, the congrueng, |
22 = 3 (mod 5) has no solution which can be established by directl, |
verifying that none of =0, z =1,z = 2, = 3, T = 4 satisfies t, |
congruence. In contrast, a polynomial equation has always a solutiop_ ﬁ

A congruence may have more distinct solutions than its degree. Fy; |
example, the congruence z> = 1 (mod 8) has four distinct solutiops |
z=1z=3,z=25,z="7. In contrast, a polynomial equation of degree |
m over the complex field has exactly m solutions. h

There is an explicit method of solving a congruence of any degree J
modulo a positive integer m > 1. [just by substitution of each of the |
integers 1,2,...,m — 1, in turn.] But there is no such explicit method |
for solving a polynomial equation of degree greater than 4. .,
Definition. a5 |
.ds> MMWMQME nmnmﬂ..%uom of degree 1 is said to be a linear congruence.
AHE rm of & linear congruence modulo a positive integer m > 1
is az = b (mod m), where a # 0 (mod m ).

An integer c is said to be : o
(mod-m) =m0 = a solution op.. the linear congruence mﬁm?

Theorem 3.4.9, : ) M
(mod 12) E—Jw\ﬁ\w_\ be a solution of the linear congruence az = b w
|
|

W_
|
__
_

In =z i ;
i B 1 (mod m), then z; is also a solution of the

|
§
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i ar; = b d
gy 158 solution = _i (mod m).
%-.QQ“. ABQQ qﬂ: =» ATrp = QT ABOn— 3..;
725 = azz = b (mod m).
WS that T2 is & solution of the congruence oz = (mod m)
Tbi ion of th = .
a solution of the congruence az = b (mod m) 1, ]

e 171 be for A =0,£1,%2,.... All these so]ut; e g
Note* " olution 10 utions belong to one
 als0 mn_m.& modulo nd these are not counted as different solutions.

due
rest 3.4.107 If ged(a,m) = 1, then the linear congruence ar =
a_wmm_.““% b unique solution.
p(mo i Qnaxn_ m) = 1, there mxu_w.p ._.nnammwm u, v such that au4 my =
pronk. S0 )+ m(bu) = b. This gives afbn) = b (mod m
) M._m“mm_.cim that = = bu is a solution of the congruence az = p (mod
m)- puuza be solutions of the congruence az = b (mod ).

M.wmu L“S = b (mod m) and az; = b (mod m).

This implies G%1 = azy (mod m) = 1, = 75 (mod m), since

=1
m ;

m&mﬂmm Wu roves that the congruence has a unique solution.
Note. The solutions are z = g+.>._.:. where A = 0,+1,+2, ... and they
o1l belong to one and only one residue class modulo m.

Theorem 3.4.11. If ged(a,m) = d, then the linear congruence az = b
(mod m) has no solution if d is not a divisor of b.
If d be divisor of b, then the linear congruence az = b (mod m) has d
incongruent solutions (mod m).
Proof. Let az = b (mod ) has a solution £ = u. Then au = b (mod m)
and this implies m | (b — au).

d[m=d|(b—au). d|aandd]|(b-au)= dis a divisor of b.

\

" ‘ p - 1
pogﬂﬂvw.m_wm?%\ : f&na_m not a divisor of b implies az = b (mod m) has no

solution,
Second part. d | b. For an integer u, au = b (mod m) holds if and oply
if4u= % (mod %), by Theorem 3.4.4.

ged(§,%) = 1 and therefore the congruence gus= % (mod ma
just one solution u = 1 (mod %).

In other words, the solution of the congruence g
the integers u = z, ﬁEonw 3 ie,u=zn+ B¢, t=0

-

U=

-H- e
=

H-

>
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n:ﬂ!:nﬁm"vmﬁ_umma_ruf.:—ﬂalrnwmunnmmnﬂmm&ﬁ_f |
H?H—.TI.HJR_;TW._.....-..NH.T ml._ - (i) ,
We mow show that the integers io the List E ﬂw incongruens
m, while each of all otber solutions (corresponding 1o .ﬂgiﬁaﬂaﬁ
EQ;H‘.J&.'MWWBH%S%QE —.H—H@Nmﬂwuﬂ?b.

z; +hum =z \..rhnﬂl-

413 =13 (mod m).

(mod m), where 0 < 11 A&Mnfﬁwfr

n&mmqnavn..wnvrmuuagmsahfk_&l?.

This is an impoesibility, becsuse 0 <2 —f1 <&-
ﬂamh%waﬁnrmgamvam%g—os.

Let amy other solation be 51+, where &; 18 an integer othe

0,1,...,d-1L .
By Divieon algorithm we can write ly = 90+ 7, Where g and 1 o,
imtegersand 0 <r<d- 1 - -
Then 2, + 4,5 = 21 + (gd+7)F =21 +7F (mod m). _
§=M1Mm1_.n_+¢mw&u&pwmmohﬁgg?ﬁc. _
E%%ﬁmvﬁgavuﬁmgﬁaa&ﬁ&a%
listed in (i). _
This completes the proof. !
Note. The solutions belong to 2 single residue %m,..a&.%f__
and this is the umion of d distinct residue classes modulo m. T |
vesidue class i modulo % is the umion of d distinct residue classy,
w:w.:% ..... i+ 07 podulo m. . Sra
For example, the residue class 1 modulo 5 is the union of the thre
distinet residue classes 1,6, 11 modulo 15. ’
|
|
w

Worked Examples.
L. Solve the linear congruence 5z = 3 (mod 11).

4 v
9ed(5,11) = 1. Hence the congruence has a unique solution
wﬁnﬁm__hv = 1, there exist integers u,v such that 5u+ 1lv =1,

_ ¢u=~2,v =1 Therefore 5.(-2) + 11.1 = 1 and this implies |

5.(~2) = 1 (mod 11). Therefore 5.(~6) = 3 (mod 11). )
Mmgou.n ~b is 8 solution. ﬁ
pr ”o_EBE arez= -6 (mod 11), i.e,, z = 5 (mod 11) “_

the solutions are co nt to 5 ( .
&re congrue mod 11 jven |
congruence has & unique sologir ) and therefore the given _
|
I

Ommn.\s&no_ 93& oam?mhgm?ﬁ

9’ INTEGERS Mz 3 (mod @ ‘

‘n d0919=3 5. 5%z 330l g 151

: u\v Sxz 3 a_,ibmpw.p
z3 p.\(.frﬂ,

golve ¢ 23| B Th
- 1518 = 3200 3 | B, Thersfore the given congroemce ag

nﬁh ' m%udamulmn:munmmumn&imuasunmn:g@\
1\!&?.3“? Hence nrmnoumwnmuﬁmammmgmwgmgﬂﬁ

jon- _ 4k
oot hn&m.mv\rzumauaﬁm»ESmmaFeman_:gue+3HH.

_ —1,v = 1. Therefore m.ﬂlc+a_l~w& 55
= . — ﬂ -
mod 6). Therefore 5.(—3) m.w (mod 6). Hence ar” Hlﬂwﬁm_,”

m.a\hw_um I ence 52 =3 HMEIW 6). [

ol i ent soluti f i

7 Hnuu..nn_uu. ons g nrnﬂ_.cm:gug.._n:n
H\.l.uw--lwl,—lmu -3+12 modulo H@. m-ﬂ.._ Hmlw.m4w HB& mm.u..ﬁ.s

aer~ ;

mwupm - of linear congruences.

Let uS consider the linear congruences

nu.ﬂm? ﬁBbQ ._ﬂ—ﬂv. azz = by Ag&:..-ﬁv.:..n._.ndmﬁf ﬁaa:.r.v

sod let U5 enquire if it be possible to have a simultaneous solution of
\be comgruences- In that case each individual congruence must have a

(Jor % =1,2y.cs7. Then & muwt be s Svigorof
for i.

@E\REFB from the ith equation, the system reduces to
gz=b, (mod m}), a3z = b (mod my), ---, a;z = b, (mod m}),

where dia) = ai, dib = by, ..., dim} = my and ged(aj,m;) = 1 for

i=12,...,T
Each individual congruence has a unique solution of the form z; = ¢

modmi ).

Thus the problem is reduced to one of finding a common solution of

the system
z=¢; (mod my), z = ¢z (mod myz), .o, 2 = ¢ (mod my).

The kind of problems that can be reduced to a system of linear con-
gruences was found in Chinese literature as early as first century AD.In
later periods such problems were also found in other countries. Because
of their antiquity, this type of problem goes by the name of “Chinese
remainder theorem”, :

to state the problem and to

The method of congruence that is used :
make the proof in a concise form was unknown to the ancients.
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Theorem 3.4.12. Chinese remainder theorem.
Eanug...-.?giﬁﬂﬁ%mﬁ that m.ﬂ&wa...ﬁlf
£ s integers. Then the system o7, |
for i = § aad ¢, 0p.--..6 be any a.._.#v.~

OUEEIREEOEs

r=1 (mod m;). r=c (mod my). - T = ¢ (mod m, ),
Mmh%%ﬂgw%. WNT;HMHN..:S? :..wu
=g be a solution then r = Iy + k(M M2 108 wher, ;.
= az igeger.]
Proof Let s = mymy_m. bet hmmhwh.w-h.hm..m.-:.a.
‘H.FH mnﬂdmbh-ﬁvé.ﬂ =t mﬁ‘h.“m-wuu|mﬁ|
Thic implies that the lnear congroence Mz = 1 (mod my) by,
i it ielo rmg. Let =% be the solution
Thes Myzy = 1 (mod me) 2ad ceesly. Mz =0 (mod m;) for j £ ¢
Thersfirs o Mize = o (m0d me) 25d Mz =0 (mod my) for j £
L=t = comsider the imeg sy = Min + QM2 + -+ &Mz,
23 = ¢; (mod m:). smee e Mx; = o (mod my) and oMoz, = g
\E&NM%»@HMH\H =
Semioriy, 2= ¢ (mod ) — Ty =0 (mod M) ——
Tiis shows 120 23 & 2 soisvion of the given system of congruences
Lex = be 2oy saistioe of the systerm of congrnences.
Ther '=c (modm) rk=12....1.
' = ¢ {m0d mg) 2nd 75 = ¢ (mod mg) = 2 = 7o (mod my) for
w.ﬂm!N.i-wﬁ. .
Comseguently. 2 = zg (mod m;m;..m,) [Theorem 3.4.5]
Thwe shows thar the solmion of the system is unique modulo
s T TRy .
Note Is the Coome remsinde therem, the bypotbesis th
. 2. — Ty Sumld be peirwise relatively prime is essential If this
E&hknwaﬁggnﬁwg%wm&ﬁrﬁaagé&
emgTuenes.

(g Eope. the scmltaneos omgruences 2 = 1 (mod 4) and 7 =3
o 7] 528 20 sulstion, wihile the sysiem 7 = 3 (mod 10) and z = 8
A nngmmgﬂ%kaumwwﬁgwev

%

5. -%
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E _ﬂ_n (continued ).

! aﬁa-nh ﬁdnaao_._..nwwwncuﬁ.ganﬂ
| v%.ﬂ&uu,umnasﬁm&nmuag?
=1

u\ :
359 s M =2=2M=2_15

mnl?«&_
IE 3) = 1. Therefore the linear congruence 35, = I (mod 3) kas
wn.:wmwi - p and the solution is = 2 (mod 3). W 8

o Hwﬂ%&mgﬁqgmﬁm:gm_g

3 Hmu_“h- B -
\Ewmr_aman and the solution is z = 1 (mod 5).
-nu.nnn Bl Therefore nvnmuggumnm:gdwm

&&Swrﬁmcuwunp_rm solution is z = 1 (mod 7).
1(35.2) +2-(21-1) +3.(15.1) = 157 is 2 solution.
2 ool ; sz = 157 _E
tion of the given system s z = 157 (mod 105), which i
P .B_"Mum% (mod 105). _
Find four consecutive Integers divisible by 3.4.5.7 respectively.
?Eﬂr+r=+w.=+w¢m?ﬁ§mﬁ§&%gﬁﬂh
) .Eamcﬁﬁo&wvﬁ+um2§¢.a+um2nﬁa,m.r
I+hm=ﬁ-§|—‘w.
ﬂmﬁgg_ﬁagﬁggnmggurnmu
?u.—&.amm?w&mr:maﬁabhd.
\u.n.mwumqmﬁ%mmmmiﬁmsaoﬂrﬂ.sanwfwﬂ

Ehﬁu“%“_ho.b&&".ﬂl.."uﬁ?&u"%"wﬁh&bﬂﬂﬂe.

Since ged(3, M) = gcd(3,140) = 1, the linear congruence 140r=1
(mod 3) has a unique solution (mod 3) and the solution is z=2. |
= i Bzr=1
Since ged(4, M3) = ged(4,105) = 1, the linear congruence 1
(mod 4) has a unique solution AEom&mbnEmmo_qconmuMH.
4r=1
Since ged(5, M3) = ged(5,84) = 1, the linear Bum_ﬁu...w
(mod 5) bas a unique solution (mod 5) and the solution is z =4 H
= gﬂum
Since ged(7, M) = ged(7,60) = 1, the linear congruence

(mod 7) has a unique solution (mod 7) and the solution IS T = - =
Therefore 7o = 0.140.2+3.105.143.84.4+ 4.60.2 = 315+1008+480 =
1803 is a solution and the mo_cmouw%uu&_.% .Eo e
2 = 123 (mod 420). Therefore the consecutive Integers T
Ln+2,n 4+ 3, where n = 123 +420t, ¢ =0,£1,32,.

Cla-11
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a..mordnsmza@ﬂoo:ﬂ:ﬁsnmuwwmBAE&Emm:u

remainder theorem. wa_uv_w_zn Chingy,
1225 = 52.72 and ged(5%,7?) = 1. The given problem is eqy;

to finding a simultaneous solution of the congruences 32z MJEES:

25) and 32z = 70 (mod 49), since a = b (mod m,) and a - ) (mog

ma)e a = b (mod [my, ma)). = (mog

327 = 79 (mod 25) is equivalent to 7Tz =4 (mod 25).

gcd(7,25) = 1. We have 7.(-7) + 25.2 = 1. Therefore 7.(—7
(mod 25) and therefore 7.(—28) = 4 (mod 25). This shows that ._‘v
(mod 25) is equivalent to z = —28 (mod 25), i-e., z = 22 (mod wmva

".wuﬁ = 79 (mod 49) is equivalent to 32z = 30 (mod 49) which is agy:
equivalent to 16z = 15 (mod 49). o

ged(16,49) = 1. We have 16.(-3) + 49.1 = 1. Therefore 16.(-3) =
( mod 49) and therefore 16.(—45) = 15 ( mod 49). This shows ﬁms,.
MM_. = 15 (mod 49) is equivalent to z = —45 ( mod 49), i.e., z = 4 (mod

We now solve the system of congruences

=22 (mod 25), z =4 (mod 49).

Let m = 25.49. Let M; = & =49, My = 5 = 25.

Since ged(Mj, 25) = 1, the congruence 49z = 1 (mod 25) has a unique
solution.

'l

We have 49.(—1) + 25.2 = 1. Therefore 49.(-1) = 1 (mod 25) and
therefore the unique solution is z; = 24 (mod 25).

wm.noo ged( M3, .»3 = 1, the congruence 25z = 1 (mod 49) has a unique
solution. Proceeding similarly, the unique solution is zz = 2 (mod 49)-

A solution of the system is Zo = 22.(49.24) + 4.(25.2) = 26072.

The solution of the given congruence is z = 26072 (mod 1225), which
is equivalent to T = 347 (mod 1225).

]

=1

=9

Theorem 3.4.13. Let my,m2 be positive integers and a;,a; be any
integers. Then the system of linear congruences ,
z =a, (mod m;), Z=02 (mod mz)

will have & simultaneous solution if snd only if a; — g, is divisible by
Q&Aau‘_ auv g@n&, ﬂE 8&@51 be gﬂgﬂﬂ.n—wﬂ 8:—305 wm.Er.—n.._.—G HDQQi
1l lem(m:,m2). [i.e., the solutions form a single congruence class mod-

- ulo [ma, ma).)

Proof. Let miz = ged(my,ma) and M1 = Miadi,my = myed,, where

{

,

166
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= 1.
d) =
be 8 simultaneous solution. Then 25 = a; (msd m),

aha_.
). Therefore mi|(zo — a1) and my|(z,
( ™ a) and mial(7o -~ 82).
—ay) — (Tg ~
mi  efore :._:_T_HM 2) : AA_” ay), i.e, ged(my, my)((a; - ).
oy, let 12 = G2l en ay = ag + cmyz for some |
m.%nﬁ@m«ﬁ eral solution of the first congruence has the 3“.:_ e
The £ =a1+ms where s is an integer
= (a2 + cm2) + dim12s,
= ag + mia(c + d18), where s is an integer ... (i)
The monm_.w_ solution of the second congruence has the form
r = ag + mat, where ¢ is an integer
= ag + mi2dat, where ¢ is an integer

Io = ay
< ag) and this implies

(id)

Since u&ﬁ?&i = 1, pdy + gdz = 1 for some integers p and q. There-
e podh +gcda — ¢ and ¢+ d1s = di(pc + s) + qeda.

If we choose $ guch that pc + s = dau, where u is an integer then
iy = dg(udy + gc) = dav, where v is an integer and in that case

ipe solutions (i) and (ii) become identical which implies that the given

Bnn_.zmnnm have

The solution takes the form
r=mtms=at ma(—pe + dau), where u is an integer

= gy — pemy + Mdat
=a]— pcma + hﬁuﬂ.ﬁgu.SNvE_ since 3.:.&.“ = maﬂ-w—amw!slm = ?ﬂ—f anw

the solution is unique modulo lem(my, ms).

a simultaneous solution.

Since u is an integer,

6. Show that the congruences I = 11 (mod 15), =6 (mod 35) have a
smultaneous solution. Solve the system.

Here the moduli of the congruences 15 and 35 are not prime to each
oer. ged(15,35) = 5 and 11 — 6 is divisible by ged(15,35). Therefore
tbe congruences have a simultaneous solution.

The general solution of the first congruence has the form

z = 11 + 153, where s is an integer
=6+5(1+3s) @) -.
The general solution of the second 8=mEm=8._.B the form
aum+mﬂnm+m.?§ﬁ;§s§a (i)
g lfs=24 Tu, where u is an integer, then1+3sis8 multiple of 7 and
a‘w.ﬂ case (i) and (ii) become identical.
& common solution is ~ .
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41 + 1054, where u is an integer,

r=6+5(1+32+T)]=
41 (mod 105).

Therefore the solution is given by T =

Another method

The congruence T =
congruences z = 11 (mod 3), T
= i ivalent to two si
The congruence T = 6 (mod 35) is equi o simuyl
congruences z = 6 (mod 7), z =6 (mod 5). 8heg,
Thus the given system is equivalent to four simultaneous congrue

z=11(mod 3), 2= 11 (mod 5), z =6 ?Em,d. z =6 (mod 5)
It is observed that the congruences z = 11(mod 5) and z = ¢

5) are consistent, because each is equivalent to z =1 (mod 5).
(mod 3) is equivalent to z = 2 (mod 3),

The congruence T = 11
at to three simultaneous Congruenee

Thus the given system is equivale .
z=2 (mod 3), z=1(mod 5), 2= 6 (mod 7) of which the modyy; i

pairwise prime to each other.

Using the method discussed in the theorem,
zo = 2.(35.2) + 1.(21.1) + 6.(15.1) = 251 is & solution.

The solution of the given system is z = 251 (mod 105), which js
equivalent to z = 41 (mod 105).

11 (mod 15) is, equivalent to two simy,
= 11 (mod 5).

_5585

Ticey

(mog

-

There is an extension of the above theorem to a finite sot of E.f
congruences. The theorem is stated below without proof.

Theorem 3.4.14. Let m;,mz,...,m, be positive integers and
prnu..:.n_.cawa_.uﬂnmﬁ.Hvaua_ummﬁgEOm:uE 8§upo$

z =a; (mod m;), £ = a3 (mod my),..., = a, (mod m,)

will have a simultaneous solution if and only if a; — a; is divisible by

mwnmm_ﬁ_wwa: M”_gwéwﬁ_, # 7i and if this condition be satisfied the solution
modulo lem(my, my,...,m,). [i.e.

congruence class modulo lem(m,;, Bu_w.._. Sn.hwa il

e H,M Mxps_uo_ the system of congruences z = 2 (mod 3), z = 3 (mod
: (mod 6) has no solution, since 4 —2 is not &S.n_v_a_ by ged(3,6):

umwsmaﬂwzmws m.was congruences z = 2 (mod 3), z = 3 (mod 5) i
+ Therefore the given system reduces to z = 8 (mod 15),

am:saeg&z
by ged(15,6). ¥ ystem has no solution, since 8- 4 is not divisible

———
——

i
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Exercises 3B
gors @ in 1 £ 7 S 100 that satisty
ot 8 2oy i€ = 10 (mod
JDIE 4 Tﬁon_ 17). [(ii)£ = 10 (mod 17).
W=
prove that S .
B i aninteE " is divisible by 3 if and only if the sum of its digits is diyisip
( e
by 3 nteger 7 i divisible by 5* if and only if the number formed by th
e

qmv_ﬂa is divisible by 5.
st ¥ ~ integer  i8 divisible by 2k

,ﬁm\aa ia divisible by 2°-
Jast T

. t k digits form the number a, t = k
gt (101 £ 7 thenn =510"+a. n = a(mod
5
g, Find the
.\ 5 divisible by 7;

jvisible by 11;
er n is expressed in the form 10a + b.

if and only if the number formed by the

missing digit in the number 23104 = 791, if
(ii) it is divisible by 9;
(iv) it is divisible by 13.

(iii) it is d
4, A positive Integ
(i) Prove that n is divisible by 7 if a — 2b is divisible by 7.

(ii) P that n is divisible by 17 if a — 5b is divisible by 17.

4} Prove that n is divisible by 19 if a + 2b is divisible by 19.

in. () (10a +b) +9(a +26) =0 (mod 15)]
5. Use'the theory of congruences to prove that

()17 (2*"*" +3.5""*") for all integers n > 1,

(i) 23 (3= + 7.37"*1) for all integers n > 1,

(iif) 43 | (6™*? + 7°"*!) for all integers n > 1.
6. Use the theory of congruences to establish that

() 73] (2* -1), (i) 89| (2" -1).
7. Use the theory of congruences to find the remainder when the sum

()17 +2° + 3% + .- + 99% is divided by 3;

(i) 1%+ 2° + 3% + - 4 100" is divided by 5.
8. (i) If ac = bc (mod m) and ged(c, m) = 1, prove that a = b (mod m).

(i) If a = b (mod m) and a = b (mod n) where ged(m,n) = 1, prove that
4=b (mod mn).
?mwA_? = b (mod m) and a = ¢ (mod n), prove that b=c¢ (mod d), where

; m,n).
!
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p. Solve the linear congruences.
(i) Te =3 (mod 1),

Ndr=3 (mod 8),
(lv) 28z = 63 (mod 105).

(i) 20z = 10 (mod 35),

10, Solvu the system of linear congruences.

(i) z = 8 (mod 5), » =4 (mod 7);

(ii) 2 = 2 (mod 3), =93 (mod ), =4 (mod T7);

(1) = = 2 (mod 5), z =3 (mod 7), @ b (mod 8).
11. (i) Find the least positive intoger which leaves remainders 2, 3 gpq 2w,
divided by 3, 4 and & respectlvely. n

(ii) Find the least positive integer wh
divided by 3, 5 and 11 respectively.
12. (1) Find three consecutive positive integers in ascending order, divisib, b
5, 7 and 9 respectively.

(i) Find four consecutive positive integers in ascending order, divigib by

L]

ich leaves remainders 2, 3 and 4 "
5:

4, 5, 7 and 9 respectively. _

18. Solve the linear congruences by Chinese remainder theorem.

(i) 252 = 4 (mod 63), (i) 89z = 28 (mod 108).
14. Show that the system of linear congruences has a simultaneous solutipy
and solve the system. i h
(1) z = 2 (mod 9), z = 5 (mod 6);
(ii) £ = 2 (mod 15), z = 7 (mod 10).
i
|
3.5. Phi function. !
Definition. The function ¢, called Euler’s phi function (Euler's totient
.ﬂ.ﬁw:lo_ﬁw is defined for w:. h..omﬁé integers by (1) =1 and forn>1, |
= the number of positive integers less than n and prime to n. |

For example, let n = 8, 20.

&%W%o&:é E,mmaa_ﬁmnupumpuavasmnomﬁn H.m_m.q.ﬂrﬁo?a

.ngsaéasmﬁ_ .
13,17,19. Therefore eﬁovﬁmmn.wg m@ and prime to 20 are 1,3,7, 9

I p be & prime then
Therefore ¢(p) = p— 1.

Note.

1,

¥

every positive integer less than p is prime to p.

The function ¢isa number-thegretic function . |
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1. The function disa multiplicative funct:
rime integers, then ES&FHJ_%  i8, if
the following lemmas. ’

——

L a be vlam to mn and d = .Q&AP
g d _ mrn.

cd(a,mn) 2 d, but ged(a, mn) = 1 by assumption

1 proving that a is prime to m. By simijlar mam_imng 5

| SV.awgn_agaEH
w—*m :.u.:u—_m

o be prime to m and a be prime to n. S is pri
ma__hﬁiﬁmmﬂm u and v such that Mc + Senu w.:%wwmnwﬂﬂnh .
exist integers p and g such that ap +ng =1, . g
o(nug +P) Fmlg) =1

or L :
! p and vq are integers, it follows that a is prime to mn.

gince nug +

Lemma 2- If ~ be the residue of a modulo n and r is prime to n then a

is prime £o 1

Since mn&
3. If c be an integer and a is prime to n then the number of
{c,c+a,c+2a,...,c+(n~1)a} that are prime to

gn + r,n) = ged(r,n), the lemma follows.

Lemma
integers in the set

n is ¢(n)-
Proof. No two integers of the set are congruent modulo n, because
¢+ sa = c+ta (mod n) 0<s<t<n-1
= s =t (mod n), a contradiction.
Therefore the set of integers is congruent modulon to 0,1,2,... n-1
in some order. Since the number of integers among 0,1,2,...n - 1 that
are prime to n is ¢(n), the lemma follows.

Proof of the theorem.

Since ¢(1) = 1, the theorem is trivially true when m or 7 equals 1.
Let us assume m > 1,n > 1. We arrange mn integers in n rows and m
columns as follows:

1 2 .. r m
m+1 WM m+r 2m
2m+1 2m+2 dm+r 3m

(-Dm+1  (n-1)m+2 (n-1m+r s

R

R IRT
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The number of integers among these. that are prime to mn jg
By lemma 1, these integers are both prime to m and n.

The number of integers in t
By lemma 2, each integer in the
if r is prime to m. So there are ¢

Again by lemma 3, each column |
integers prime to n. Therefore the num
m as well as n is ¢(m).¢(n).

This completes the proof.
Miy) = ¢(my)@(m3) .- (mr), where my,my,

Pl

he first row that are prime to I ¢
column of r(1 <7 < m) is prime 9?3,
(m) columns of integers prime ¢, :w n

n the arrangement containg
ber of integers those are quﬁ

(n)

€ty

Note. ¢(mima.
are pairwise prime.

Theorem 3.5.2. If p be a prime an

¢(p*) =p*(1 - 3)
The positive integers < p* which are not prime to pk g
2,2p,3p, ..., (P*")p- Therefore the number of positive integers less thay
p* and prime to p* is p* gtk
=pf(l - wv.

Hence $(p*) = p* ~ 7~
Theorem 3.5.3. If n = p{’p3” ... pf~ where p1,pa,..., Pr are prime to
one another, ¢(n) =n(1 - mfﬁ . WL (1= nFL.

Proof. 6(5) = (1 — ). (258" = P31 = %)+

d k be a positive integer,

Since pi* and p;* are prime to each other,
$(p ) = $(p2)o(rs?) = pi'ps (1 - ;) (1~ =)
Since p3* is prime to pipy’, ¢(p3°p}'p3’) = 4(p5°)-#(P"P2’)
=pP(1- 2t (1- 1)1 -3)
= ppps(1- )1 - 7)1 - 55):
Proceeding with similar arguments we have
$(n)=n(1-1)1-21)...(1- 1)
To illustrate the t - ;
prime to 12 are 1,5, wwpmw@mﬂn“mmmwﬂ MMVAWMMV_MQWMM _IQMVM_HEW Mvwnwnh

Some properties of phi function.

1. Ifn> 1, the sum of ; 5
In.din), of all positive integers less than n and prime to 1 18
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positive integer less than n ang
prime to n, Then

jabel

_‘i&.. Le | for some Integers u and v,
a e a(v+w)+ (1~ a)(=u) = 1. 8ince u+v and —y ge |

There that 7 7 @ ie _w_mc 8P ositive integer less than n and ntegers,
it a__%.m (ore #(n) positive integers less than n and prime 1, M—Maa to
o A._Hnmu.& a8 n,_._h.u.ﬁu. cary A.z\ - Dmv, T._ = Du? Aa ~ay). an be

285 5 B =
L §=m tagtastoot (n —ag) -+ (n—a2) + (n - q,).

%M“a.m.“ ﬁalw_u-_. e i ~a)+ - ta3tasta, (sum

; é—.mﬂ OHQE
o e bave 28 = (7)., 0% 5= ()

¥ ¢(d), where the summation exten i

jve integer 1, n =
din

3 HuOH any ._UOW;
_ itive divisors dof n.

er 8l PO w i
g =121 0h® > 1. Let dy,dj, ..., dx be positive divisors
_ua&.m.nﬂmw givisor d of n, let us define a subset S; of S by .
of M- Si= ?m.m.“mn&n,avﬂ.&.
f S belongs to exactl
- each element O g y one of the subsets
Sa .H_mh.:._m& and § = 54, US4, U U Say.
’ a € Sq = gcd(a,n) =d = a = \d and n = d'd, where \

Let d < T = ,
is Jess than d(=13) and prime to d’. 4 X\ ondd prime fooasl sty
tains integers of the type Ad, where A is less than d’ and

Thus S4 cOR .
prime t0 d'. Therefore Sa contains ¢(d’) elements.
Gince the total number of elements in S is n and they are distributed
into distinct and disjoint subsets of §, n = &M.&S. where df =n.
n
positive divisors of n, d’ does so.

£ g(d). in=1, T #(d) = 4(1) =1
dln d|n

As d runs through all

?ﬁ&oEMﬁEJHM %?5"
din dln

This completes the proof.
To elucidate the proof, let us take n =

1,3,5 and 15.
5 = {a: ged(a,15) = 1} = {1,2,4,7,8,11, 13,14}

83 = {a: ged(a, 15) = 3} = {3,6,9, 12};

85 = {a : gcd(a, 15) = 5} = {5,10};

S5 = {a : ged(a, 15) = 15} = {15}.

8 contains ¢(15) elements, S3 contains ¢
9(3) elements and S5 contains ¢(1) elements.

#(1) =1,4(3) = 2,4(5) = 4,9(15) = 8. '

D 4(d) = p(1) + #(3) + 9(5) + $(15) = 1 +2+4FB=1%

dj16

15. The divisors of 15 are

(5) elements, S contains
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8. Ifn > 2 then @(n) is an even integer.

Proof. Case 1. Let n be a power of 2. Let n = 2k, k>
Then ¢(n) = 9(2}) = 2(1 = 1) = 27", an even intege

Case 2. Let n be not a power of 2. Then n has an odq
say, p. Let n = p°q, wherea 21 and p, ¢ are prime to mgmﬁ%m ivig |
er, '

Then ¢(n) = #(p°)-#(q), since p°, ¢ are prime to each
=p°(1-;)9(0) = " (p - 1).4(q). 703 Othay
— 1) is even, it follows that #(n) is even.

|
i
|

Since (p
This completes the proof.

Another proof of Euclid’s theorem on infinitude of pri
. . im
Let the number of primes be finite and p1,pa, ..., pr, be th iy
! € enumg,

ation of all primes. Let p=pip2...Pm-
et 1) T it
divisor, say g which is one of p1,p2, .- ., Pm- ke has a prig
R e o

Th ; e
erefore the number of primes is infinite and this completes the proof.
\I\‘III\-‘II" i

Wor! Examples.

1. Find i
the number of integers less than n and prime to n, when n =

, 900.
324 = 22,34, Theref =
e erefore ¢(324) = 324(1 - 1)(1 - 1) = 108.
£ -3%.5%. Therefore ¢(900) = 900(1 — Ha- WXH = wu =240.
. If n be an odd positive int
s Ommﬁ_.. P
mﬂﬁ%mw Sy prove that ¢(2n) = ¢(n).
o vmoa ¢(2n) = 4(2)¢(n) = ¢(n), since #(2)=1
.In itive i |
s Hw“wm“m“ ”_3,« Integer, prove that ¢(2n) = 2¢(n)
Sl u _a k € P 15 an odd positive integer. .
#(2n) = g(2k+1p) 'ﬁ.m v.amv_ Al £) ) = ¢ n
= 42" )g(p) = 2*¢(p). Therefore &Giﬂ[ w%?.v
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m.a:r:».__ theorem.
and 2. is_not_a divisor of a, then a7~

pe 8 P=— .
ie der the integers a,2a,3a,... (p - 1)a.
ivisible by p. Also no two of these are congruent

3.—.5\ Qm these |
ne if ra = 80 (mod p) for some integers r, s satisfying

|

1 (mod p).

o 9y besuee lling a (since a |
ao%.n re 1,.then nmnmm ng a (since a is prime to p) we must have
1<r (0 ap) 8 contradiction.
£ integers a, 2a, 3a, . =
f @wumarwwnvm_u B ,2a,3a,...,(p - 1)a are congruent

qu_Em il p- 1 modulo P, taken in some order. BROate o

H_M._.... m A iHVn."._.NW ?lH
E.&.oﬂmh.mn. a...-\P =1l.s9.... ) (mod p),

There i p— 1) = (P~ 1)! (mod p):

Ew&ou (p- ny =1, this is equivalent to aP~! =1 (mod p).
gince '

This completes the proof.

. This theore™ is popularly known as “Fermat’s Little Theorem”
zan__.manmamr it from Fermat's “Great Theorem” or “Last Theorem”,
K ich states that «if nn > 2, then the Diophantine equation z” +y" = 2"
”E o solution in integers, other than the trivial solution in which at
Jeast 0n€ of the variables i8 zero.”

Note. The theorem may be stated in a more general form —
prime and a is any integer, a? = a (mod p).

Ifpbea
aP-! = 1 (mod p) and in this case a” = a

a divisor of a,

When p is not
(mod P) holds. And when p is a divisor of a, a? = 0 (mod p) dnd it can
ed as a? = a (mod p)-

be express
is a prime,

Corollary. Since p
p= 2. Therefore ?mm.u. + S?nmw -1)
prime and a is not divisible by p-
This implies p | (a*F + (@™ —1).
Since p is a prime, either p | ?nMI, +1),0or Pl ?ﬁl_ — 1), but not

both. Because p | ?P..l.,. +1)andp| ?..J..w — 1) together implies p | 2, an
impossibility.

Therefore a27" is either pk + 1 or pk
let us take p =
7k+1or k=1

p—1 is an even integer except when
= 0 (mod p), when p is an odd

— 1, where k is some integer-

. As an wvvmnmmou of the corollary, 7. Then for any
integer o not divisible by 7, a® is either
When a is divisible by 7, @ = Tk-.

& _sw follows that for any integer @, a® is one

® k is an integer.

of the forms 7k, Tk £ 1,
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Theorem 3.5.5. Euler’s theorem.
If n be a pesitive integer and a is prime to n, then a®(") < ; fig v

Proof The theorem holds trivially if n = 1. Let n Si%

Let us consider the integers a4,,aaz,...,8a4(,). Each of th
prime to n, since ged(a,n) = 1 a0d ged(ai,n) =1 = ged(aa;, ) (¢
No two of the integers aa;,aaz,...,a84(n) are congruent mo .

. d
because aa; = aa; (mod n) = a; = a; (mod n), since ged(q, n) o

=1
a; # a; (mod n). 1 by
Therefore the integers aa;,aaz, ..., 0a4(n) CONtain exactly o) ¢
ments and they are congruent to the integers a;,a;z,.. e

1 %¢(n) mody], ,
in some order.

Multiplying the ¢(n) congruences, we have

08,.00; . . .Q4(n) = 01.07...Gy(n) (mod n).

Since ged(ay,n) = 1 for each i, it follows that mn&nuau:ba?u.é -
Therefore we can cancel a;a;...a4(») from both sides of the oouméauom
and obtain a®™ = 1 (mod n).

This completes the proof.

Note 1. Euler's theorem is a generalisation of Fermat’s theorem.

Euler’s theorem holds for any integer n. If, in particular, n be 5
prime, then ¢(n) =n — 1 and in that case, for any integer a prime to n,
Euler's theorem gives a”~! = 1 (mod n).

Note 2. If m be a positive integer and gcd(a,m) = 1, the linear congru-
ence az = 1 (mod m) has a unique solution (mod m). Euler’s theorem
suggests a method of finding such a solution. Since a*(™ =1 (mod m),
the unique solution is given by z = a®(™~! (mod m).

Theorem 3.5.6. Wilson’s theorem.

If p be & prime then (p— 1)1 4+ 1 = 0(mod p).
Proof. Let a be one of the integers 1,2,3,.
the integers 1.a,2.q,3.q,..

ra = sa (mod p) for some integers r. g satisfying A
then cancelling a (since g is =y, o Al

icti prime to p) we must h = 8
contradiction. Also none of these is divisible e ave r = s(mod p),

..,p — 1. Then no two of

Thi i
L5 o ths the integrs ,20,30,..., (5~ 1)a are congrunt o
) 07, teken in some order. Hence for every a, there

» (P~ 1)a are congruent modulo p, because if
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h that a’a = 1 (mod p).
only one, mdn. " 3.
2" i p) bolds i 7 | (3" 1) and this happens only oy
.‘xm: _?,_.:. mmgmu_mwuuﬁamaanAu,;?inwﬁE
a\—w.aﬂwnﬂﬂh“_.aﬂ“ﬁl_:
%%ﬂ% _wR:uluﬁm?moﬂ@ﬁ?&o??!:@ahm:s&
o™
| » naHpnmwirnrm.nmsmﬁwumgu.m,:;ulu
anw___wﬂ_%_ ying (p — 3) pairs of such congruences, we have
%E_&.Ku ..Qtuwm:ﬁoﬁ_&
p wn. (p—2)! =1 (mod p)
' o—1,(p—1)!=p—1(mod p)= ~1 (mod p) which i
.t P H.q Hv P P ﬁvﬂ 15
:amﬂﬂw—ﬁnm_w N+1=0 (mod p).
v
o he proof.
Jetes ¢

1ske A0 example to elucidate the proof of the theorem.
¢ us

5 _ 11. Then the integers 1,2,3,...,10 are grouped into pairs

mﬂoﬂ .M_En a.a' =1 (mod 11).
by

_i(mod 1), 26=1(mod11), 34=1 (mod 1)
wwm 1 (mod 11), 78=1(mod 11), 10.10=1 (mod 11).

b d multiplying the remaining,
ting the first and the last an
DS 9! =1 (mod 11)

or, 10! =10 (mod 11)= —1 (mod 11)

or, 10!+1=0 (mod 11).

Note 1. The converse of Wilson’s theorem is also true.

Ep-1)1+1=0 (mod p) then p must be prime. For, if p _u.m.u&
s prime, then p has a divisor d with 1 < .m. < p such that d &Smﬁ
(- 1)l + 1, Again since 1 < d < p, d divides one of the Eon.ma_”
(p-1)\. Therefore d divides both (p — 1)l + 1 and (p — 1)! which yie
d|1, an absurdity.
Note 2. Wilson’s theorem and its converse, taken Smn.ﬂrﬁ._ de
uecessary and sufficient condition for determining primality of a positive
iteger n. But this test is impracticable since (n —1)! becomes very large
#n assumes large values.

provide a

Wenow come to a theorem of Dirichlet that establishes the existence
Winfinity of primes in the arithmetic progression 1+ 4n,n € N.
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Theorem 3-

form 4n+ 1
Proof. Let N be aay pasitive integer. We shall show thay gy,

unuuv.zo:__oﬁo_.ﬂ?*.m. )
Eanngvu+~. Then m is odd and m > 1. Zoamo:rm .
2,3,....N is 8 divisor of m- Let p be the smallest unaa&ihusf
Then p> N. as.._,
We have (N1)? = —1(mod 3_. ‘H
Therefore (N1)P~! = (~1) 7 (mod p). .,
But (V)71 = 1(mod p), by Fermat’s theorem.
Hence (~1)F = 1(mod p)- |
A.l:u.mh is either 1 or —1. If Alwvﬂmlu = —1, then —] = 1 |
ust hold. But it is an impossibility, since p is odd. Therefore ﬂ..gb__ |
& 1 and therefore E5* is even. That is; p = 1(mod 4). :J;
Thus for every positive integer N there exists a prime p > p . |
that p = 1(mod 4) and consequently, the number of E.mEmm/oZrnﬁ
4n + 1 is infinite. n
This completes the proof. ,m

5.7. aw.mnv_mc There are infinitely many pri
ey
of
ty

Wi les.

_
1 the least positive residue in 2! (mod 23). “
23 is a prime and 2 is prime to 23. A
By Fermat’s theorem, 2% =1 (mod 23). _
Therefore 2* = 1 (mod 23)= 24 (mod 23)
or, 248=38 (mod 23). ,“
Simce 8 is prime to 23, we have 2*! = 3 (mod 23).
the least positive residue is 3.

p be a prime > 2, prove that 17 + 27 4 --- + (p—1)? =0 (mod p). |

By Fermat's theorem, !
P=1(modp), ?=2(modp),..,(p~ 1P =p—1 (modp). |
|

Adding the congruences, we have
P47+ +(p-1P={142+4- 4 (p-1)} (mod p)
= EED (1) m

=0 (mod p) since p — 1 is even.

{

N
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d

’ t
prov® e

o .T—.

the eighth power of any integer is of the form 17

ger &a_wum Gu‘ 17 then ﬁu = 17k.

/yik® jnte vl
/11 o _%.“.“ %&mﬁ_m. by 17 then a is prime to 17,
ifa is 0 y's theorem, a'® - 1=0 (mod 17)
E_&%u 58 — 1)(a® +1) =0 (mod 17).
of,
Bl = 0( mod 17), or  a®+1=0( mod 17),
gitber %1 = 0(mod 17)= a® =17k +1
n__..+H = 0(mod17)= a®*=17k-1.

o= 17k or 17Tk £1 where a is an integer,

%“”E::L:w&éﬁa%&.ﬁg&%gw&ﬁsa.
/ Laph e to 91, a is prime to both 13 and 7. G
ince I

Sin
t's theorem,
By P (mod 13) and a® —1=0 (mod 7).
a” " ¢ 1 =0 (mod 7), it follows that '? — 1= 0 (mod 7).

mEnmn d 12 =
z.uan:..umcﬁﬁomgmb @™ —1=0 (mod 7) together imply
0 (mod 91), since 13 and 7 are prime to each other.

M-1=
5 il —._%_ vuu ~-1=0 ABOQ mHv
Therefore al? — 12 =0 (mod 91).

“..==m$mnavﬂ.caéﬂgnamlw&%zmsm?
mgonﬂmmwvlﬂmwumawﬂnﬁonoﬁ:mluw&i&d_mwwu_ww

! Fermat's theorem.

Since n is prime to 9, n®) — 1 is divisible by 9, by Euler’s theorem.

4(6) =9.(1— 3) = 6. Therefore n° — 1 is divisible by 9.

&Rawwuo& prime > 7, n is one of the forms 4k + 1 or 4k +3,
where k is an integer > 1.

-1=(n-1)(n+1)(n*+n?+1).

Ifn =4k + 1, then (n — 1)(n + 1) = 4k(4k + 2). It is divisible by 8.

lin =4k + 3, then (n — 1)(n + 1) = (4k + 2)(4k +4). It is divisible
by, _

Therefore in any case, n® — 1 is divisible by 8.
Since 7,8,9 are pairwise prime to each other, n® — 1 is divisible by

189, ie., by 504. .

6 p 1 3,11
§oarwemw.+nwu+ A

.ﬂ-munumnammﬂmonp::mz.
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|
|
|

We have n? = n (mod 7) and n® = n (mod 3) for all naty,

n. Hencen’ —nisa multiple of 7and nd —nisa multiple ow W_.ss_i
Therefore there exist integers r and t such that n7 _ ) .,.
nd—n=3t Q. =Ty

1
—(r+t)+2+5+5E
= (r+1) + I =r+t+n, an intege,

Y A Tr4n 4 3tin . lln
SO L e ek

4.qoﬁﬂ_uwnnvn?mlcmv?mlanm(nJmm&imw,c_mg:
juftegers a, b, c. for i
Case 1. Let one of a, b, ¢ be divisible by 11.

Then abe is divisible by 11 and therefore abc(a® — b%) (6% — &8)(5 _
is divisible by 11 &)
Case 2. Let none of a, b, c be divisible by 11.

By Fermat’s theorem, a'®—1 = 0 (mod 11). Then 11|(a® —1)(q5 1)

Since 11 is a prime, either 11|(a® — 1) or 11|(a® + 1). .

Therefore a® when divided by 11, leaves remainder 1 or 10.

Since the fifth power of any integer, not divisible by 11, leaves only

one of the two possible remainders 1 or 10 when divided by 11, at leas
two of @°, b°, & must leave the same remainder when divided by 11,

Therefore (a® — b%)(6° — c®)(c® — a®) is divisible by 11 and theref
abe(a® — B°)(b° — &°)( — a®) is divisible by 11. T

p and g are distinct primes, prove that p?~1 4 gP~! — 1 is divisible
Pqg.
Since p is a prime and g is prime to p, g°~1 — 1 is divisi
a i P g is divisible by p, by
Since g > 1, p?~! is divisible by p.
Therefore p~! + ¢P~! — 1 is divisible by p.
Since q is a prime and p i8 prime to q, p9~! — 1 iz divisi
e q,p 1 is divisible by g, by
Since p > 1, ¢°~! is divisible by q.
Therefore p7~1 + qP~! — 1 is divisible by q.

Since P mﬂ_m. q are ﬁ—...:.n.m ﬂommh—uo.ﬁg._.mﬁmnv——
? OWs =1 \_l
is divisible by pg. that p9=1 4¢P ~

_w.muﬂesw%ﬁnovaﬁmmmh_a_.om:n+:u=_umc::m
i for, - m
m is an integer. m 4 — 1, wher
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o factor of n? + 1. Then p is not a divisor of n and

im
pe a —u:
pet P mod p): ol
=:L - - amwﬁm theorem, nP~! =1 (mod p).
py Fe i that p is odd. .
Let X Jﬁm\_ =1 ABO& p) s (i) i
A_:ms Hﬁ _ ABOn— Euﬂv TamVPml = AI: 7 AEOQ ») :.:
n? p
il -y and (i), we have 1 = (-1)7 (mod p).
From® c_whw is even and therefore p =4k + 1, where k is an integer.
Hence »m pis not of the form 4m — 1. If however, p be an even prime.
ﬂ_mﬂ w“o not of the form 4m — L.
P
E%: . a prime and a is prime to p, prove that
10.

7= 1 (mod P*):
-1=1 (mod p).
t's theorem, aP .
WMMM“M a-l=1+1p for some integer t.
Hence F? = (1+tpf ;i
=1 +ﬁ.nﬁ+ﬂﬁu.ﬁntﬁnu+.+:@vﬂ
— 1+ kp? where k is an integer .

ooamnnmusw_ n_% -p =1 (mod p%).

11. Use Euler’s theorem to find the units digit in 3'%.
Siace 3 is prime 10 10, 34019 = 1 (mod 10), by Euler's theorem.
4(10) = 4. Therefore 3% =1 (mod 10).

Consequently, the units digit in 3100 i 1.

12, Shet that 4(29)! + 5! is divisible by 31.

By Wilson's theorem, (30)! +1 =0 (mod 31), since 31 is 3 prime.
or, (31 - 1)(29)! + 1 = 0 (mod 31)

or, -(20)! + 1 = 0 (mod 31)

or, (20)! = 1 = 0 (mod 31)

or, 4(29)! — 4 = 0 (mod 31)

or, 4(29)! — 4 4+ 124 = 0 (mod 31)

or, 4(29)! + 120 = 0 (mod 31)

o, 4(29)! 4 5| = 0 (mod 31).

Therefore 4(20)! + 5! is divisible by 31.
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18. If 2n + 1 is prime, prove that (n1)? = (-1)m+1 (tod o
By Wilson's theorem, (2n)! = -1 (mod 2n + 1),

(2n)! =nl(n+ 1)(n+2)...2n.
n+l = -n(mod2n+1)
n+2 = —(n-1)(mod 2n+1)

n -1 (mod 2n +1).
Therefore (n+1)(n +2)...2n = (=1)"n! (mod 2n + 1).
Hence (2n)! = (-1)"(n!)? (mod 2n + 1)
or (n!)? (-=1)"(2n)! (mod 2n + 1)
(-1)". -1 (mod 2n + 1)
(=1)™*! (mod 2n + 1).

+),

m

Exercises 3C

1. Find ¢(xn), where
7 = 2048, (ii) n = 5040,

,\\ﬁp _USE—.ﬂ:Smﬂ:rE_.a__w:__nnon_n__ul_:a&smoa.vwoéz.ﬁu,_:
divisor of ¢(n).

i \a\m_aé that ¢(3n) = 3¢(n) if and only if 3 is a divisor of n.
4. Prove that ¢(n®) = n¢(n), for every positive integer n.

6. Prove that ¢(n) = 3 if and only if n = 2* for some Integer k > 1,

I n = 7200.

6. m,n are positive Integers and ged(m,n) = d, Prove that ¢(mn) =
¢(m)é(n) 5.

7. If every prime that divides n also divides m, show that ¢(rmn) = n¢(m).
8, If the same primes divide m and n, prove that ng(m) = me(n).

0..1f m,n be positive Integers, prove that d{m
_ n) = ¢((m 'm, n)), where
(myn) = the g.c.d. of a and b and [m, n) = ..,A__o _.Vn.a_&m.ﬂ n_ ”W_W_ﬁm i

u_;_...: .
.\mﬂc..v 1)in |e8. _.__u_.oq_zn_.o:ve__.o:i: primes, prove that ¢(n)o(n) =

[ A pair of
o tuin prime] Buccessive odd integers both of which are primes, Is ssld to be

:.:a.::i%t._
®=1)(p+1),0(n) = N&.wﬁmﬂ ﬂﬁﬁﬁm. #(n) = 4(p).d(p+2)*
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he 5th power of any integer is of the form 11k or 1lk+1

_u_,aa ss: ..\

g1 O ove that the 9th power of any integer is of the form 10k or 19k 4.1,
(i) i gl

provey % wau 4+ ¥nisan integer for every integer r;

iy L ; :
._qwa is an integer for every integer n.

W that 3
o _ptis divisible by 133 if a and b are both prime to 133.
o _ p'® is divisible by 133 if o and b are both prime to 85.

i) @ .
(i) and n 878 relatively prime integers, prove that m*™ 4 n¢(m) = |
5. ™
HR—Q& aau. . )
fpand g ace distinct primes and a is any integer, prove that a®"—a”—a+4
16.
s divisible by Pq-

17 Find the remainder when
) 333% is divided by 7,

8
(viod p(p+2)-

[Hint. By Wilson's theo
(mod p+2) (ii). From (i)
p+)+Ylp-N+1=
(mod p+2)]

10. Find the units digit |

(ii) 77777 is divided by 16,
»\I..l.t.\l\\l!\
pand p+ 2 be a pair of twin primes, prove that 4(p— 1)l +p+4=0

rem, (p—1)! +1 =0 (mod p) (i) and (p+1)!+1=0
4(p— 1)l +p+4=0 (mod p). From (ii) [p(p+2) -
0 (mod p + 2). Deduce that 4(p-1)!+p+4=0

7, (i) 777",

30, Find the last two digits in (i) .18..%}
[Hint, (i) By Euler's theorem, 74('°” =1 (mod 100).)

1, If p Is an odd prime, prove that
M 12.3°86...(p- 2 = AI:G+:\.~ (mod p)
() 22.42.6°...(p-1)* = (-1)"*Y/? (mod p).

[Hint, Use k = —(p~ k) (mod p). Apply Wilson's theorem.|

2.1fp Is & prime, prove that 2(p = 3)1 + 12 0 (mod p). o
[Hing. (p-1)141 = (o= 3p+2)[(p-3)) +1 = plp-3)[(p-3)+2p=3N1+1
Avrly Wilson's theorem.] ﬂ
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3.6. Greatest integer function.
For any real number r, there exists _E-.ESW.S n such thay ,, <
n + 1, ie., either z is an integer n of T [ies between two QEmmf
Eﬁéaga=+.ﬂ.;§gng_iﬁgﬁ Uthy,
Hna+s.s.w¢2=._mm=58m.m_.wuaom\.A_
. e sabd . ! part of z and i g
The integer n is said to be the infegra is dengy
ﬁhm.Hmmigggm?amgahilahga.\"HI—HM. &J
So we have the relation [z] < 7 < |z] + 1 for any real number ,,
every real number z corresponds to an integer [z] which is the Py h
integer not greater than r by the correspondence (], [] is said to be th,
greatest integer function.
For example, [.3] =0, [3] =3, [-3] = -1, [7] =3, V2] =1.

Properties.
1. [a+ b > [a] + [¥] for all real numbers a, b.
Proof. Let a = ny + fi, b = na + fo where n;,n2 are integers gyq

0<fi<l0<fa<L
Then [a] =ny, [} =m2, 0< i+ 2 < 2.

[a+b=[(m+ng)+ (L +fo)]=m+n {0< i+ o<1
=m+n+1,ifl<i+foa<2
Therefore [a + b] > [a] + [b]-
Corollary. [a+b+¢| > [a+b] + [¢] > [a] + [B] + [c] for all real a,b,c.
In general, [a; +a2+- - - +a5) > [a1] +[az] + - - - + [an] for all real numbers
a),az,---,0n- .
2. [a] + [-a] =0, if a is an integer
= —1, otherwise.
Proof. Case 1. a is an integer.
Then |ammubmbammm~.. _a_"m:—li.hln.
Therefore [a] + [-a] = 0.
Case 2. a is not an integer.
Leta=n+f, where n is an integer and 0 < f < 1.
H?,EEHFcAsAHUr_AleouvoAuleH.
mMulai\Hl:|~+:|b and therefore [-a] = —n — 1.
nsequently, o] + [-a) =n 4 (-n) =0, -
The proof is complete.

rd
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;+T+tu~ua:o_.== real a.
g —h..an=+\.ﬂrm«a:ig.immﬂw:ﬁ_cw\\_
és%aia_u__.nan?isom?_uom,&i.

H._..l.amu\A_.Hsa:omanwg«_WM\+w«_.
o) oo+ 41 = 0+ £+ 41 = and = a2 -
B+t 3 =ntn=2n=()

2.Then i < f<land] <

g Let 152/ < < and 1< f4deypl

ﬁﬂ&ca—a+ﬁh?+\+%ua+_ga_Niﬂmn:.vubnwma._.?

s o] +la+ 31 = (4 1) = 2041 = (2,
" completes the proof.
Theorem 3.6.1. The largest exponent e of a prime p such that p® is a
gisor of ml S EVERLDY

e=[2]+ [F]+ 3]+
proof, Let 7 be the least exponent of p such that p” > n. Then [2]| =0
wd this indicates that the series representing e is not really an ﬂmﬁ.ﬁ
series.
If p, 2p, 3p, - - ., P &T€ all the positive integral multiples of p not ex-
jing n, then mp < n < (m + 1)p. Therefore m < 2 < m + 1. This
implies [2] = m. This means that there are _ww integers < n that are

divisible by P-
Out of these ﬁw_ integers some may be divisible by p again and they

are p?, 2p%, 3p%, . . .. The number of such integers is [7%].
Out of these [J] integers some may be divisible by p again and the
mmber of such integers is [J].
This process is continued till we obtain some exponent r such that
¥ >nand in that case [3] = 0.
Hence the total number of times p divides n! is
(214 3]+ 3]+~

D illustrate the theorem, let n = 60, p = 3.
8 = 123..60. The integers < 60 and divisible by 3 are
$23,13,...,20.3. The number of such integers is [3]-
A Some of these [42](= 20) irtegers are &.smww?.g w“. They are
,...,6.32, The number of such integers is [¥:i.e- st}
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{ ivisi 3
Some of these _%zu 6) Esmwa are a__“m_m_zm by 3%, They are 30 |
(3], 1.e. [59]- 29 |

The number of such integers is
None of these [2§](= 2) integers is divisible by 34.

The process terminates.
umber of times the prime divisor 3 is repeateq

Therefore the n &
product 1.2.3...60 is [3] + (%) +($]=20+6+2=28 nth, |
Theorem 3.6.2. The product of any n consecutive positive mugmﬁ.

i is

divisible by n!. _
Proof. Let the first factor in the product be m + 1. Then the Prody

m+n)!

=(m+1)(m+2)...(m+n) =71
The theorem will be proved if we can prove that {ﬁ+w Ly an intege
Let p be any prime divisor of the denominator m!n!. Then clearly
is also a divisor of the numerator (m + n)L. i
The largest exponent r of p such that p" is a divisor of (m +n) s
given by r = [22] + [Z32] 4 [242] ..
The largest exponent s of p such that p* is a divisor of m! is given by
o=+ (3] +[3]+ 2
The largest exponent ¢ of p such that p* is a divisor of n! is given by
nuﬁw_+~%_+_w_+:.

But _nwgu 2 hﬁ_ +{8], _.ﬁu.wﬁ > [G]+ _maq_. ..., by the property 1.

Hrmnmmoum r 2 s+t. This implies that every prime divisor p of min!
appears in ﬂrm numerator of the fraction hﬁlﬂ”m at least a5 many times
a5 1t occurs in the denominator. Therefore mln! must be a divisor of

(m +n)! and the fraction ﬁh_w_ turns out to be an integer.
This completes the proof.

Theor ;
em 3.6.3. I n be a prime then "¢, is divisible by n for 0 < 7 <%

Proof. "¢, = 2a=1)(n=2). .(n-r41
; - The numerator being the product off
consecutive factors, ig am&m#._m by r! SRE N8 P
p ; ) y r!, by th i efore
rlis a divisor of n(n - 1)(n - 2)..(n iw.w +mumw8<_o=m theorem. Ther

m—ﬂg n mm a vﬂsﬂ gﬁ .
r
riin(n - 1)(n - 7). 18 less than n, r|

. Tln~1)(n - 9).
Eﬂmﬂmﬂg k sa 7

(e : is prime to n.
7+1) and ged(r!, n) = 1 together imply thét
n-r4 1). Therefore hﬁ.c?bw:?l_ﬁm is &7

B . = |

INTEGERS e
consedi®” .= nk and this proves that "¢, i o/
ible by ™
Jivi8 i mpletes the proof.
e r v_.oom of Fermat’s theorem.
_:._aa__m prime and p is'not a divisor of n, n7~! = 1 (mod p).

be 8
£ we prove that if p be a prime, n? = n (mod p) for all positive

irst

proo]. m.”.mg using the principle of induction.
- 8 Thy .
_%Ma gtatement n? = n (mod p) is trivially true for n = 1.

[t us 8S5UIE that the statement is true forn =k, k > 1.

Then k? = K (mod p).

Now (k+ 1 = kP +P cLkP 4P cokP2 4+ - 4Py 1k 41

_ kP + M(p) +1, where M(p) =P c1 kP~ 4P kP2 4 ... 4P ¢, k.

M(p) is divisible by p, since Pc. is divisible by p for 0 < r < p.
Therefore (k+1)? = k+1 (mod p) and this shows that the statement

»# = n (mod p) is true for n = k +1, if it be true for n = k. By
the principle of induction, the statement n? = n (mod p) is true for all
gatural numbers n.
Case 1. n is a positive integer prime to p.

Cancelling n from both sides of the congruence n? = n (mod p), we
bave n?~! = 1 (mod p).

Case 2. n is a negative integer prime to p.
There exist integers q and r such that n = pg+ r, where 0 <7 < p.
Then nP~! = rP~1 (mod p), where r is a positive integer < p
=1 (mod p), by case 1. 3

This completes the proof.

Worked Examples.
L. Find the highest power of 5 contained in 140!
1=28, (49) = 131 =5, (4901 = 31 =2
Therefore the required power is 28 +5+1 = 34.
M. i .
Find the number of zeros at the right end of the integer 141l.

EN<m are to find the greatest exponent of 10 contained E the integer

%._H.”.m w_.mmnamnoxuoguﬁosnongFon.Eﬂwmmuﬂmmﬂ S:N?.%T_HI%T
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(48] = 70, (3] = [F] =95 [#] = (31 =17, (] = (i) _
=8 =4 (W={=2=E=11H=[{ <o

The greatest exponeny of 2 contained in the integer 1471 704 %
17+8+4+2+1=137. 4

The greatest exponent of 5 contained in the integer E:H?wf + ,ﬁ_. |
£ 35 141 5 141 1 i

Tmh_ =28, —ulmpu_. = —u%ﬁ =5, ﬁﬂu._ = —ww =1, —ﬂﬁ = ﬁw_ =(.

The greatest exponent of 5 contained in the integer 141! = 2g +541,
34.

The greatest exponent of 10 contained in the integer 1411 jg the my
imum of 67 and 34, i.e., 34.

Hence the number of zeros at the right end of the integer 143} is 34

8.7. Mobius function.
Definition. The Mobius function p is defined for all positive integers
by
s(1) =1
p(n) = (-1)*if n = pip,...px, where py,pa, ..., px are distinct
Primes;
p(n) = 0 if p?|n for some prime p.
To be explicit, u(n) = 0 if n is not square-free and u(n) = (~1)* ifn
is square free and is the product of k distinct primes.

For example, p(1) =1, u(2) = -1, p(3) = -1, p(4) =0, u(5) = -1,
B(6) =1, p(7) = -1, u(8) =0, u(9) =0, p(10) = 1.

Theorem 3.7.1. The function 4 is a multiplicative function. That is, if
m and n be relatively prime positive integers, then u(mn) = u(m)u(n).
Proof. Case 1. Either m = 1 or n=1.

Ifm=1, y(mn) = #(n) = p(m)p(n), since p(m) = 1.

Wn =1, wimn) = u(m) = u(m)u(n), since u(n) =1.
Case u.. Either m or n has 5 prime square divisor.

W M:”_ case ::.“ integer mn has a prime square divisor. u(mn) =0

as a i -

ey prime square divisor, y(m) = 0. Therefore p(mn)

Ifnp ; gz
Esvt?v.ﬁ ® Prime square divisor, mn) = 0. Therefore p(mn) =

INTEGERS
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both square-free,

3 m o n = q1q2... 4, where p,, q; are dist;
w8 _ pp2- PR k. ' ] istinet primes,
V2 (0 pa.. PRGIGa . Gre p(mn) = (~1)k4r,
Hpen mn =P hold
Then £k p(mn) = p(m)p(n) holds.
A.:Whm_ogm the proof.
o o
This 3.7.2.1fn be a positive integer, .‘__M pldy=1ifn=1
rem J:°° n
et =0ifn>1.
=1. In thiscased=1and & p(d) = u(1) = 1.
E&.oamu.: 1. In thi I md) = p(1) =1
g.n>1 Letn= pY'p” ... p*, where py,ps,...,py are distinct
e
G_hwmmm WUQ Qi N H.
s um & p(d), the only non-zero terms come from the divisor

In the SUT G
{ and from those divisors d which are primes or the product of
d=

_a__._.%mmﬂmm primes.
Thus B u(d) = p(1) +{npr) + pu(p2) + - + plpx)] + [u(pip2) +

dln -
ylpps) 4o+ plor-1P6)] + - + p(Prp2. . - px).
1o the group [(p1) + H(P2) + -+ + p(px)], there are *c; terms and

each term is —1. .
In the group [u(p1p2) +p(P1P3) +- - -+ p(Pk—1Pk)], there are *c; terms
wd each term is (—1).

As p(pp2 .. - Px) M.T:ﬁ the last group containing only one term
an be exhibited as *c(—1)*.
k
Therefore M_u p(d) = 1+5 ey (=1) +* ea(=1)% + - +* (1)
dln
=1+ (-1
=0.
This completes the proof.
Note 1. % u(d) can be expressed as % u(d) =[3] for n 2 1.

djn o din
This follows from the relation []=1forn=1
=0forn>1.

Note g, To illustrate the theorem, let n = 24.
The divisors of 24 are 1, 2, 3, 4, 6, 8, 12, 24.
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..,wﬂ ald) = p(1) (D) 4 () + () 4 #(0) - p(8) 4. w1
N e (=D (=D A0 LH0+ 040 =,

ﬂ (d)y,

. Ef_

Theorem 3. 7.3, Ifn be & positive integer, d(n) =

*  [This e a relation connecting zi(n) and é(n).)

%i AJ.’IQ —- "= —.
In this case d = 1. ¢(n) = 1 and ..u_w p(d)Y = u(1) =1,

The theorem holde,

ﬁs’z u. n> r —g-un. ne ~.-;v-1 v _hv
_i_:% and o5 > L

o
* . where PLPy oy arn ;_z:
ey

e (- d)=2) (-
5 Y .rw.
e S

Thee are & terme In Mrﬂt. Each term can be expross
where o It a prime divisor ¢ . it ) m@.

Thee are Yoy terme in «,_.L.F Bach term can be expressed ag L0
wame divieor d of n where o is ..r_e product of two distinot prime ¢ c_%”

of n.
The last term =1 can be exprossed as “42, where d Is the produ

of & diztinot E.Ec.n visore of n.

Thix i to note that il a divisor d of n is not square-fiee, then ._.mn =
\ A\ h.s! rv
Thus the sum 1 4 ¥ FF. rh....Lm...ET v ._:.._ﬂ o oan be expressod a
E B8 Therefore ¢(n) = LG
This completes the proof,
Note. The thearem gives & summation formula for #(n).
To illustrate, (i ﬁ _2 n=p aprime;
#(n) = .m
it 4 %_ “n1-
(1) Tet = pg, where p, ¢ are primes;

é(n) TMU @&: _ &

= ol o0y ) ) 0] @ oty 4 2 4 2
=w(t= - 3 lmatll 43t B+ 4]
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4 Bxamp .
i positive Integer n, show that p(n)u(n+1)u(n+2)u(n+3) = 0.

e posltive integer I8 one of the forms dk,dk + 1,4k + 2,4k + 3,

witive integer. )

o o P
a_..__.zm__&_z_ then p(n) = p(dk) =

::-I&b ._..ﬁ
1tn=

then u(n +3) = ,:2:. +1)) = 0.
4k + 2, then p(n 4 2) = p(d(k -+ 1)) = o

% 43, then pu(n -+ 1) = pu(4(k+1)) =0
p(n)p(n+ p(n+2)u(n+3) =0, iraeaa positive integer

2_..,;‘? ) where py,pa,...,px are primes and a; > 1,

:==|3 yo(d) = (= Yy

* prove that ﬁ p(d
Lot d = 1. Then p(d)r(d) = p()r(1) = 1.
Lot d = pr. Then p(d)r(d) = :Q;..?; =(-1)2.
Ifd= pr,pa, - o) Prithen B L u(d)r(d) =* e (-1).2

Lot d = pipa. Then p(d)r(d) = p(pipa)7(pipa) = T:u.m»,
It d = pypa, PAPS) « «+ s Ph=1Pky then mt@l& =" og(-1)2.2%

I d = pipas < Phy then p(d)r(d) = (=)*2* = ep(-1)"2%
If d contains a repeated prime divisor, then pu(d) = 0 and therefore

nd)r(d) = 0. .
d)r(d) come from those divisors

The only non gero terms in umth
dal n which are either primes or the product of distinct primes (ie.

Qe free).
Therefore % p(d) l&
=14h g (1) +0 y(~1)22 4+ aa (=) 2
=(1=2)k = (=1)
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3.8. Diophantine equation 77+ =92,

A triplet of positive integers 7, y, z satisfying the equatjop ,2 s
22 is called a Pythagorean iriplet. T,y,z represent the sides of i Vs
triangle, z being the hypotenuse and 7,y the legs of the triangle. Highy
If z,y,2 be a Pythagorean triplet, then kx, ky, k2 s g
Pythagorean triplet for all integers k > 1 and they represen, ¢, 6 n.“ a
a similar triangle. of
A Pythagorean triplet z,y, z is called a primitive Pythagoreq, ”
if god(z,y, z) = 1. A primitive triplet corresponds to the smallegt Egur_
with integer sides among all similar triangles. Ble
For example, 3,4, 5; 6,8,10; 9,12,15; .. . are m.: Pythagorean EEE
representing similar right triangles, but 3,4,5 is the primitijve r.is
corresponding to the class of similar triangles.

Some properties of primitive Pythagorean triplets.
1. If 1, y, z be a primitive triplet, then z,y, 2z are pairwise prime tq each

other.
Proof. gcd(z,y,z) = 1. Let ged(z,y) = d > 1. Then d|z,d|y. Let P be
8 prime divisor of d. Then p|z, p|y. This implies p|z?, p|y® and therefore
plz? and this again implies p|z. This contradicts that ged(z,y,z) = |
Therefore ged(z,y) = 1.
Similarly, ged(y, z) = 1, ged(z,2) = 1.
2. If z,y, z be a primitive triplet, then z is odd and z,y are of different
parity [i.e., one of them is odd and the other is even.)
Proof. Since ged(z,y) = 1, z,y cannot be both even.
Let z,y be both odd. Then z is either of the forms 4n + 1,4n + 3.
In any case, z* is of the form 4n + 1. Similarly, y? is of the form 4n + 1.
So 2* is of the form 4n + 2. Since for any integer, odd or even, a perfect
square is either of the form 4n or of the form 4n + 1, 22 cannot be of the
form 4n + 2. Therefore z,y cannot be both odd.
Hence one of z,y is odd and the other is even and therefore z is odd.

To be definite we shall take z odd i
’ » ¥ even and of course z odd in 8
primitive Pythagorean triplet z,y, 2.

m.wﬂ_.mw wm.ru The primitive Pythagorean triplets z, y, z are given by
- ™o ¥ =2mn, z=m?+n? where m, n are positive integers
prime to each other with m > n, and # n(mod 2),

m.
asa_g@sn_sﬁsesg._squ»* where k is a positive

i
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. e 22 gives k? = AWmh:mrwhv = uv, say, where 1 = afz
o 0> 0= vand )
# = rﬂ\\. e ged(u, v) = 1. Since v > 0,v>0; ged(u,v) = 1 and
w&?_ uwunn square, it follows that u is a perfect square and 4 is a
8 %Hwﬂm. [This follows from canonical representations of » and v
t 847 2 y = n? where m, n are positive integers, ged(u,v) =1 =
et®~ | 1fm,n are both odd or both even, then u, v are both even
%%?1 o\nn radicts ged(u, v) = 1. Therefore one of m,n is odd and the
s €

4 this je,m# n(mod 2).
Jy, let the positive integers m,n with m > n be prime to each
?a_\_m_dmﬁs ﬂ :ABOn— Mv. 4
a0 2 m? — n? y=2mn, 2=m +n? form a Pythagorean
2 4 42 = z* holds. We show that ged(z,y,z) = 1.
&ﬁa_?nv =d > 1. Let p be a prime divisor of d. Then
et 9 . Pl plz = plm?,pln®. This again implies p|m, p|n, since
‘Fn?.ﬁ e. This contradicts ged(m,n) = 1. So ged(z,y,z) = 1 and

s wmﬁu a primitive Pythagorean triplet.
sh? ;
_m& completes the proof.
¢t us choose positive integers m = 2, 3,4,5... and correspondingly

ive integers 7t < 1M such that ged(m,n) = 1 and m, n are of opposite
p
EQ. - s =

We obtain the following table of primitive Pythagorean triplets cor-
wponding to the smaller values of m,n.

z y z
m n m?-n? 2mn m?+n?
2 1 3 4 5
3 2 5 12 13
4 1 15 8 17
4 3 7 24 25
b 2 21 20 29
5 4 9 40 41

 We shall obtain different tables of primitive Pythagorean triplets by
Mposing different conditions on z, ¥, 2.

L Lety and 7 be consecutive positive integers. Then 2
MEEESI:H l,sincem>n m=n+1=>7=
"“ly=on(n+1),z=2m% +2m+1.

mn+1=m?+n?.
(n+1)?-n?=
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As z is an odd positive integer, We obtain primitive P

triplets with every odd positive integer as one leg. ﬁrpmj
We have the following table corresponding to the smalley ol

\ :.Q

of,
T y z :
n m+1 2n(n+1) 2n?42n4
1 3 4 5
2 L] 12 13
3 7 24 25
4 9 40 41
5 11 60 61

Note. In thiscase,as z—y =12 = (z+y)(z—y) =z 4.

9. Let z and z be consecutive odd positive integers. Then y,?2 2
m? —n? +2. This gives n = 1. Since m, n are of opposite parity, , s
be even. Let m = 2k, k being an integer. Therefore z = 412 _ HME

dk,z=4k>+ 1.
As y is a multiple of 4, We obtain primitive Pythagorean triplets with

every multiple of 4 as one leg.
We have the following table corresponding to the smaller valyes of k

T ¥y z
k o4k?-1 4k 4k?+1
1 3 4 5
s 15 8 17
3 3 12 37
4 63 16 65
5 99 20 101

Theorem 3.8.2. The in-radius of a Pythagorean triangle is a positive
integer.
Proof. Let z,y be the sides and z be the hypotenuse of a right triangle.
The area of the triangle is 1zy and the semi-perimeter of the triangle i
wﬁn +y+2).

The in-radius r of the triangle is —=L_.

Si 2 a 2 T+y+z

u...Eoum swi\ = 2%, z,y,z can be taken as z = m? — n? y = 2mn, 2=
m? + n*, where m, n are positive integers of opposite parity with m >"
and ged(m,n) = 1. o Ry
2

_ mn(m®-n?
Threfore r = I.mTaﬂ_wL = n(m — n), a positive integer.
Note. m —n is odd and n is prime to m —n.
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ositive integer 7, there is a Pythagorean triangle with
n-

p
for n_mmmwcmmim may takem—n=landn=r je, m= ™+ln=r
A gle is BIVED bys=2r+Ly=2r(r+1)z=224204)
i : .
met o pe other triangles also. If there be an odd prime divisor p
—_n= = L .
ﬂ”__._mmn we maY take m —n =p and n = 7 giving a different triangle,
i
rked pamples:
sﬂ sz bes primitive Pythagorean triplet, prove that 12|y,
o
i - n?, y=2mn, z= m?+n?, where m,n are positive integers
£ " each other with m > n and m, n are of different parity.
e

EE.E% one of m, 7 8 even, ¥ is 8 multiple of 4 and therefore 4|zy.

5 . . .
pe of My iS5 2 multiple of 3, y is a multiple of 3 and therefore

ifo
u_“w none of My T is a multiple of 3 then by Fermat’s theorem, m? =
pod 3) andn? =1 (mod 3). Therefore m? - n? = 0 (mod 3), i.e., 3|z
Mhm Sm_.m_.onm w_He_.

4lzy and 3|zy = 12|z, since ged(3,4) = L.
3. Uz,y,2 be d primitive Pythagorean triplet, prove that 60|zyz.

7= ml - n? y=2mn, 2= m? +n?, where m, n are positive integers

prime 0 each other with m > n and m, n are of different parity.

n is a multiple of 5, y is a multiple of 5 and therefore

If one of m,
Slzyz.

If none of m, n is a multiple of 5 then by Fermat's theorem, m? =
(mod 5) and n? = 1 (mod 5). Therefore m* - n? = 0 (mod 5), i.e., 5|z
and therefore 5|zyz.

By Ex.1, 12|zyz. 12|zyz and 5|zyz = 60|zyz, since ged(12,5) = 1.

3, If r be an odd prime, show that there are two Pythagorean Eﬁmm_mm

with in-radius 7.
: .
The in-radius r of a Pythagorean triangle whose sides are T =" -
",y = 2mn, z = m? + n?, where m,n are positive integers of opposite
paity with m > n and ged(m,n) = 1 is given by r = n(m — n), where
m-n is odd and n is prime to m — 7.

There are two choices. We may take (i) m — 1= 1 w.naznwasnm
dtriangle, (ii) m —n = and n = 1 giving 8 different trisngle.

Thus there are two Pythagorean trisngles with ip-radios .
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Exercises 3D

1. (i) Find the highest power of 3 dividing 163!
(i) Find the highest power of 5 dividing 163!
(iit) Find the highest power of 11 dividing 1000!
2. (i) Find the number of geros nt the right end of the integer 229
(ii) Find the number of zeros at the right end of the integer 333
3. Prove that the number of zeros at the right end of the integer (5% _

525101
s,

4. Prove that the h
5. Prove that for every positive real number a, (3] + [2] = [a).
c.A.&A__-E_:cnuu3+m+\.om....AH

r

ighest power of n contained in (n” — 1)! is F.$_.L_F,L

[Hint. Assume (i) a = 2m+ [, ik

m is an integer.]
6. If n be a positive integer, prove that .
M3 -1F]=m (ii) [z +n) = [z] + n for all real z.
7. Prove that for every real number a, [a) +[a+ 3]+ [a+ 3] = [3a].
[Hint. Let a = n+ f,0 < f < 1. Consider the cases (i)0<3f <1, (ii) 1 <3<y
(i) 2 < 3f < 8] B
/&.aﬂ pLP2 - .- Pk, Where p1,p2,..., Pk 8I€ distinct primes, prove that um_w u(d)] =

2
@\w: =py'py? ...pg*, where p1,p3, .-, Pk 8re distinct primes and a; > 1, prove
that b u(d)o(d) = (-1)*p1pa- - . Pe.

n

. Ifn=p{p3?...p;*, where p1,p2,. .., pi are distinct primes and a; > 1, prove
that ._m u(d)p(d) = (2-p1)(2-p2)... (2~ Pr):
n

11. Prove that there is only one Pythagorean triangle whose sides are in arithmetic
progression.

12. Prove that there is no Pythagorean triangle whose sides are in geometric progre#
sion.

18. If there is no odd prime divisor of r, prove that there is only one Pythagoreat
triangle with in-radius r.

14. Ifr = py, the product of two distinct primes, show that there are four Pythagorea’
triangles with in-radius r.

Uiy

g

{ wa_u\:o_:_m_u.
- pression of the form
gz + 812"+t 4 ay, y
¢ 0gi011+ -+ 10 — ,m?m: :.:Ermﬂ (real or complex), n is & non-
wher nteger and r is 2 variable, is called a polynomial in » or &

An ex

__am“w__% “.“__“RQB_. function of z. :
o 40110 are called .Sﬁmnﬂ.m:__« and agr”™, 2% 4. are
alled terms of the polynomial. .:. g # 0, the polynomial is said to
e of degree ™ and the term agz™ is called the leading term,

The mmumqm_ form of a polynomial of degree 1 is agz +a;, i il

of degree 2is ac&b + ayr+ ug, ug # 0.
A non-zero constant aq itself is said to be a polynomial of "
Jhile a polynomial all of whose coefficients are zero is said to be a zero

solynomial and is denoted by 0 and no degree is assigned to it. :
Since a polynonial is an expression containing the variable z, it is
denoted by f(z),g(z) etc. The value of the polynomial f(z) for z = a
where a is a real number or a complex number is denoted by f(a).

In particular, if the cocfficients .y, ag, ... of a polynomial f(z) be
all zeal numbers, the polynomial f(z) is said to be a real polynomial.

Equality. Two polynomials of the same degree
ﬁn: +a1z" V' + - +a, and boz” + bz 4 - + by
we said to be equal or identical if ag = bp,a1 =by,...,8n = bn.

Addition. Let f(z) = agz™ +a1z" '+ - -+an,9(z) = bpz™ +byz™ ! +
"' +bm be two polynomials of degree n and m respectively.
The sum f(z) + g(z) is a polynomial given by
f)+9(z) = apz™+ -+ (@nom +bo)z™ + -+ (an +bm)
ifm<mn,
Aho+gwﬁ=+... +An= +m..=v ifm=n,
box™ + +-- + (byn + 70)2™ + -+ + (bm + an)
ifm>n.

I

Cla-13
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Let \.Ahv = agz" +EH:|_ + g ::_,ﬁav -
polynomials-of degree n and p, _.amwf boan
on:§€.+
=g Wby
= DOF +b—&

Multiplication.
bya™ 4+ bm be two

AHVQARV is a Uo_vﬁcuumm_ of Q_@.mﬂmﬂ m+4n gi
m4n=1 4+ + Crngny where Cy
..."D:.—.:u "O.

The product f
f(z)g(x) = oz " +O1T
.o+ 4 ajby, taking Gng1 = An42 =

bg1 = bmga =+ = bmgn = 0.
co = agby # 0. Therefore the degree of f(z)g(z) is m 4. .

?_+

Theorem 4.1.1. Division algorithm.

Let f(z) and g(z) be two polynomials of degree n and m reg

and n > m. Then there exist two uniquely determined polyn, EWM.M_
and r(z) satisfying

f(z) = g(x)q(z) +r(z),
where the degree of g(z) is n —m and r(z) is either a zero Polynon;
the degree of r(z) is less than m. al or
Proof. Let f(r) =aoz" +a1z" '+ 4+an, ag#0

9(z) =boz™ + b1z + -+ b, by #0.

Let us consider the polynomial

fi(z) = f(z) - m_nala.ﬁhv = f(z) - coz""™g(z), where ¢; = a,

Either f,(z) is & zero polynomial, or else the degree of fi(z) is n, <,
.~ Now f(z) = coz""™g(z) + f1(z). Two cases arise.
Case L. f)(z) is either a zero polynomial, or the degree of f;(z) < m.
this case ?
f(z) = q(z)g(z) + r(z), where g(z) = coz™ ™, r(z) =
theorem Is proved. ) (z)=h (z) and the

vly
9(2)

-Case IL. n; > m.
In this case f1(z) = poz™ +--- +pa. po #0.

Let falz) = fi(s) - Bz™~mg(z)
= fi(z) —c1z™~"g(x), where ¢; =
Eith i i ; o mn
o ither b.E 18 a zero polynomial, or else the ummwmmu&. Sfo(z) isng <

ll

, Now .DAHV = EHEJS.QAHV +\uﬁﬁv. Two Shfassidlas.
ase L. fy(z) is eith .
dhras, b wv_m Q.,_,a €r & zero polynomial, or the degree of fa(z) is less
o as [cgz"~ ™ Ny -
= 9(z)g(z) +r(z), E.o&u% Mwm b mu.n M“.M ""lg(x) + fa(z)
Case IL n, > ., :

POLYNOMIALS
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he proceas we get polynomials f,(z), f3(x), 5isY,... suc-
degrees form a monotone ..“mawma__m:n serjuence of Egma_.‘x
o steps we obtain a polynomial Ses1(x) which is 35_3..
or whose degree ng, is less than m,

= coz" "g(z) + fi(z),
We beve S a_”ua_ “Mg(z) + L_Ei_

ting b
wa_a..awcum
o

1
ﬁﬂu. mQ:
o ol omial

=
&
!

- ..“Mdaﬁs.qni + fei(z).

.?MHW MSH=|3+SH=_15+ +ckZ™ ™) g(2) + fua(
z) = rteg g(z)+ fus
Therefor® ! = q(z)g(z) + r(z), where q(z) = coz"™ 4 n_an_ .wan.w

aa-\a— and .__AHV = fat1(z).
, “ﬁ< snuoa prove the uniqueness of ¢(z) and r(z).
(]
sssible; let there be two other polynomials ¢;(z) and ry(z) such
If _Mi =q AHVEHV + r1(z), where the degree of q;(z) is n — m and
,ﬁwmm cither & 2ero polynomial, or else the degree of r(x) is less than
1l
L Then 0 = {g(z) — @ (z)}9(z) + {r(=z) — r1(=)}
r(z) - (@) = {9(z) —a@)}g(=) ... (A)
pe property of r(z) and 7, .Aau. the left hand side polynomial
(z)- r{z) is eitber a zero polynomial or else the degree of ri(z) — r(z)
W_Em than that of g(z). But the second possibility is ruled out because
the equality (A) demands that the degree of r1(z) — r(z) is greater than
that of 9(z)-
Therefore r1(z) — r(z) and consequently ¢(z) — q1(z) are zero poly-
somials and this proves uniqueness of g(z) and r(z).
) is said to be the divisor, g(z) is said to be the quotient and r(z)
gl
ls said to be the q..nﬂnn.ammﬂ.
If r(z) be & zero polynomial, f(z) is said to be divisible by g(z)- In
N \ L
this case g(z) is said to be a factor of f(z).
If, in particular, g(x) be a polynomial of degree 1, then r(z) is either
s zero polynomial or else it is a polynomial of degree 0. That is, in this
case the remainder is a constant, zero or non-zero.

of,
By ¢t

;SRE 4.1.2. Remainder theorem.

Ifa polynomial f(z) is divided by z — o the remainder is f(a)-
%a&. Let ¢(z) be the quotient and r(z) be the remainder when f(z) is
H_sn_.m dby z— . Since the divisor = — e is  polynomial of degree 1, the
“Méinder r(z) is a constant, say R. ;
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Tharefore f(x) = (x = a)g(n) + R.

Hence f(a) = 0.g(a) + . That In, fl@) = R
Corollary. f(x) can be expronsed an f(x) = ? ~ a)q(z) 4 :3
Definition. 1T f (x) Is a polynomial and f(a) = 0 then o 4 ;
a zero of the polynomial f(w). ol ¢, X

Theorem 4.1.3. Factor theorem.

If f(z) be a polynomial then = -

f(a) =0.
Proof. Let & —a be a factor of f(z). Then f(z) = (x - Dv.o?v i
polynomial g(x). Therefore f(a) = (a - a).g(a) =0. ; O 8oy,
Conversely, let f(a) = 0. Let ? be the remainder and g(z) be the
when f(z) is divided by z - a. Quotjey,
Then f(z) = (x - a)g(z) + R. But R = f(a) = 0.
Therefore f(z) = (z — a)g(z), showing that x — a is a factor of f(z)

a is a factor of S(z) if and o
Vil

Worked Examples.
1. Prove that z2 + z + 1 is a factor of z'% + % + 1.

We have z2 + z + 1 = (r — w)(z — w?), where w is an imaginary cube
root of 1.

Let f(z) = 20+ 2%+ 1. Then f(w) =w'?+w’ +1 =w+w? 1=,
JW) =P+ +1=wl+w+1=0.

Therefore (z — w)(z — w?), i.e., 22+ + 1 is a factor of f(z).

2. Find the remainder when 4z° + 3z° + 6z2 + 5 is divided by 2z + 1.
Let f(zr) = 4z° + 3z° + 62% + 5. Let g(z) be the quotient and R be
the remainder when f(z) is divided by 2z + 1.
Then f(z) = (2 + 1)g(z) + R and therefore f(—1) = 0.9(—3) +R.
The remainder R= f(-3) =4.53 +3.5 +6.; +5=6.
wv.ﬁ m.gmuprm remainder when z° — 3z% + 4z + z + 4 is divided by (z +
z-2).
_5 flz) = 2°~32%+42% + 2 +4. Let g(z) be the quotient and rz+3
be the remainder when f(z) is divided by (z + 1)(z — 2).
Then f(z) = (z +1)(z - 2)¢(z) + (rz + s).
Hence f(~1) = 0.¢(~1) + (-7 + s) ahd :
q(-1 2) = 0.9(2) + (2r + 3).
But f(~1) =3 and f(2) =6. Ar=lgtt
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_E_an_.a_ valuos of m, 27 + 2 -+ | Is a factor z9m Fam 17
Pl w)(z ~ w?), where w In an imaginary cube root o1
T b M+ 2™k L Then ’
[t :\H.Va ™+ 1 fW) =W W

?._\.V is a factor of 2™ -+ o™ + 1 If f(w) =0 and J(w?) =0,
eger ™ is one of the forms 3k, 3k + 1,3k + 2 whers k i an

et anmr\ﬁevu~+H+Hum§a:euvu~+ﬁ+pum.

When .
when ™ = gk+1, flw) =w twtl=08and f(w) =’ +wt1=0.
hen ™ = gk+2, fw) =w+w+1=00nd f(w?) =w? 4w 1 =0,
Therefore if m be not an integral multiple of 3, 2 + z + 1 is a factor
T ks #+1
) gynthetic division.
' 2 have seen that when 8 polynomial f(z) is divided by z — o the
a”%_. can be obtained readily without going into laborious process
m_m_,a%__ slgorithm. | =5y .
We now develop & gimple method of obtaining the quotient when f(z)
aivided by T — &
E_m._ﬁ the quotient be boz" ! + b1z % + -+ + b1 and the remainder
R
g Then aoz" + gzt + - +an = (boz"! +biz" 2+ bpr) (T -
| o)+ R. Equating coefficients of like powers of z, we have
a="b
a = v_ - Q&c
a=by—ab

e

Op-1 =bp—1 — abn-3

nzumlnva.lm. ﬁv
Therefore by, by, . . . ,bn—1 and 12 are given by
c.o 1 n-1 AR i o B

b= ap,b; = ay + aby, ba = a2 +aby,....bn-1
na+n& -1
in th
The calculation for bg, by,- - 1ba-1 80d R can be performed in the
bllowing scheme.

o R
T
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og a3 az L. Gy
oy aob oby_3 ab,_,
w B B b: R

The coscsestis of the poiynomial f(x) are written in the g

nﬂnﬂﬂ?«%ﬂuﬁuﬂd%gfﬁ&&&?»? _Frh

The third line begins with by(=ag)- Sﬁ.ﬂe
Ew%.ﬂqnu&w%%n??gp_+ .

b b W%gbgﬂnﬁmﬂgnﬁﬁwmgaﬂ+ﬂiﬂi

- g,
?gnﬁmﬂﬁﬁﬁﬁngﬂ@rwwﬂﬂngrw

i writsen below a.. the sum @, +ab.; gives the remainder p Aayg
The method described in the scheme is called the method of 5,

E@FE%%&»E%&B?EE&%@

ﬁmﬁnwﬁ.ﬂﬂ@ﬁnﬁ%%g&m&w?ﬂﬁ
of the desivatives of successive orders of f(z) at z=a, ie,, Encﬂpma
fla). (a),---, a).

Application of the method.
(i) To express a polynomial f(z) = apz" + a1z L+-:+n=&~
pobynomizl in z -
Let f(z) be expressed as Ao(z —a)" + Ai(z —a)" V4 4 4,
Therefore f(z) = ?1&??13:1_+b- (z—a)" 2+ “+An_1|+4,
This shows that if f(z) is divided by z — a, the quotient ¢,(z) is
Asiz—a)* ' + A(z—a)* % +---+ As—1 and the remainder is A,
Again g1(z) = (z—a)[Ap(z—a)* 2+ A)(z-a)" 2+ - -+ An_3] +4n,
This shows that if ¢;(z) is divided by z — a, the quotient g;(z) is
Ag(z —a)* %+ Ay(z - a)"® +.-- + A, and the remainder is 4,_,.
The process can be continued n times and the remainders are succes-
sively An, An1,..., Ay Finally ap = Ap.

(i) srw. f(z) be a polynomial in z. To express f(z + a) as a poly-
Let f(z) =agz” + 12" 1 4+ .- 4 q,,.
Let us first express f(z) as f(z) = Ag(z—a)"+A,(z—0) '+ +4An
Then f(z +a) = Apz" + Ayzp_y +- a +nwr. L
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les.
’ Munn.uuﬁ
N& ~“.\Ai“u...l#hu+wﬂn+wH+anvo_§Emlen-

1| 1 -4 3

2 o
1 -3 0 3
1 -3 0 3] 10
- =2 <3
1 -2 -2 1
1 -1
1 -1 -3
1

iJo

=1z -1 +0z -1 -3z -1)2 4 1(z - 1)

mmnnm.l.l =+ 10.
:\H.xafnminuu_m.anzis.
=
tw:_Euiulsim;Tw::.+P.,:EP_& ..... i
ted by sussessive application of the method of synthetic
%,mﬂ.nﬂﬂ“_uﬁm following scheme. of synthetic
&
3 &, e v e V6D
2. 2. 8 .9
1 1 4 14] %
1 N m Nc
1= @ 30 Jat
2 10
1 5 |20
2
1] 7

Heace f(z) = 1(z — 2)* + 7(z — 2)3 + 20(z - 2)? + 34(z — 2) + 26 and
assequently, f(z +2) = z* + 72 + 202% + 34z + 26.

Theorem 4.2.1. Taylor’s theorem.

If f(z) is a polynomial iu z of degree n and « is any number, real or
omplex,

@)= fla) + f'(a)(z — a) + L (z - a)? + - + L@z —a),
Prof. Let f(z) = agz™ + a1z™' + --- 4 an where ap # 0 and FME_
sune that f(z) is expressed as A + An-1(z — @) + An-2(z - a)* +
“tAfz-a)". Then f(a) = An. ,
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f(x) = A1 + 9An-3(z = @)+ + ndo(z - a)n-1.

Therefore f'(a) = An-1- L o™ earem
- 2A,-3(r=a)+ -+ n(n - P e L e .
f7(x) = 21An-2 + 3-24n-a(7 a) + )Ao(z | gy ™ ie N4 L@y ,
Therefare f"(a) = 214n-2, 1¢!, An-2 = LR, ] ; (9= fla)+ (@) mv Gl -aps. Llgl(y . o
b Efle o

M(z) = nldo. Therefore f"(a) = nlAy, ie., 4, = ﬁﬁ
Hence f(z) = f(a)+ f'(@)(z-0)+ L (z-a)+.. .4 I
%?13.

Note. The coefficients Ag. A1, ..., An are obtained as remajng This
e

r > g "
?\01% + iﬁﬂ ~a) 4 _Pmm:u ~a)"

)r¢(x) where $(a) = h_..ﬁ_,b # 0.

s a zero of order r,

=
% ke :
proves that o i

the successive application of the method .o_. synthetic divigio, d N

the scheme of Example 1. The m:nnﬂ%.__é derivatives ay Pt oW j, - Examples.

{(a). (@), -, [™(a) are therefore re ily obtained from th Uiy | Wor tactor of the f L

ders. e teng, | | a4 3pa-+a s 8 acior SHheTom (i~ )% Show that ¢? + 4" = 0.

. =3 + 3pz +¢.
Lt Zaawi a)? is a factor of f(z), f(a) =0, f'(a) = 0.

.3. Zero of a polynomial. since
4.3 o .;.a,.u ] is, a® + 3pa+q and 3a® +3p = 0,
Definition. a is said to be a zero of order r of the polynomjq) fa); Thot ™ BT e o
(z - a)" is a factor of f(z) while (x — a)™*! is not a factor of f(z) 2 ewmamoﬂwnmw igM TM,_.M ¥ + =0
: Flimina ' o

{ Theorem 4.3.1. a is a zero of order r of the polynomia| =) if
. = ) = T (a) = dfr i :f_.ﬁ..nu+au+ﬂwmmm?&owo:wmmonu (z — a)?, show that
V" only if f(a) = f'(a) frodey <0500 (e} 0. w_h, 27 = 0 and g + 12r = 0.

Proof. Let a be a zero order r. Then (z — a)" is a factor of f(z) =g+ pxd +qz+r=0.
(x~ o)* i not. Let J(3) = (£~ ola) where 9(e) 7 0. By | 21O T L
in = 1 - - et

&(a) = 0 implies that z—a is 8 factor of ¢(x) and consequently (z~a)#
is a factor of f(z), a contradiction. Therefore o +pa® + ga +1 =0, 40 + pa +q =0, 120 +2p = 0.

fllz) = (z- &..eﬂ?v + lva Iﬁ .HWVT_MAHW_ Therefore p = —6a®,¢ = 8a® 7 = —3a'.
= (z-a)(z-a)(z) +ro(z i B IV G e, ¥
= (z-a)49(z), where ¥(z) = (z — a)¢'(z) + ré(z) MW_HWM”% anq“,man M<M%.WW + wavu% et
and ¥(a) = ré(a) #0.
Therefore f'(a) = 0. Exercises 4

f"(z) = (2 - ) 2((z = a)y/(«) + (r — 1)y(x)]
= (z — a)"~?y(z), where v(z) = (¢ - a)y!(z) + (r - 1)¢(z) wd 1. Find the remainder when |
7(a) #0. . (i) 2° + 52* + 2® + 52® + 2z + 11 is divided by = +5,
Therefore f"(a) = 0. &a 2° + 2% + 22° + o + 4o + 3 is divided by 2z + 1.
i 4 Find the quotient and remainder when

7" Yz) = (z - a)g(z) where g(a) # 0. Therefore fr=Ya) =0. ,\aag +a® + 1 is divided by z + 1,
(l) 20¢ + 72® 4 @° + o -+ 4 is divided by 2z +1.

J"(z) = (z - a)¢’(z) + g(z). Therefore f"(ax) # 0.
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3. Show that
AT 22 + 210 420+ 2% is divisible by o 41,
(i) £ 4 ' 4 1 is divisible by -z +1,
Ai) (2 + 1)+ w; + 1 is divisible by 2% 4 z 4 1,
%.v (r+1)" —z" = 1is divisible by z(z + 1)(2? + 1 +1)
4. (i) Express 7° - 5z + 12z — 1 as a polynomial in (-1
/\T.o If f(z) = 2* - 32° + 10z%, express f(z +3) ay Polynomia)

:5:25uHu+mHu+GH|G.mvaMm.__.?.+ Emm_uo_
Determine h so that f(x + h) is free from the term containing HWSQEE in,

in T

5. Find the remainder when
(i) 2% + 27 + 2 + z° + 1 is divided by 2% + 1,
/\3 7' —3z° + 227 + 2 — 1 is divided by 2% — 47 + 3,
(iii)) z° + 22° — 32° + 22% — 5z + 10 is divided by (z — 1)?,
(iv) 2'° + 1 is divided by (z® + 1)(z* + z + 1),
(v) ' + 1 is divided by (z + 1)(z* + z + 1).
z\b polynomial f(z) leaves the remainder 10 when it is divided by (z -y

and the remainder 2r — 3 when it is divided by (z + 1)2. Fj
when it is divided by (z — 2)(z + 1) ’ )" Find the Temainge,

7. f(z) is a polynomial of degree 4 and f(n) = n + 1 f _
F(0) = 25, find f(5). ) orn=1234 y

“1f f(z) be a polynomial in r and a, b are unequal, show that the remaindgr
in the division of f(z) by (z — a)(z - b) is ?é:a-%lais
s .

9. Show that 1 — x4+ iwﬂ: _ ;Tw_ﬂ?s 4o (1) Elz=
=5 (@-1)(z~2)...(z-n).

n!

- If the Uc—u\.:D—ﬂmN_ " - QH:IH +7 has a .
{ as a lacto )2
that [£(n - m)j" = 1= (n — )™, a r of the form (z — a)?, show

“.r»m.ﬁ If Ru__.+ pT + _N_X a lactor of az® + bz + ¢, prove that a? — ¢? = ab. Show
In this case z° + pz + 1 is also a factor of cz? + bz? + a.

12, If az* 4-bs* . .
. +c has a factor of the form #*+kz+1, prove that (a+c)(a—c)’ =

b
f\wﬁ.\ Prove that z? :
not divisible by 3, +.§u + 7 is & factor of (z4p)" —z" — p”, if n be odd anid

14/ Prove that z* 2
/\ x +€N+N |H§l.ﬁN|NHm.mP&.gSHOM

A\ | n - n
2= Hly-2)" + (2 - )", if n is not divisible by 3.

5. THEORY OF EQUATIONS

\wﬁﬂn‘:nﬂmo:m.

plged” ial in z of d
ol \E pa polynomial in z of degree > 1 whose co-efficients are
E%EE& numbers. :
O o) = 0 is said to be an algebraic equation or a polynomial
Then

" The degree of the polynomial f(z) is said to be the degree of

%En_”b.wmcn ;:Hv =0.

Jation of degree 1 i8 agz + a1 = 0, where ag # 0.
An Mnusou of degree 2 is .pouu +a1T + a3 = 0, where ag # 0. This
_,.“S be & quadratic aﬁﬁaz.

i & uation of degree 3 is aoz® +a12% + a9z + a3 =0, where ag # 0.
Aned 1 to be & cubic egquation.

iq is 88 :

ew__up”“n yation of degree 4 is apz® + 6173 + a22? + a3z + a4 = 0, where
40 This is said to be a biquadratic equation.

" The general form of an algebraic equation of degree n is agz™ +

gL+ Honm1Z Fan = 0, where ag,ay,...,0, are real or com-
1

plex pumbers and ag # 0.
If « be a value of z for which f(z) becomes zero, i.e., if f(a) = 0,
(hen o is said to be a root of the equation f(z) = 0.

* Ihe existence of such an o for which f(z) becomes zero is assured by

2 theorem, called the Fundamental theorem of classical algebra,
which states that _\\ll : e
every algebraic_equation has a root, real or comples.
r!l|’||'||\|||||||\
Here we take the theorem without proof and derive some important

deductions from it.

Theorem 5.1.1. An algebraic equation of degree n has n roots and no
more,
_m.“.g.ﬁ —rmﬂ Hﬁu_..w = ncH_ﬂ + nwuﬂﬂln e + an be a @O_%.H—OEE with co-
dicients real or complex, of degree n. Then ag #0.

The equation f(z) = 0 is an algebraic equation of degree n.

By the fundamental theorem, this equation has a root, say ai.
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Then .2:: = (0 and by the factor :._a_.ﬁ—._.., T -
polynomial (=)

Let f(z) = (= m)/i(x) where fi(z) is & polynomia)
with leading co-efficient ag. By the fundamental 33350_._“.0? .
fi(x) = 0 bas a root, say aa. mBEﬁL

Then f(az) = 0 and by the factor theorem, r — @ 18 4
polynomial fi (z). ?23 a:r

Let fi(z) = (x—a3) fa(z) where fa(z)is a polynomiaj .
with leading co-efficient ao. mmwoa._..v

If n > 2, we continue with the same reasoning anq
polynomial fa—1(z) = ao(z — an).

Therefore f(r) = (z—aa1)fi(z)
(z - a1)(z — az2) fa(z)

@ is g facte,

Come Sooﬁ

I

- Hul Ev.ﬁ.u.lni,:ﬁ..p:u Jh
= agfz-a)(z—a3)...(z - Qhuwzu_ WWL

This shows that f(z) is expressed as the product of n :naE.FuEa
each factar corresponds to a root and this proves that a;,ay, i
n roots of the equation f(z) =0.
Now we shall prove that there cannot be more than n roots, |1
H&F__mnugwgo_.nﬁmoﬁwnou\?vHcﬁ&ﬂmhﬁaﬁnﬂ.
from a;.a3,-...a,. Since § is a root, f(#) = 0 and this woulq imply
a(f—ai)(f-a2)...(6—aa) =0.
Ewmﬂgzmgnmugwmcm&hlgmmcmozurm.:.._
Therefore f(z) =0 cannot have more than n roots. w

This completes the proof.

Theorem 5.1.2. If two polynomials f(z) and g(z), both of degree n
take equal values for more than n distinct values of z, then f(z) and
9(z) are identical polynomials.
Proof. Let f(z) =g(z) forz = ay,ay,...,a,, where m > n.
WB&.JEV uA 9(en), flaz) = g(a),. .., f(am) = g(cm).
z) = f(z) - g(z). Then is e i
ok ot L a.v ¢(z) is either a zero polynomial or s
In the case of the second ibili
d > possibility, ¢(z) = 0 happens to be a0
o g 10018 01,03, 0, since (a) = 0,9(a) =
m) = 0. Again since m > n, the degree of the equation ¢(z) =0

amot be n or Jess : .
Beénig SE&MQ”MM ™, Le., the degree of the polynomial ¢(z) cannot

.._pamm.ﬂ
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e #(x) I8 o zero polynomial and this proves f(x) and §(2) aoe

,_.wo_.am. I .ﬁ.o:ib_?

jes)
‘ta%_%?, os the proof.

iLg If f(z) be a zero polynomial then J(z)=0is said to be sn

gitio™ ther words, if f(z) and g(z) be two idens; .

“mn..ﬂ umw M?.v is said to be an identity, entical polynomialy
¢) =
oo/
et Bz 1+ 1)+ (6= 06+ c)a?
a+b)z" +THUFO-)b+c)z? +z41) 4 (-

j (0 \n@.w._m_ = 0 is an identity, because the left hand wE_a L_ﬁoﬂﬁ.ﬂ
__yHﬂ ¥ c~.<u0ﬂ=t
+C+£Hu+mu+:.+a?u+au+: =a(z? +cz+1)+b(z2 +
2 4 bz + 1) is an identity, because the equality is satisfied

ave seen that if f(z) = 0 is a polynomial equation of d n
Jnrw equation has n roots, say ay,aq,...,a,. In this case %Mwmmomu
theo E@m& as the product of n linear factors aq(z — a)(z-ea)... (z-
_Jn”s being the leading co-efficient of the polynomial f(z). The factors
E not be all distinct. If may be that a; = ap = ... = a-. In this
e (£ - o )" is a factor of f(z) .wnn @ is said to be a multiple root of
e There may be many multiple roots of f (z) = 0. If however, each
s counted according to its multiplicity, the number of roots of the
aquation f(z) = 0 is exactly n.
If @ be a root of the polynomial equation f(zx) =0 of multiplicity r,
iben (z — @)" is a factor of f(x).
Then f(z) = (T —a)"¢(z), where ¢(z) is a polynomial of degree n—r
ud ¢(a) # 0, because ¢(a) = 0 would imply z -« is a factor of ¢(z) and
ssuch (z—a)™*! would be a factor of f(z) contradicting the multiplicity

o a

Theorem 5.¥.3. If a be a multiple root of the polynomial equation
[(z) = 0 of order r, then a is a multiple root of the equation f'(z) =0
of order 7 — 1.
Proof. Let f(z) = 0 be an equation of degree n. Since a is a multiple
ot of order 7, 7 < n. f(z) can be expressed as f(z) = (z — a)"¢(z),
where ¢(z) is a polynomial of degree n — r and ¢(a) # 0.

fz) = r(z-a)'¢(z)+(z-a)¢(z)
(2~ 0)"rd(z) + (& - )¢ (2)] .
(z — @)™ y(z), where ¥(z) = ré(z) + (z — a)¢'(z)

I
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d v(a) = _&xnv # 0.
" ﬁ_mm deém that a s multiple root of f () = 0 of or der p :
root of f"(x) u“o of order r -2 4 muly; _

simple root, of fr-1 D
a simy ot of fr=1(z) < 0 .5“ Mas

Note 1. ais & multiple
of f"(x) = 0 of order = K
not a root of f"(z) =0

2. If a is a multiple root of f Aav. = 0 of order r, then the heg
elymominls /(z) and /() contains (=~ @)1 a actor. Ty
method of determining multiple roots of f(x) = 0.

Iy

To determine the multiple roots of an equation f(x) =, "o
the h.c.f. of the polynomials f(z) and f(z). The zeroes of ﬁ.w.a:q_ oy
polynomial give the multiple roots of f(x) = 0. heg

Worked Examples.
1. The equation az® + 3bz% + dcz +d = 0 has two equal roots, p,
that (bc — ad)? = 4(b? — ac)(c® - bd) and the equal root is w”?ﬂa ™
e=hI+
Let f(z) = az® + 3bz® + 3cz +d and a be a double root of f(4) St

Then f(a) = 0 and f'(a) =0.

Therefore aa® + 3ba® + 3ca+d =0 ... (i)
and aa? +2ba+c=0 ... (ii)
Multiplying (ii) by o and subtracting from (i), we have
ba?+2ca+d=0 ... (iii
e 2 ol
From (i) and (iii) ﬁﬂwnmﬁ = ?wﬁi = ey
2(bd—c?) _ _bc—ad _
Therefore <-— = Hac—b9)

or, (be — ad)? = 4(¥? — ac)(c’ - bd). Also a = NNWM.:%J.

2. Determine the multiple roots of the equation z° + 2z4 + 2z% + 454
z+2=0. ;

Let f(z) = 2B+ 208+ 28 + 4z 4242, F M= @-1)2.
Then f'(z) = 5z% + 82° + 622 + 8z + L. 102 g
The hcf of f(z) and f'(z) is 2% + 1= (z +i)(z —i). BV

Therefore the equation f(z) = 0 has two multiple roots, i of order !
and —i of order 2.

5.2. Polynomial equations with real coefficients.

émmr&_&mo:mmmo . . .
efficients are all real. . uwovs.emm,% vc_wuogaoncwsoumawog%‘
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_ quation with real coeffici
2.1 If an equn t//icients has a com
om u_e hos 0l8o the conjugate complex root ¢y — g, i

an ; P
i th words, in n equation with real coefficienty imaginary roots

g
n
o n other ._:m?ec pairs.

p con
Let / (z) = 0 be an equation of degree n with real coefficients and

aa&._  be o root of \?.& =0. ,: is obvious that n > 2,
divide f(z) by the product *.\m - (a+if)}z - (a=1p)}, ie.
mu. Let q(z) be the quotient and r(z) be the 38&33..

of q(x) is m — 2 and the degree of r(z) is at most one.

a real polynomial and (z — @)? + 2 ig also & real
ic i.‘& and r(x) are both real polynomials and we assume
q_%m:.wﬁ. ' b where a and b are both real.
_.EWH__\QEFS f(=) ==~ va.+ Pla(z) +az +b.

._“% o +if I8 a T00t, fla+iB) =0, ie, ala+if)+b=0

m“ fal b) +iaf =0 and this implies aa + b = 0,a8 = 0.

oy

put A # 0. Therefore a = 0 and consequently, b = 0.

By = (2 — )+ Fla(@).
(@-1i0) = [(a = i8 — a)® + B%q(a — iB) = 0, and this proves

Sl is a root of the equation f(z) =0.

ot o — 18
This completes the proof.

Nokes Ifafighos Ec_.n iple complex root of f(z) = 0 whose coeflicients
e all real, of multiplicity r then a — if is also a multiple root of the
wuation f(z) =0 of multiplicity r.

From the theorem it follows that imaginary roots of a polynomial
equation with real coefficients occur always in pairs. Therefore in such
a0 equation the number of imaginary roots is always even. ‘

If the degree of a polynomial equation with real coefficients be odd
then it follows that the equation has at least a real root. If however, the
degree be even then the equation may not have a real root at all.

If f(z) be a polynomial with real coefficients, to each linear factor z—
a-if of f(z) corresponding to an imaginary root a+ig there corresponds
aother linear factor z —a+if corresponding to the conjugate root a—i8
ad the product (z—a—if)(z—a+if) = (z—a)? +? is a real quadratic
fitor of f(z).

Therefore we can say that a real polynomial can always be expressed
% the product of real linear and real quadratic factors.
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Worked Examples.
L momqaﬁngﬂbnmobﬂn..—.ﬂutﬂﬂ.fmﬂo_:_..mﬁrdﬂpg~+.u.
- 6.

Euwaﬂu“kh&.u.‘u 2z + ! ;
miﬂh&ﬂowgﬂﬁguﬂﬁg3@59@392_~+_..

of the equation, 1 —1 is also a root. ..:.33
A.wn,&a.dan..mlc?.l—.fsuﬂulwu+uEu?ﬂo_.&
Let f(z) = (7 —27+2)q(z). Theng(z) =224, ,
iﬂv"@%.ﬂ"iu.&nf\wu
Therefore the roots of the equation are 1 1, -1 4+ /3;

Is toy

I(z)

2. Prove that the roots of the equation 15 + 2, 4 3 i
real g
Let us assume that the equation bas a 100t a + i3 where o
Since the coefficients of the equation are all real, a — ig 5
of the equation
Simce a + 15 & 2 root, ntwlw +o+..wlu+n+a,"wlu =a+if.

dmﬁﬁﬂ
e
gfaﬂ

rﬂﬂﬂnt&‘lnaﬂ..nlmumlm+nlnnm.lu+nlwalu =a-ig

Oz sohiraction. we bave

Aa.luﬂiuIﬂluwh!wb+ﬁn4a__hlulnl-hlnv+wﬁﬂ¢aﬂul‘u|&.lluuﬂv.m‘

o, 28] o=+ ot o 1) =0

Eﬁmgéﬁmgw_&&aﬁumﬂpgg
that the equation czrnot bave 2 root a+15 where 3 # 0. In other words
the ro0ts of the equation zze 21l real

3. Soive the equation 7* — 2% 4+ 222 — 7 4+ 1 = 0 which hzs four distine
rooiE of eqea] modali

Eafﬁ&iﬁsv&&mmgg.
Pﬂagﬂmﬁmig Theroots are v, —v, r{cos §4: sm §)
ﬂ.mﬂﬁnﬂmﬂg The roots 2= r{cos § =i sin 6) and rics 6=
i am ¢).
ﬂlnu...nmﬂ@lﬂg. i identirs] with

F-T)z Y -2 s gr 442 = g

E - ombP it gy Ay

ﬁgggﬁﬂnruggm in the g%
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20
ven equation is identical with
Uﬁﬂ_e&—u equa

n\_—.“.. cos 02 +.1u:ﬁnl 2r cos OT + ﬂu__ =)

:.u \ulnlnbm G4cos O)+2r* (142 cm 0 o8 &)r? — 263 (com 94

. ;

of- ._rﬂh“Q. 2
0V or(cos 0+ 08 ) = L 2r(1 42 con g ¢y B = 2
T +8moiu_.ﬂ__u_.

wh.numm . ﬂﬂm.no.mm.rﬂcmavﬂW.M....O@QQEQHC,

e Vi
ﬂu%m?m“m either cos # =0 or, cos ¢ = (.

] %Q“O¢$§W@<m§Q“w.ww:@”%.umn@“u.
Tz =0, we havecos =1 sin g = 3 g 4 _
.H.EH_.“OQMQ ) 2 F ] H@ 8

. . ik
Jfore the 100ts of the equation are +q. ..Inl..\un ]

. o Rmb@e.mm.ﬁ._on with anS:E coefhictents has a surd root
_wﬁ.\u where a. 3 are rational and 7 is not a perfect square. then it has
*"" e conjugate Toot a — /3.

.m._h other words, 1n an equation with rational coefficients surd ks
nﬁnﬂmuncﬂu:mmumﬁwﬁ.
?&.S:iucrmmnég&gﬁ:&,viﬁaﬂ&g
Eﬁa.r\wvmunooacmilna.?mgﬂgawwhﬁﬁ
svde f(z) by the product (z—a —/3)(z—a+/7) ie. by (x—af-3.
1¢ g(z) be the quotient and r(x) be the remainder. Then the degree of
¢1)is n — 2 and the degree of r(z) is at most one.

Smee f(z) 15 2 polynomial with rational coefficient and (z—a)? -3 &
yquadratic with rational coeflicients, g(x) and r{z) are both polynomizls
sru rztional coefficients. We assume r{z) = ar + b where q z2nd b 2=
4ok retional

Teerefore f(z) = [(z — a)? — Blglx) + ax + b.

Smee a + /7 18 a root, fla+ /F)=0.

Therdfore ala + /B) +b=0, o1, ([aa + b) +a/F = 0.

Bt 5#0. Therefore a =0.b=0and f(z) = l(z —a)* - Jlglz).

fla—/3) = [(a - VB — a)? — Figla — y/3) =0 and this proves that

i-/3 % 2 root.

wﬁnﬂw&ﬂﬁ%ﬁg

Noke. 10 20 equation with rational coefficients, the mumber of szrd oot
$ T even 1f the degree of such an equation be odd thes & =ust
% i least ome rational root. If bowever. the degree be even then B
"% 99t hawe & rational root at all

S
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Worked Example (continued).

4. Solve the equation 24200 1622 =224 7= which s

ot a\w 3 Foyeg
Since the equation containg only qzﬁ_ous_.aaaanmﬁ,m. /A

root. Therefore (z —2 - V3)(z -2+ Vv3),ie., 22 — 4z 44 b L._%:ass_

the polynomial  z* + 22* — 1677 — 22z + 7. Retor
Let 2% + 27° — 1622 - 22x + 7= (£? — 4z + )g(z).
Then ¢(z) = 22 + 6z + 7. q(z) =0 gives z = —3 1+ /3,

Hence the roots of the equation are 2+ v/3, -3 4 /3.
Theorem 5.2.3. Let f(z) be a polynomial with real coefficient ; >
be two distinct real numbers such that f(a) and f(8) are of mu @0
signs then the equation f(z) = 0 has at least one real rpof lying F__”Hag
a and /. L]
Proof. For the purpose of this theorem we assume z is a req| Varigh,
Since f(z) is a polynomial, f(z) is continuous for all real . Singe P
and f(4) are of opposite signs, it follows from the property of o a”“
continuous function that there is at least a real number v betweey, ang
A such that f(v) =0.
That is, the equation f(z) = 0 has a real root v lying between q 4pq g
Corollary. If f(z) keeps the same sign for all real values of z, the
f(z) = 0 has no real root and conversely.

Theorem 5.2.4. Let f(r) be a polynomial with real coefficients and a,f
be two distinct real numbers.

If f(o) and f(3) are of opposite signs then the equation f(z) =0 ha
an odd number of real roots (counting multiplicity) lying between a and
3. If f(a) and f(B) are of the same sign then the equation f(z) =0 has
cither no real root or an even number of real roots (counting multipliclty)

lying between a and f.
Proof. Let us assume a < 3 and a;,ay,...,a, are the real roots (nof

necessarily all distinct) of f(z) = 0 that lie between a and . The
(z - a1)(z - a3)...(z - ay,) Is a factor of f(z).

CLlet f(z) = (z-a))(z-ag)... (T - am)d(z).
Then f(a) = (a-a))(a~ay)...(a - am)d(a) and
J(8) = (B=m)(B-az)...(8 - an)p(B).

_¢(a) and ¢(F) must be of the same sign, because otherwise ¢(z) =0
will have a real root lying between o and / and consequently that will
another real root of the gﬂ.ﬂﬁmo-w \.Aﬂv = uﬁmﬂm between a _m.zn__ __Q E—in—u

[
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o our agsumption.

t
. %::wQ (a) and f(7) sre of apposite signs,
7 et S ag)... (o = ap) aid (3
prk g-o)la=oa)- %= On 8 0= ai)(B-ag)... (8- a,)
Then osite SIEOS: Since @ A.m. fori = 1.2.....m, the product
of 078 i) s = Qm) i8 positive and therefore the produet, (a -
mn\ n) (P (a—am) i negative. Sincea <a;fori=1,2,_ o, there
{ (a~?% her of factors in the product (o — a;)(a - 02).. (@~ ay)

dd ::ummu that m is an odd positive integer.

.. or0
this vrnn \Anv and f(3) are of the same sign.

(o5@ 2. E\EXQ|D& o A.QIPL and %lp_xmlna:.alni
“he same gign. By similar E‘.mwn.m:ﬁn as in Case 1 we can prove
weof ig either zero o an even positive integer.
{ M ,
,._mm ompletes the proof.
i Very often we shall be interested in the sign of the polynomial flz)
zoa.__.a&ma:w Jarge positive value of z. Such a value will be denoted by
a;uu Similarly the value of f(z) for a sufficiently large negative value
\H_“os..a pe denoted by f(—00).
0l
worked Examples (continued).
5. Show that the equation 77 +2z% ~ 2r — 1 = 0 has one positive root
.__.a iwo negative roots-one lying between —3 and -1 and another lying
wmps.mm_.__. oy | NDQ.O. 4
Let f(2) =% +2r% — 22 — 1. Then f(c0) > 0 and £(0) < 0.
Therefore there is at least one positive root.
f(0) < 0 and f(~1) > 0.
Therefore there is at least one real root lying between —1 and 0.
f(-3) < 0 and f(-1)>0.
Therefore there is at least one real root lying between =3 and ~1.
The equation has exactly three roots. One root is positive, one root
lis between —1 and 0 and one lies between -3 and —-1.

0. Show that for real values of A, the equation
(x4+3)z+1)(r—-2)(z-4)+Mz+2)(z-1)(z-3)=0

has all its roots real and simple.

Let f(z) = (& + 3)(z + 1)(z - 2)(z — 4) + Mz + 2)(z = 1)(z - 3).

Then f(—o00) > 0, f(—2) < 0. f(1) > 0. f(3) <0, f(0) > 0.

Therefore each of the intervals (—o0.—2),(=2,1),(1,3),(3,00) con-
ins at least one real root‘of the equation f(z) = 0. Since the equation
5ol degrog 4, all its roots are real and simple.



M4 HIGHER ALGEBRA

%ﬂﬁa that for real values of A, the equation

(z+1)(z— Nz -5z -T)+ Az —2)(z - )z - ;
has all its roots real and me.Em. Nz ~y.
Let f(z) = (2 —1)(z=3)(x—5)z=T) + Az =2)(z -
Then £(2) < 0./(4) >0, £(6) <0, /(8) >0. Dz ~gy,_
If 1+ A > 0 then f(—oc) and f(00) are both positive
In this case each of the intervals (—oc, 2), (2, 4), (4,6), 6.8
at least one real root of f(z) = 0. So the roots are 3 sl EL
If 1+ A < 0 then f(—o0) and f(0) are both negatiye,
In this case each of the intervals (2.4), (4.6). (6.8), (8.00)

=)

B

“onty;
w.n_u_wﬂ

Jeast one real root of f(z) = 0. So the roots are all real ang M_M#W.Eg
If1+A=0.f(zr) =0 is a cubic equation. In this Gage Ple.
intervals (2.4),(4.6). (6.8) contains a real root of f(z) = 0. €ach of the

Therefore the roots of the equation are all real and simple

) may be. ’ srﬂﬂd
Theorept 5.2.5. Rolle’s theorem.
Let f(r) be a polynomial with real coefficients. Between WO congy;

utive real roots of the equation f(z) = 0 there is at least ope real r,
the equation f'(z) = 0. i

Proof. Let a,3 be two consecutive real roots of the equation f@z) =
with multiplicity r and s respectively. Then (z — a)"(z — B)isa PM%
of the polynomial f(z).

Let f(z) = (z — a)™(z - 5)*¢(z).

Then ¢(a) # 0 and &(3) # 0, because otherwise the assumed multi-
plicity of «. 4 would be contradicted. Also ¢() and (/) have the same
sign, because otherwise ¢(z) = 0 would have a real root hetween a ang
3 and consequently f(z) = 0 would have a real root between a and j
which is a contradiction. B

(@) = rl@-a) Yz -p)y¢(z) +(z - a)
(z = B)*"'d(z) + (z - 0)"(z — B)*¢'(z)
= (z-0a)" Yz - )" '¢(z), where
¥(z) =r(z - B)¢(z) + s(z - a)¢(z) + (z - a)z — B)¢'(z).
Therefore y(a) = r(a - §)¢(a), y(3) = s(8 - &eom_v. =

Since ¢(a) and ¢(f) are of the same si , Y(a) and () are of dif
mﬂwmﬁ signs Eum_ this shows that the Bcba%“» E..‘M.v vH 0 wb._“mwnmﬂ:mn&
the equation f'(z) = 0 has at least one real root between a and J.
This completes the proof,

4
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etween two consecutive real roots o, B of the "
is either no real root or at most ope real root, of Hn
0 and such a root must be simple. e

W @)= .
h%:% if there exist two real roots of the equation f(z) =0, sy o, -
__mmn__ and ', then by the theorem there would exist a real root
3&_
.x
m

w:ou ﬁ?.v H.c Evmgﬁnogaugapgﬂosi SﬂE&Q
m%% Jre consecutive:
FH%__ as ¥ e pumber of real roots of %ﬁHv =0 wulum between o and
ﬂﬁnﬁ% one. Such a root of f(z) = 0 must be simple because 4
_n n—m.pcoﬁ of the equation .‘AHV = 0 must also be a root of HAHU = ().
tiple Jeast and y’ be the greatest real 3
the least & root of the equation
i N %amwnw of the intervals (0o, X'), (i, 00) will contain either no
ﬁi ua n,__. ot most one real root of the equation f(z) =0,
ro0 ’
o . evident that the E_..md“w_ (a’,8’) will contain no real root of the
It mu f(@) = 0if H?J\Ew > 0 and will contain just one real root
VAR A vtowh
d of the equation f(z) =0 be real and distinct, then all

1. B

he roots
i H_.w__ﬁnom.}uv — 0 are also so. Any two consecutive roots of f(z)=0
pe 100 ted by a root of f(x) =0.

ramm_vm.nm
Let the real roots of f(z) = 0 be ay,03,...,a, where a; < a; <

There are n—1 intervals (a1, a2), (@2,@3),...,(as_1, an) each
real root of f'(z) = 0. by the theorem. Since the degree of
1, these n — 1 real roots are all the roots of f'(z) = 0.

.&Qn-
oofaining 8
Euw sn-
Theorem 5.2.6. Let f(z) be a polynomial with real coefficients. If
the equation f(z) = O has r real roots, the number of real root of the
quation f/() = 0 is at least r — 1.

Proof. Let ay,@2,...,04 be the distinct real roots of f(z) = 0 with
rspective multiplicities my, my,...,m,. Thenmy +ma +---+m, =7,

Let us assume o] < a3 < ... < Q.

Each of the s — 1 intervals (@, a3), (a2,a3)....,(as-1,@,) contains
it least one real root of f’(z) = 0, by Rolle’s theorem. Therefore we have
w0t less than s — 1 distinct real roots of f'(z) = 0. -

Moreover, a is a root of f'(z) =0 of multiplicity m; -1
aq-is a root of f'(z} =0 of multiplicity mz — 1

a, mm. .p. root of f'(z) =0 of multiplicity m, — 1.
Therefore the total number of these real roots becomes
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(m D (ma=1)+ 4 (my=1)4 51

=(my+ma+-+m,) -1
=r=1
Therefore the equation f'(r) =

Thie complotes the prool.

Corollary. If all the roots of the equation f(z)

equation f'(z) = 0 connot have an im

Worked Examples (continued).

8. Show that the equation (z - a)® +
where a, b, ¢, d are positive and not all

Let f(z) = (z - a)’ + (2 = b)* + ( — ) + (2 — g3

Since the equation is of degree 3 i

three real roots. Let us assume that the equation has mor
roots. Let a,§ be two such. Then ['(x) = 0 has g reg|

and .

f(z) = 3(z-a)?+3(z - b)%+3(z - c)?
1272 = 6(a + b+ c + d)z + 3(a? + 2 + 2

The discriminant of the equation f
36(a + b+ c + d)? - 144(a?
Since a, b, ¢,d are all positive and n

a4+ pdl > (utbtetdy
4 1
or, 4(@* + 1 + 2 +d) > (a+ b+ c +d)?.

Therefore the discriminant of t
80 f'(z) = 0 has no real root.

This proves that the equation f(z)

9. Find the values of k for w
has four real and unequal roots.

Let f(z) = + 42 - 227 - 122 4 &,

Then \.___A._HV =

1

Az~ 1)(z + 3)(z
The roots of f'(x) =0 are -3, -1,1
Since the roots of the equation f(z

) = 0 are to be all real ‘
they will be separated by the roots of the equation f/ ?..waﬁ %: d distine

Therefore one root is less than -3,

=1, one root lies between —1 and ] a

0 will have g4 least, y _ 1
_....E I
X,
LN

= () be
aginary root, o, they l
@= b0 4 (oo
equal, has only op,, real _.oﬁw_..;
t has either only ong real ,,
0 nr_..—_u o:._mo_.r
root _um_.s.sﬂx_
]
+3(z ~ dy?
+d?),
() =0 is
+0 4+ 2+ ),
ot all equal
he equation f'(z) =0 s negative g

hich the equation 4 4 43

4z + 1222 — 47 — 19

=0 has only one real root,

=222~ 120 4k =

+1),

one root, lies between —% and
ud  one root ig greater than |.
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) i6 vaﬂic&. \Aluv =-04kf(-1)=T+ N_\CV -
00 |
pe vo”.,uﬂ”mﬂ‘__ less than —3 and A.‘ (—oc) is positive, therefore
ply 00 " e, Hence k < 9... (i) |

3) : uwmﬂ.“_«“m.__aa between -3 and —1 and H\%Imu is negative,
g ce only o:BE... be positive. Hence k > —7... (i) iy i
h._.zoun root lies between —1 and 1 and f(- positive,
nly

f(1) must be negative.  Hence k < 0... (i)
orefor® 0 i) and (iii) we have -T<k=l.
From \5

£) = agz” + mz™ ' + - + ap, where
7. Let f(z) = ao= ont
Theor® .w:.m integers. If p/q be 2 _.wﬂ-auﬂaﬂ.oﬂ r..“»m the equai
8_2.&_ rﬂwam P, q are integers prime to each other,
(2

(i) ﬁ.sw&iwo_.onas w:..._nwmn&inoaaqn?‘ .
(if) “Tnm:n_r&o;_::eauism&Eaa:T .

(i) Since p/q 18 a root of the om_Baoua f(z) =0,
wamﬁa yap" g4 Hanapg T Hand = 0
¢ n

-1 -9l
or, agp™ L+ 01" 2 Koot On-tg =

‘ - - . ] n
ion i i and therefore p is divisor o
hand expression is an integer . fo
Mwamm_“” p and g are prime to each other, p s a divisor of a,.
: - 1
20T — gyt 4l rpg" T O -
ain, 1P .
WN.“ right rambn expression is an integer and nrn_..mnn.am q Mm divisor of
agp™. Since p and ¢ are prime to each other, ¢ is a divisor of ag.
gt =1 Lo
i) flz+1) = aolz+1)" +a(z+1)" 4 +an
= Apz" + Aiz" '+ + An, S8y
where Ag = ag, An = Huﬁv.o
i i r+1)=0
Since f(p/q) =0,% - 1 is a root of the equation f(

anf

i n o . =10.
Therefore 2= is a root of the equation Agx .._Lf wna 4+ Ay
P—q afd anEd prime to each other, since p is prime to g.

By (I) p - qis a divisor of An, ie,p—q is a divisor of f(1). .
Proceeding similarly with f(z — 1), it can be established that p+q is

a divisor of f(-1)
This completes the proof.

a -1 -2 4+ ... + p, where
t T = T + H.._.H.: + P2z .
Mo__.uo:uﬂwu.... m_.._“ Fhawa. If p be an integer root of the equation f(z) =0
WP " ¥n g
i) p is a divisor of p, and i
,reM_E M;uv_ is a divisor of f(1) and p+ 1 is a divisor of f(-1).
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Worked Example (continued).

10. Find all integer roots of the equation and solve g4 values of @ for which the equation az? - 2% 4 9z — 4 = 0 may

g and golve the equation in each case,

Let f(z) = z% 4 2° — 222 4+ 4z — 24. Phen £(1) = ~p " . that 118 as_ua._w”m“mwo%" of the equation z° — 52% .+ 527 ~ 1 = 0. Find
. " :
Let p be an integer root of the equation. Thep p j _..«. (~y. 3 and solve
The divisors of —24 are £1, £2, £3, £4, 46, 48 41, ..M divig, o % ¢ equation

Since f(1) # 0 and f(~1) # 0, it follows that p P ey Kl
p—1is a divisor of —20. Therefore p # -2, 4, B8, g =k
p+1is a divisor of —30. Therefore p # 3, 6. TR, =129

Thus the only possible values of p are 2, -3, 4 Y, V&\ uu
NANV = D. \ﬂ:}.‘wv =0 and &.Alhv * 0. _H._—u.mﬂmm.o.—.m Tf-u T

4 _ 37 — 327 — 3z - 1 =0, one root being 1 + /2
lu=|ma.+uan+3nnlou|§n9 one root _u&_._m.\m+n

roots. (z—2)(z +3) is a factor of f(z) and fle) AM wnum ~3 arg iy ) A +2° — 22 +8 =0 having a complex root of modulus v/Z;
Therefore the roots of the equation are 2, -3 +9; ?+3?~+Mw ) 324 +22° + 927 + 4z + 6 = 0 having a complex root of modulus 1.
. ¥ i tic equation with rational coefficients f whose roots
a b ratic eq ents two ol roo
e
Exercises 5A 1. Form  biquadratic equation with rational coeficients two of whose roots
1. \ B, ..7@. be the roots of the equation .Hn _ .3 2 are 2t L.
\ yalue of ke +n+_u§g;.. 13, The equation 3z° + 52” + 52 + 3 = 0 has three distinet roots of equal
A (@4 D)B+1)(r+1)(6+1), poduli. Solve it.
)\«5 (20 +1)(260 4+ 1)(2y + 1)(26 + 1), 13. The equation 1 + 2% +3z~27 = 0 has three distinct roots of equal moduli.

At (@ +1)(8 +1)(v* +1)(6 + 1),
AW (@ + 1)(8 + 1)1 + 1)(8 + 1)

‘o U2y, .., Up H .: =
(o - n_uxw o nnv W Sachid equation =™ 4 naz + b = 0 pry, that §.The equation z* — 2z* + 182% — 18z + 81 = 0 has four distinct roots of
1-a3)...(a1 - a,) = n(a}~! +a). 1al moduli. Solve it.

,\w.\mo?o the equation, given that it has multiple roots. 16. Pr

that the roots of the equations are all real.

% :
+22% 4 242 _ :
& e ree (i) L 4 14 ... 41 =1 yhereaias,...,an areall
i) 2° 4 32% 4 523 4 552 . z+a, | ztaa z+a, =
(iii) z° 5 % ¥ +3z+1=0, positive real numbers,
E e +aum+wﬂu+an+uuo. =\§\.n.nn + u.nS + -+ u+HP_ = m_..._ where a,az,...,a. are all
n..:nvowa_ocv_m root of the equation z" Fpiz™ g, - .n:.dﬁm.{. .
a s p_uonn root of the equation "+ Pn = 0, prove tha ; ; )
Piz" "t 4 2pz"2 | gpygn-d M) 4 Lo+ + g = pip whereoias, . an and b
5. Prove that th o g are all vBEL real numbers and b > a for all £,
: o e equation 1 s " R
root, +H+mu._.+:_+w_.Hcogzo_.rméwn_:_gu_» é a.nn-+u.nnw+...+a+a=]m.._l.w.evn_.mn:na.::n:paaw
i , : or all 1,
7\?\ Find the values of k for w are all real and b < &
have multiple roots and solve

hich the
equation z? _ g 2 + Uz + k = 0 may

L&\. Ay +l;.u|+...+lmr. = z + b, where A, aq,b are all real and
the equation in each z+e) © 2tz
-t case, A > 0 for all 4. .

®+dn
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[Hint. (i) The equation ls —

T4a, =1
a) . ik n
o z4a) + z4ay + o H.Ipnl?f 1.

f\f\:.w polynomial equation f(z) = .o with real coefficientg has 5

(@ + 1f3)" where o, § are real and p is a positive integer, Prove .._Msn__g_f~

also a root of the equation. A (o umw
%.. a polynomial equation f(z) = 0 with rea oefficientq hag

root a + ifi of multiplicity p, prove that a - i is also g roq of :_w Sazﬁ

J(z) = 0 of multiplicity p. e 35.5.

19. Prove that the roots of

(z+4)(z+2)(z-3)+(z +3)(z+1)(z - 5) =0
are all real and different, Separate the intervals in wh

/\uow Prove that the roots of

(22 +3)(2z 4+ 1)(z - 1)(4z - )2z ~ Hug
nd different. Separate the intervals in which th

are all r

“ m:ae:ﬁ,gscgasn.-_ﬁn+nﬁ+»n°_§
(i) four real and unequal roots if —11 < k < -8,

HIGHER ALGEBRA

z
o T T ol

the equation

the equation

(ii) two distinct real roots if -8<k<117,
(ii§)  no real root. if k > 117,

Discuss the cases when k = 117,k =

[Hint. The roots of F(z)=0

22. Discuss the reality of the roots of the equation

' 442 — 1252

are -3,1,2, |

=322+ k=0 for different. real values of k.
23. Find the range of values of r for which th
3z +82° - 62 - Uy 4 r =

(@\sa;»mnun:wuuauo_ (i) 4
ygao - 82® + 2527 — 38, +24 =,

" 2B. Let f(z) = apz” 4 ayz
J(0) and f(1) be both odd
integer root,

Hence pr
integer root.

[ Hint. Let ¢ be an integer root, Let ¢ be o
f(c) = £(1) (mod 2) and so f(1) In even,

(mod 2). This implies f(e) =

"t ta, wher
Prove that the eq

wince .Rnu =
J(0) (mod 2) and go f(o

N+ (z+1)(2z -1

—Band k= -11,

e equation

0 has four rea] and unequal roots.
24. Find all integer roots of the equation and then solve

€ 89,0y,...,a, are integers. Il
uation f (2) = 0 cannot have an
ove that the equation g* 6z 4 342

dd. Then ¢ &

ich the rootg |j,

€ roots jg,

6% — 272 ~ 10 = 0,

=14z + 15 = 0 has n0

1 (mod 2), This implies

0. Let ¢ be even, Then ¢ =0
) is even,)
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¢heir nature and vo__z_o:.wo

oot
“%‘— r QN ﬂ@ﬁ.— HQQRG.

be the real roots of an equation f(z) = 0. The

¢ being finite, there exist two real mumbers u and |
real 100

.“H-N- ...ﬂ.. ..

%_%a E.Mﬂ ¢ai S ::ﬂ.uhaﬂ limit and [ is said to be a lower limit of the
Lo be @

&g ” [

" . Vlcgam:mu&? the coefficient of the leading

_. .. he real roots of the equation
0 P50 per w is an upper limit of the

all z 2 u. o
)=0 if f(z) > o~ mm.p lower limit of the real roots Mm the equati
A resl mﬁ.:vﬁ upper limit of the equation .\T&}M .3.&.% = ik
E“E?e is an b is said to be a lower limit of ¢ _SJIQ
: A ﬂg_.wmawmhp upper limit of the positive roots of f(z) =0
= C,_ iy
fle)

worked Examples.

=422 -z -1
i ﬁmﬁﬁvﬁww 0 if z > 1. Therefore 1

" , o fore —1 is a
Z.luv nca m.“.‘ NM.E of the real roots &. f(-z) .H. % Therefor
_3“n_mw_ﬁ.__ﬁ oﬂﬁ.&m real roots of the equation f(z) =0

254 =0
:Euom..:@afvaulma 1=0

i W - O-
v - )
2 ia upper limit of the positive roots of the equation f(z
is an

i it ts of f(z) =0.
Therefore } is a lower limit of the positive roo

=rf—4gd 42—z +1L
2. Let f(z) =12z .
e_su.,wi > 0if - > 2. Therefore 2 is an uppe
f the equation f(z) =0. . 1=0.
: .ﬁﬁnmv =0 gives 28 — 4z — 27 —2~1 .wc Therefore —3 is a lower
3 is an upper limit of the roots .on f Aluwllc {
limit of the real roots of the o.w:wso_w Hﬁw .I.lo. :
.‘_.ﬁwV =0 glves 2° — HM .ﬂ.a Mmﬁé roots of the equation fiHy=o.
i limit of the p e z)=0.
drmu_.n_wo“ %Wc“n_oe@n limit of the positive roots of f(=)

r limit of the real roots

-1 n=2 4 ... 4 DPn. The
=z +pz" T+ Pt -
Theorem 5.3.2. Let f(z) = % - ceed ¢/ + 1, where —p
vom.._ﬂ“m roots of the aﬂ:p:ﬁ%. .ﬁ A.“U nl:% M o.wﬂﬂwx first :w\mwsﬁ. coefficient
is the greatest negative coetlicie "

of f(x)./
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- ihat makes ° > p{z™ 7 L -y
Proof Aoy veloeof T oy

make flx) posiave
et z>1 Then
&.IVH‘«HIlwnTHHl!IHLﬁF..-nTHv'lmHngE
g r“>p—=
jo. i > 4
ie, # YW z-1)>p
ie, # (z-1)>p
ie, i z>gp+l

Theorem 5.3.3. Let a be 2 positive number such that
fla)>0,f(a)>0.f(a) 20.....f*(a) > 0.
Then no positive root of the equation f(z) = 0 exceeds q.

Proof. Let the roots of the equation f(z) =0 cm&B.Emmr&En
transformation z = y + a. , by th
Then /(z) = f(y +0) = f() + vS'(@) + 5 /"(@) + - 4 L pn
Since f(a) 2 0,f'(a) > 0;..., f*(a) > 0, no positive valye of , -
make f(y +a) = 0. Ve
Therefore f(z) = 0 has no root greater than a. In other worq,
an upper limit of the positive roots of the equation f(z) = .

Note 1. If /(0) 2 0, f(0) 2 0,.... f*(0) = O then the equation f(z) =
has no positive root.
3 n

Because, f(z) = f(0)+zf'(0)+ 3 f"(0)+---+ % f™(0) and therefore
J(z) > 0 for each z > 0.
Note 2. Let f(z) = apz™ + a12"! + --- + a, where the coefficients
ag,ay,...,an are all non-negative. Then the equation f(z) = 0 haspb
positive root,

Because here f(0) > 0, f/(0) > 0,..., f*(0) > 0.

Qs

Practical application.

While searching for an upper limit of the real roots, the theorems
discussed here can be applied to an equation. There is no general rulk
about the suitability or superiority of one particular method over another
Sometimes one of them gives a closer limit, sometime another.

Sometimes a better appraximation is achieved by grouping the tern
of the equation in a suitable manner so that the sum of the terms it esch

group 2 0 for z > h. Then obviously h becomes an upper limit of
real roots,

THEORY OF EQUATIONS

213
ples (continued). b |
imit of the real roots . \
ﬁia*ﬂ_wu%wmn limit of the of the equation H.lp.%+unnr \
fi
AT LR B 1 S

u&?&& nﬁbdquwbm&g.uﬁulﬁ+wn?|wv+muc.
e for z 2 2 vaammoaw.mggvvaqmﬁa&nrmgaoﬁ

:uwwvn. pooresn 5.3.2, 2+ 1 is an upper limit.
BY spply the theorem 5.3.3.
Lt 0 _ 2 +62—-2=2(22>- 327 + 3z ),

f8) = o2 122 +6 = 6(227 — 22+ 1),
fEc Mw\ 12 = 12(22 - 1).

““%Mo, f7(1) > 0,£'(1)>0,f(1) > 0.

Therfore 1 is an upper limit of the real roots.

te. The theorem 5.3.3 gives the closest limit.
Note:

Find a0 VPP limit of the real roots of the equation z* — 2% — 272 —
4

i 4+ 1= 0.
Multiplying the equation by 3 the equation can be arranged as

ﬁ.lﬁ:i&_ —622) + (24 - 122) +3=0
o 2z - 3) + 22(2? -6)+z(z*-12)+3=0.
m._hna group > 0 for z 2 3. Therefore 3 is an upper limit of the roots

of the equation. ¥ ¢
By the theorem 5.3.2, 4 + 1 is an upper limit.

Let us apply the theorem 5.3.3.

Let f(z) = z'-7*-22% -4z +1.
Then f'(z) = 4z°-3z%-4z-4,
fl(z) = 1222 —6z —4=2(6z>-3z-2),
f"(z) = 24z-6=6(4z - 1).

f(z) > 0forz > 3, f'(z) > Oforz > 2, f'(z) 2 0forz 2 1,f"(z) 20
forz>1.

Hence 3 is an upper limit.
i 3 _9p?
5. Find an upper limit of the real roots of the equation z* 327 =227+

243=0.
The equation can be arranged as z7(z* — 32 — 2) +(7z+3) =0
Z > 4 makes each group positive.
Therefore 4 is an upper limit of the roots.
By the theorem 5.3.2, 3 + 1 is an upper lLimit-
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Let us apply the theorem 5.3.3.

Let f(z) = o*-3-22747, 4 3.
Then f'(z) = 423 -0z -4z 47,
['(z) = 1227187~ 4= 2(ga2 _ g, _ 2
f"(z) = 24z -18=06(4z - 3), .
J(z) 2 0forz > 3, f'(x) > 0 for 2 > 3, P s s
["(x)20forz > 1. ey,
Hence 3 is an upper limit. %1

5.3.4. Descartes’ rule of signs.

In a sequence of real numbers 0,81,...,ay, nope of wh;
the signs of two consecutive elements may be same of differ,
same sign occurs we say that the elements show 5 Contingq
when the sigus are different we say that the elemengs show ,
signs.

For example, in the sequence 1,3, -5, -7, 9,
tinuations and 4 variations of signs.

ch i

fon of g

If some of the elements of a sequence be zero, we j

. gnore thejr
in the sequence and count the number of continuat;

For example, in the sequence 1,3, -2, 0,
continuations and 2 variations of signs.

We state here without proof a celebrated theorem of Ummam:n
known as “Descartes’ rule of signs”. ,

Statément of the rule.

The number of positive roots of an equation () = 0 with req coeff.
ents does not ezceed the number of variations of s

igns in the Sequence
of the coefficients of f(z) and if less, it is less by an even numper.

This says that if v be the number of variations of

f signs and r be the
number of positive roots, then v = r 4 9y where 4 is a non-negative
integer,

Deductions.
1. The number of negative roots of an equation f(z) = 0 with real coct

ficients does not exceed the numbey of variations of signs in the sequence
of coefficients of f(~z) and if less, it is less by an even number,

Proof. Let r’ be the number of negative roots of the equation f(z) =0

L
E_DJHEQ”“_“.
~4,10,2 there oy, Yoy

Pr €sep
. ons and SEEQEMM
igns.

=3,0,4,0,0,7 thepe iy
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ser of positive roots the equation f(-z) = 0. Lot
::J._H.ﬁli ioma of signs In the sequence of coeficients of
A Rl

the .
b /= ¢/ + 2h where h is a non-negative integer,

r ho
:____” the ___“_Ha, rule, v .
Y n equation of degree n with real Sa&m.«:? ”.E.q:_u

(1) = 0 be A / are respectively the number of variations oa mhﬁ;

1 it/ o and U1 fRcients of f(z) and f(—z) such that v + o/ < n,

e %MNU = () has at least n — (v -+ v') complex roats.
tion J\&) =

i d ' be that of negative
ber of positive roota an .
n_uwo”:_w._mu; = 0. Then by the rule, v = r + 2h and
ﬁa&. [ the equatl / non-negative integers,
te @ opt where h, I are i
Al MRS ndn—(r+r)zn-(v+7) .
=T el |f\l.. v, T m a n OEﬂHGM. roots QM n—.—.@ BED.:QE
Therel© (r+7)is the number of ¢

v mﬁ@-—
the eq|®

d the assertion is established.

If the oots ol he equation f(z = () be non-zero eal and v, are

5* v Pm. %H v " : af “

3 I L w_ cpmaﬂ. of variations of signs in the sequence of coeffi-
i n

3 o positive roots
aanﬁ_w ) an f(~) then the equation £(z) = 0 has v
& m e
n__mupmo

tive roots. B —
wod V2087 / be respectively the number of voa_:cﬂwnwu_sn _Nw n..n s
proof. Let T M d let n be its degree. Then w+1 .A.H.z._.. :%.S Eaﬂn o
ol /(%) unchEu_mx roots of the equation is n — , by deduct
0

= (. Therefore r +7" =
et I the roots are real, n — (v+v') =0
Since 3 .
= v <,
e > rando > Butv>rand vty = r+r’ =
By the rule, v 2 -

s contradiction.

!
Therefore v = r and consequently v' = ’.

Worked Examples (continued).

6. Apply Descartes’ rule of signs
the equations ~
() z*+2c+3z-1=0, :
(i) B+zt+a?+z+3=0
-1
(i) Let f(z)= ! +mwh .fuuu..l )
Then f(—z) =gi+22* -3z -1

f
to examine the nature of the roots @

signs in efficients of f(z) are + + +— &
The si in the sequence of no. 4
H:m is only one variation of signs and therefore pumber of pos-
ere is h b

i ly 1.
itive roots of f(z) = 0 is exactly 7.
_ The signs in the sequence of coe!

'

ents of f(—z) are + +——-

i
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Hwndwgr_gn.d,uraono.,&mﬁggmﬂmca the nyg
ative roots of £(z) = 0 i exactly 1. Sy
: 2 Therefore the
‘gmgﬁggsggﬂ, U_.—EFGHO—.
2. The equation being of degree 4 has 4 roots. Consequeny, ™y,
of complex roats of the equation is 2. .Em.aﬂh

ﬂmw E.‘mhv“.ﬂﬂn.th’h.lhﬂu?ﬂ*vu.
ﬂ.’ghhlﬁv"hmn.-ﬂhnﬁvnulh.l.rp

Eﬁ?%ﬁgoﬂ&&ﬂcmi&wﬂ+++
bmgw.ggomﬁﬁmﬂgﬂsaugsgmh%
Enﬁuﬁﬁﬁgggﬂa&.ﬂﬁliﬂa++#aﬂ
There are 2 variations of signs. Therefore the R.f+.

roots of the equation f(z) = 0 is either 2 or . = Eaxi
Eﬂﬂgisggﬁrﬂ&a;ﬁg&i

either 2 or 0. oot
The equation being of degree 6 has 6 roots.

of complex roots of the equation wﬁ.vﬂaﬁm..x_mﬂaﬂ.cﬂ

4.—.&21?»%—5@%&8&5
g&ﬂﬁvﬂ&ggﬁﬁgﬁngi_“”_w#
sequence of its coefficients. —muugon.‘ﬁuvﬂcsi?af
the equation bas v positive roots and 1/ negative roots. e
T’EEEDO.NI.TQ_HIlm*....TPI ’gsgﬂ
polynomial if vo o, is zero e

m_ﬁ.:&rnaaﬂrxg.owua:sa& =08
deduction 3 of the rule, the desired result is derived. ok

53.5. Sturm’s method for Jecation of roots.

h 4

THEORY OF EQUATIONS "

,\. @n» no.am.p.ma. J(=) be a polynomial with rea] coefficients ang
) m,.." first derivative. Let the eperation of finding the hef of
S be (r) be performed with the following modification.

. of each remainder is to be changed before it is used
: \N.._.p...“ﬁmﬂ:a the sign of the last remainder is also to be QQQMWK
o odified remainders (ie.. the remainders with their g

The ua.“.w denoted by f2(z). fa(x).. ... fo(z). i
ﬁwt . Hv....uh.ﬂu..v, .

E_MEQ 2 .?:Q.S@Ea h2).7al2)...... £o(z) are called ans-
e 10nS-

functt :

Fog e usual process of mbnm.um the h.c.l of two polynomials Wwe can
—“14. (ot divide) any remainder by a constant, pasitive or negative
aa:. +his modified process of forming Strum’s auxiliary functions it is
aﬂm o)) -@r-1(x) be the quotients in the successive steps,
4o Starm's functions f. fi. fa..... f, are connected by the equations
ah-h
efi-fi

:.usiog&zs.ﬁrhﬂua&aliu::gﬁm
fiz) bas oo multiple root. But if f(r) has multiple roots then the h.c.f.
d f(z) and f1(z) s a polynomial, say p(r). In this case all the Sturm's
fsctions are divisible by p(z) and the remainder ~[e(z) = plz)é,(2),
where 9.(r) 1S a constant.

Swmhsvos!dwgﬁ!d&mg.-g?g&og
tee of real roots of an equation.

Sturm’s
._. roots unequal.

Let f(z) be a polynomial with real coefficients and a. b are real num-
(a < b). The number of real roots of the equation f(z) = 0 lying
gaiawésnﬁgﬂﬁaﬁg&g&aa
S the sequence of Sturm’s functions f(z). fi(z),...,f.(z) when z = a
7= the number of changes of signs in the sequence when z = b.
I roots.

"2t f(z) be a polynomial with real coefficients and a, b are real num-

Cags
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bers (a < b). The

between a and
only) is equal
ﬂ—ngﬂm O_. mﬂ—u

pumber of chan

number of real roots of the equatjq
b (a multiple root, if there be any, b
to the excess of the number of changeg
rm’s functions f(x), fi(x). ..., fr(x)
ges of signs in the sequence when z =

HIGHER ALGEBRA

WOIY

ng oOE..:..mo_ S:@

Er“. SBnS i the
T =

0 g, Sa

A mﬁ”_ﬂ.

Worked Examples (continued).

” Find the number and position of the real

k=0
m 3z + e 1)
hHix)
falx)

Il

f(=)
(-00) -
0o +
o0 +
The equation has 3 real roots, one negative and two Positive

roots of the ma:wsos 5.

2 -3+ 1, \

22 -1, (removing the factor 3)

2 —1. fa(zr)=3.

h(z) fa(z) fa(z) changes of sigy
+ = + 3
+ o+ + 0

Location of roots.

f(z)
-2 i
-1+
0 +
1 —
2+

filz) falz) fas(x) changes of sign
S + 3
0o - + 2
- - + 2
0 + + 1
S 0

One root lies between —2 and —1; one lies between 0 and 1; and ope

lies between 1 and 2.

\aﬂan— the number and position of the real roots of the equation
@.._mamafsmu 6z +1=0.

Here f(z)
fi(z)
Ja(x)

Il

i

- 7% — 623 4 1022 - 67 + 1,

22° - 92% + 10z - 3,

(removing the factor 2)
Tz2 — 127 + 5,

falz) = -1

fa .E divides .ﬁ,..,?v without remainder. This establishes that the given
equation has multiple roots. 1 is a double root.

flz)

(~00)  +
0 +
o+

The equation has 3 g;
root. Therefore all the ro

changes of sign
3
= *¥4gL L 3

stinct real roots, but one of them is a double
omm of the equation are real and all of them &

hiz) falz) fa(z)
-_— + e
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f _..ODnm.

Silz)

0

_ 0
5 +
¢ lies between c and wﬂ one root (the double root 1) lies
9; and one lies between 3 and 4.

\u?vb?v%asm&cma@
+ = 3

== 2
+ 1
+ 1
+ 0

++++

oo

1
el 7 and

The calculation of Sturm's functions becomes very often
45, But labour may be saved by the following considerations.

pere is 0O multiple root the last function f.(x) is a constant and
1. H: oy 18 required. Let o be a root of f._;(x) = 0 tken f,_s(a)
its m_m-_ﬁ a) are of opposite signs, since fr_2(a) = g,_1fr—1(a) - fr(a).
wd fr o the sign of fr(z) can be ascertained from the calculation of
Thus the labour of actual calculation of the constant f,(z) can

be qum&.

g, If at any stage we obtain a function f,(z) such that all of its roots are
a.uaaoxu then the h.c.f. process need not be continued further and the
jetermination and location of real roots will be possible from the set of
unctions f(z). f1(£):---» fs(z), because f,(x) retains the same sign for
oll values of = and no alteration in the number of changes of sign can
ake place in the sequence of functions beyond f,(z).

Condition that all roots may be real and distinct.

Let f(z) be a polynomial of degree n with leading coefficient positive.
Inorder to ensure the existence of n distinct real roots, n changes of signs
must be lost in the sequence of Sturm’s functions as z changes from —oo
to 0. Therefore n + 1 functions must be present in the sequence and the
leading coefficients of all these functions must be positive.

Worked Examples (continued).
10. Find the nature of real roots of the equation
r® —6z+2=0. :
fw)=u% — 55 +2, fi(z)=42%-1, (removing the factor 5)
fa(z) = 2z — 1 (removing the factor 2).
Therefore fa(z) is a constant.
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\
=0 when z = 3 o fil3 a(d)
fa(z) 0. Therefore Ewu > 0 and 50 fa(z) > m moﬂaw._%na_u

sigus. f1(3) < \ Hap_vs_;
flz) hiz) falz) ,_sa%uv  changes of e 2,
& e + - 3
A SN_ + =y = + 2
00 + + + + 0

The equation has 3 real roots, one negative and twyp Positiv,

~Find the number of real roots of the equation
;Y Hb+hﬂw|uﬁulwﬂlm”°.
\ﬁuvunffﬁul% -2z-5 fi(z) un.,u_u+aau ~z -]
fa(z) = 722 + 22 +9. ; ok
The roots of f2(z) = 0 are all imaginary. Therefore fa(z) > 06
real T. ::
The remaining Sturm’s functions need not be calculateq.

f(z) fi(z) fa(z) changes of sign
(-o0) + = = 2
0o - =T 1
o0 + + + 0

The equation has two real roots, one positive and one negative.

12. Find the condition that the roots of the equation = + 3Hz +¢ =
may have three real and distinct roots.

The Sturm's functions are

f(z)=1+3Hz+G, fi(z)=2*+H,

fo(z) = ~2Hz -G, fi(z) = —(G* +4H°).

In order that the roots may be all real and distinct,

(i) there sould be four Sturm’s functions and

(i) * the leading coefficient of each-function should be positive. .

Hence the conditions are -2H > 0 and —(G? + 4H®) > 0,
i.e., H <0and G? + 4H® < 0

m.womm two conditions can be expressed as the single conditios 't
H <0, because the condition G? + 4H3 < 0 implies H < 0.

k. 4
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Exercises 5B

40 UPPCT Jimit of the rea) roots of the equation
:.,_a i pda" = 112° -9z - 50 =0,

N T

(i) «_5z° +40z° =8z +24 =0,

-

(i) 4_ 6z —82% — 152 -10=0. ,

5 . 2
(j Use theore™ 5.33; (i) 2%(@" - 52420) +20(2? - 32 4. §) =,
4 _ 6z —15)+ (2 -8z -10)=0)

glculate gturm’s functions and locate the position of the real roots of the

(i) Hul...n+quo_
(iv) z®-5z+5=0.

s_3r—1=0,
Hn-lNH'U"Ou

g
equations have no real root.

3, Show that the
2 -z+6=0,

3 Ha.lHn—.W"O. HE

<E\m.+unu|an|ua+:uo.

. 1fa and b are positive prove that the equation z* — faz + 4b = 0 has three
al roots or only one according as a® > or < b*.

Descartes’ rule of signs to find the nature of the roots of th i
e e e g
H\S\H,.+uﬁ +3z-1=0, (i) z°+4+1=0, i

a__vaau._wo r MA mwa:%nm_@xf;x\mm
Vi) Wrs;o..ﬂ* - ae.:"M. 2 4p e 11420
8. Apply Descarfes' rule of.signs to ascertain the rinimum number of complex

roots of the equation
z® -3z - 2x -3 =0,

z\Ei\ﬂqlwnu+uuuo.

vgav =223 4 7z® — 2z — 3 express f(z — 1) as a polynomial in z. Apply
escartes’ rule of signs to both the equations f(z) = 0 and f(-z) =0 to
determine the exact number of positive and negative roots of f(z) =0.

8. (a) Use Sturm’s functions to show that the roots of the equations are all

%ﬁnm—.nn.
2% +3z7-3=0, (i) 2°+3z°-9-3=0,

%.a ' +52° — 13z +5=0, (iv) 2*'-120"+4=0,
W) 2*+42° —2? — 100 +3=0.
1117 0 I signs to find the number of positive and negative
T00ts of the equations in (a).

(i) z'-3z°-z+1=0,
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ts and coeflicients,
Jation between o0
5.4. Re =14+ +an be 8 polynomiq
f@ = O enag £ 0. O gy
mooa_emna .. an be the roots of the equation f(z) _ 0.
o e e o
;oM [z" - MQ-H:L + Bona" T -t AISJQHDM o z
= g n
= m;B of the roots, ' Vhey
MS <um of the products of the roots taken two 5 & time
@107 = . :
: g H i of the ﬁnomﬁnem of the roots taken Tatg tiny
0102 ,1 . 2 8,
From the equality of polynomials it follows that
0 = noA.LMDL_
ap = QDAMnEQuY
as = DoﬁlMuQ._QMQwvu
On = Dcﬁlwu:.D:.Qu s
Therefore Lo ulm.wu
Taag = mw_
. Tayjagas = lmw_
ayorg..an = (-1} 2.

Partjcular cases.

then

MQ = |w'

Ya

— 2 —
;®|ncu QQ%| ap’

" If a, B, 7 be the roots of the cubic equation aoz® +0127 + aaz 0=

. # 3
9,4t a, 6,7, be the roots of the biquadratic equation goz* + a7t
a27% + a37 + a4 = 0 then ¥

Taf =%, Safy=-2, afrd=gy

a
Ta=~

ag’ ao’

Worked Examples.

. ul
L. Solve the equation 22° — 2% — 18z +9 = 0 if two of the roots 8¢
.. o magnitude but opposite in sign.

Let the roots be a, 8,7 and a = —4.

THEORY OF EQUATIONS
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_ 1 ”
i i i R o) )
e gy+7a = =P o (i)
of afy = ~3 ~oo (i)
+ =0, from (i) 7 = 4 and from (iii) o? = 9,
gince m. e a=*£3 Hence the roots are 3, -3, L
Theré
e the equation 1 62 642" + 567" + 162~ 15 = 0 whose roots are
v.\m“w“ﬂamao progression.
in & ihe roots be & = 30,a—d,a+d,0+35. Then
I =% .. ()
35) + (@ +3)H(@ ) +(a+d)}+(@?-98%) + (o - 2) = 8
(@~ S (i)
\§9+§:E|3+3+§ (@—0)(a+d){(a-34) + (a+35)}
{le =-18 . (i)
(@ -9 - =-8 . (v
rom (i) @ = 1 and from (ii) 6a” — 106> = [ or, § = £1.
Therefore the roots are 1 — m.H ~Hl+ W. 1+ m. ie, lw. ¥.3 m

olve the equation 2z* — 52° — 152° + 10z + 8 = 0, the roots being in
mmoamﬁo progression.

. First we observe that if four numbers a,b,c,d be in geometric pro-
gression then ad = be.

Let a, 3.7.d be the roots of the equation. Then

at+f+y+d = m I
@+0)(B+1+ad+py = -% i (i)
ad(B+7)+Bv(a+d) = -5 oo (i)
adfy = 4 v (iv),
al = Oy e (v)
From (i),(iii) and (v) we have ad =f8y=-2 ... (vi)
From (i) (o +8)(B+7)=-%F ... (vii)
From (i) and (vii) it follows that & + &, 8 + 7 are the roots of the
equation # — 3¢ — Z = 0. Therefore t = -1, 7... (vii)

From (vi) and (viii) it follows that one of the pairs (a.d) ﬁua (8.7)
are the toots of the equation z2 + ¢ — 2 = 0 and the other pair are the
100ts of the equation 42 — me -2=0

Solving, we have z = 1, =2; y=-nt

Hence the roots of the given equation are -1 1. -4
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. r 3 of th
4. Ifabed multiple root Mnmm_. ey b2

0, (d # 0). shoW that = 3¢ +ﬁ+g
i f the equation is 0. Let t
o d # 0, no oot 0 he rogyg be 4

§

Sinc
% O_ Q * O b _Q.:_
Then mﬁ% Satf = O () ]
302 +3af = b - (i)
o438 = -¢ c (i)
adf = d o (iv)
From (i) f = ~3a; from (iii) mwu = ¢, from (iv) 304 = e

3t _ _d
msnmo%c.a#c_smwpémmu = -4

,\%. Find the relation among p.,¢,7, § 80 awm.._“ the product
the equation z* + pz® +¢z° + 7z + 3 = 0 is unity.

Let a, 8,7, be the roots and af = 1. Then

or, o "-l.mm
3c”

of two rogy

at+f+y+d = -p wen + (1)
(@+f)(y+6)+af+vd = ¢ aes (1)
af(y+68) +1da+B) = -1 ()
D‘Qq& = 8 A:&

From (lv) ¢ = s and from (iii) (y + 6) + s(a + B8) = —r
From (i) and (v) a + f =7==£.

From (i) v+ 6 = -p-7=2 = B=.

)

1-8
From (if) (L) (5=r) +1+s5=¢

or, (r—p)(ps —r) = (1 - 5)%(q — s — 1).

5.5. Symmetric functions of roots.

. A function f of two or more variables is said to be a symmetric furc

tion If f remains unaltered by an interchange of any two of its varisble

For example, f(z,y, z) = z2y? +122% + 2222 is & symmetric function

of z,y,2. f(z,y,2) = 2y + y2 is not symmetric in z,, , becausé i
not remain unaltered if z and y are interchanged.

>. symmetric function of the roots of an equation is an &P
that involves all the roots alike and the expression remains unalt
8ny two of the roots be interchanged.

1
: o, AT
For example, if @, 3,7 be the roots of a cubic equation; % )

N Qe [
18 & symmetric function of th e 2 2y + 70 BT
symmetric funggion. e roots, while 28 + 0

ression

ered i
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tric function which is the sum of o numper of terms of the
H%Bmoz_g by any one of its termg with a © ?5:3 hefore

the symmetric function a2 + 42 4 42 ig 1,

P epresented
19, + fiyo+ y2af3 is represented by Zagy, y
?___3 ihree variables &, 8,7, Ea?p? stands for a2p? 4 P2 4 4202,

four variables @, 8,7,6,  Ta’(? stands for o2 + B2 423 4

wd T 252,

e .I%% +7
o

worked Examples.
If o, 8,7 be the roots of the cubic equation z* + pz? + gz 4 r = 0
(L) 3
ME the value of \
. sa. (i)Y Ta’p,
m..—m_ ai_v MDLH.
"Since a. 3,7 are the roots, Za = —p, Taf =g, afly = ~r.
(i) Tal = AMQvu —2%af =p? - 2q,
(i) Ta?f=ZaZaf - 3afy=—pq+3r,
i) Za® = Za? La — Ta®B = (p? - 2)(-p) ~ (~pq + 3r)
= —p? + 3pg - 3r,
(iv) Ta?f? = (ZaB)? - 2Ea(afy) = ¢* - 2,
() Bl =/atiptae = L,
?; M% = mlnhnm\n — m.
uI
i) T =(D1) -2k = m — ko Lok,

Note. It is assumed in (v),(vi) and (vii) that none of the roots is zero,
ie,r#0.

(i) Za®, (i} Sa??, (v) EL, (wiy~

¥ 1l a,,7,5 be the roots of the biquadratic equation z* +pz* +qz%+
243 =0, find the value of

) Ze?, @ a2,

iy Talfy, (iv) Za’f?
LR D242, (vi) MMW&ME._‘T M%_ (viii) T
Since a,,~ are the roots, Za = -p
Laf = 4
MD«EQ = -T

) Ba? < (£a)? - 2808 = p? - 24,
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a2 = Sa.Tal — 3Daly = —pq 4 35,
Muh-w? = MQHQ%J - bﬁwr\wqm =pr - hh
A.T_.w Uﬁ.uun - AM,QMJ MMwDuQJ - OD@J& s Qu _

: o Taldty? = (Bady)? - 2Za?F§ = 2
@

Y ~2 iy,
s 8,
(vi) wwwmmwnim, 2( swm Qm%&

(i) B& =(83) - 225 =5 - 1= oy
L
Note. It is assumed in (vi) (

ie,s#0.

/u\:._m:vaoaooﬁmc:w.mmnEwn_ouHu+aa+wi
value of (i) Ea®.
(i) Since a. 8,7 are the roots,
Aoa®+ga+r = 0
mu+mm+1 = 0
Y+ey+r = 0.
Therefore Za®+¢Za+3r=0
or, Tad = -3r.
‘Again, a®+go®+ra? = 0
B+g+r5? = 0
r+r+r? = 0
Hence Za® = —g¢Ta® - r¥a?
= 3q¢r —r(-2q). since £a? = (£a)? - 2508
= UQ.—-. .
a.a — Gy
—a(B+v) — B, sincea+G+7=0
—(af + 87 + 7a)
g
-2 J

vii) and ?.5 that nope of th
e ﬂooww
B,

T.L M“ Nu”,lmu.qa .

e ”PMUQ.QMHQ,DQ.«J
oy £

(i) o®-pBy

il

I

Theref Lot
erefore & ——— 13 =

4. Ifay,0,...,0, be the roots of the mncmbon

P APE 4+ pr T 4 g, =0 (p #0),

find the value of (j) L, (i) Lo, (i) mehlwm»u i
Since q, Q2,...,a, are the roots,
MQH. - IlﬁH_MUQHQN Ilmuwv..._nwpﬂ = A.IHV-@D.
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- EA-1
Pa *
(if) ,
e} =Y L ;.u.
"D_Amﬂ+m+.i+%ﬂvl—
1 1
+Quﬁmﬂ+mﬂ+.:+mﬂv:~
l—l.-. ~...
1
+Q=AD|—+D|u.+...+.M.|n -1
lmfmllalsw.. L g
@w eorem 5.5.1. Newton’s theorem.
Let @1,02: -+ Cn be the roots of the equation
.25!a=+Ea=|_+EH=|u+.:+?nc

pd let sr = 01" + 02" + -+ an’, where r is an integer > 0. Then
(i) sr+P15r-1 +p2Sr—2+--+prs1 4+ =0,ifl<r<n

?V sr+P1Se-1 tP2Sr—2t+ +PnSrn =0,if r >n.
First we prove the following lemma.

Lemma. f'(z) =z + (51 +1p1)z"? + (2 + prsy + npa)z™ 3 +

ot (Snc1 + P1Sn—2 + -+ - +nPny).

Proof. f(z) = (z — a1)(z — a2)...(x — an).
f@)=(z=a2)(z—a3)...(z—an) +(z—)(z=)...(z—aa) +
ctE-e)(z—a) ... (2 —an1)

=+ £ L

Let us use the method of synthetic division in order to express ¢ hl
8s a polynomial in z.

1 n P2 s Pn-1 Pn
ay a? +pan "+ e

I ay+pr e +piar +m " 4t O

Since a; is a root, the remainder is zero. N

H.rm_.mmoﬂm (=) = g"! + Aﬁ: + Evﬁalu =4 AD»w +pa + Evﬂ: +

e -1 oo
+A f .TH;QH lw+ +ﬁ=!._.v
We obtain similar expressions for L0 v )

T-m' uIDu LR

£
k
I

T
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Adding al these, we have /() = na"d 4 (5,

pusy +pp)a” S+t (Samt F P12+ 4 Pny) Jan~a .
Proof of the theorem.

(i) We have f'(z) = nz" " +(n=1)nz" "4 (n—g)p 0y

ny

ﬁ.GE?Hmﬂm this ﬂ_..mn—u the gﬂgOE mO—. .W__.AHV O—unm.mﬂ.& mﬂ.‘orr .+Fr.
we have . _aagh._
S1i+np; = B ,
s2+p1s1+np; = n_ I
sstpsatpasitnpy = (, WWE
i . EN
Therefore s, +p; = g
s2+psi+2p2 = g
ss+ms2+pesi+3ps =
Sp—1 +P1Sn-2+P2Sn-3+--- + (n-lpe i = 0 :

All these together can be expressed as
sr+pisr-1+p2sr—2t- -+ =0,1<r <n.

(ii) When r = n, putting z = 01,Q3. .., Qn successively in the eqy,
tion f(z) =0 and adding, we have

Sn+P1Sa-1+P2Sn2+ - +npn =0. ... (A)

When r > n, let us consider the equation ™" f(x) =0, i.e.,

T+ 4 pazm 24+ pam =0,

This is an equation of degree r whose roots are a3, a3, ..., a, and(
(of multiplicity r — n).

Putting z = a;, a3, ..., a, in succession and adding, we have

Sr+P1Sr—1 +P2Sr 2+ +PpSr—n=0.7>n. ... (B)

Combining (A) and (B),

Sr+Pisr-1+Pasra+ -+ Py =0, P2 n.

Note 1. s),s;,53,... can be successively calculated in terms of the
coefficients of the equation.

Wehave s, +p; = 0 and therefore s = -
92+P191+20, = 0 andtherefores; = p12—2m
and so on.

9 =\
2, If none of Q1,Q3,...,a, be zero then S_1,8-2,58-3,... Can be cal¢

lated successively,

THEORY OF EQUATIONS

der Sm equation z7! f(z) = 0,10,
—\n n-1 +ﬂ—H=l + 4 Pt + ppz! =,
= 01,02 ,@n in succession and edding,
?—:nm_ 4 p18n-2 + +Pa-1n+pas_y =,
Sn-

B e | A
- s_1+Pn-1 = 0. This gives 8_1.

we have

t 8n

w“%aa B

=m consider the equation z=2f(z) - 0, i.e,,
Let

P +Eaalu +: P2t prngz! 4 p -2 o 0.

4ing 7 = O @z, - -1 @n in succession and adding, we have
P g +P1sn-3t o T Pnoat Prtsoi 4 prs 5 =0,

- u+Eu=..u+:.+?|£?luHc.
%=

Bu 2+ Pn-18-1+ 2pn_2 = 0. This gives s_,.

.ﬂ_m—.mmoﬂm PnS-

qorked Examples (continued).
02,03, 4 b8 the roots of the equation z* +p,22 4 p3z +p, = 0,

E the value of
) s () Ta4, (i) Za®.
u "

(i) By Newton's theorem, s3 + p2sy +3p3 = 0.

Here 51 = 0. Therefore s3 = —3p3.

(i) By Newton’s theorem, sq + pasa + pas1 +4p = 0.

Here s =0  and s3 = —2py. Therefore s, = 2(p% — 2p4). ©

(ii) By Newton's theorem, sg + pasq +P3sa +pesz = 0
—P254 — P353 — PaS2
pa(4ps — 2p2°) + 3ps® + 2pap2

6pap2 + 3pa® - 2p2°.

or, % =

I

8. Ifay,as,a3,04 be the roots of the equation zt +Euu+3n.u +paz+

=0, find the value of "
il Balag, (i) DenZag? (i) Son’az.
Let s = 1™ + ag™ + a3™ + aa™. :

3 8281 = TH._.n + D_uw + Qu» + Q.»J?Sw.f az +a3+ nAv

= Ta® + Zay?ag =53 + Zon"6z.

Therefore La,2a; = 8182 — 83-

() sp8; = (n?+e’+ Quuu._. a4
= Tat+28e’ar’ =9t

Therefore La;?as? = .u:.uuu — 54)-

Ju N
2
2Y a1 “a.
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3 2
Tu.—u 4 3.uu |T ag + Dadvﬂﬁ: + g 4
M.b,ng 4+ Muoa.anu = 84 + u._Q._uau.

(i) sa& =

f+q£

uau = 838 ~ Sq.
he roots of the equatj
Note. 1faj a2 .00 be t Ll 31 . Som
H: +EH 4 ﬁuH Ph = :
maq? can be calenlated when m and p are positive o
mya,’ = Lo, 4 Lo Ma,P A

Theretore o)

v

Em
Ay

When m # p, 201

ot, TmMag” = 3m¥p = ¥mip-

When m = p, Doy™)? = La; 2™ + 2Za;™a™

Lia.2
or, 25, ™ag™ = 5(8m” = 82m).

Exercises 5C

o 1. Solve the equations

(i) z°+6zr°-3z-18=0,

i.\q.qun:ﬁn;TE =0,

(i) 22°+82° +3r*+4z+1=0,
given that the sum of two of the roots is zero.
2. Solve the equations

(i) 8+522+7z+2=0,

.é\u.+ﬁu+mug+#+wuo_

(iii) 2r*+27*—33z" - 10z +5=0,
given that the product of two of the roots is 1.
3. Solve the equations

(i) z°+62>+1lx+6=0,

(i) 4z-4dz® -212% + 112 +10 = 0,

fn& 4z* +202° + 352° + 252 + 6 = 0,
given that the roots are in arithmetic progression.

4. Solve the equations
¥F () 32826224522 - 24 =0,
(ii) a_|3u|sn»+§+§uo.,
(iii) 2+ 162° + 702% 4 120z + 64 = 0,
S 324 +208° - 102% — 60z 427 - 0,
given that the roots are in geometric progression.

THEORY OF EQUATIONS
g a

) dr
o+ 102

ﬁ\ 3 4 200” + 6z - 3 =0,
w he v_.c«"__i of two of the roots i 3.

¢t
o thit
- e the equation”
820 g -2 - Nz +40=0,
it F 7
0\ ga® +212° - 202 +8=0,
s -
hat the sum of two of the roots is equal to the sum of the other two.
o b
g’ ;
& . the mﬂzﬂ.ﬁ_o_.-m
e u._+wuu|aauloﬂ+muo_

i)
y\ﬁ.+nu+uau+ma+5uo.

, that the product of two of the roots is equal to the product of the other
g
?d,

g, Solve t
i - 1223 + 472% - T2z + 36 = 0,

he equations

@\,u.+muu| 1822 + 6z + 9 =0,
(i) 2z*+ 32% — 1927 + 62 + 8 =0,
gven that the ratio of two of the roots is equal to the ratio of the other two.

. Determine & and solve the equation if the roots are in arithmetic progression.

() 8°-1202 —kz+3=0

Gy 2t - 82% + ka? + 8z — 15 =0.
s\m_:n_ the relation among the coefficients of the equation

ar® +3bz® +3cz+d=0

i its roots be in (i) arithmetic progression, (ii) geometric progression, (i)
larmonic progression. :
§=; the relation among the coefficients of the equation
. ' pr gzt +rz+s=0
;f.BSm a,3,7,d be connected by the relation

() a+g=0, (i) a+@=1+3,

) ap+1=0, (v) aB=1d
R If the equation & +pa? + gz +r = 0 has a root a + 1 where p, g, r and
3% real, prove that  (p? - 20)(g" - 2pr) = 7"
Bence solye the equations (i) z° - 2 —dp+24=0,

W) 2 -+ 2 - H=0

(iii) al +79=0
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2 -
/\ the equation *+pz° +4% i 0 has OOLS of the gy,
where a, 3 are real, prove n,wu.,. pP-2=0andr’— 245 _ ap#.c
Hence solve the equations _mM_m

(i = +42° + 827 - A4z +36=0,

(i) =+ 6z% + 182 + 24z +16 = 0.
14. Solve the equations

(i) 42+ 522 +4x+4=0,

(ii) 4z* +20z° +13z" - 30z +9 =0,
given that each has two distinct pairs of equal roots.
15. ﬁra product of two roots of the equation z* 4 Pz’ 4 g2
be eqiél to the product of the other two, prove that 2 _ w«w tray,

If p # 0 show that the equation can be solved by the mcvm,_.”. _ 3

T+ nhh =1 1 _..;_.Ou—

[Hint. (i) The equation is (2 + mmmi +p(z+ Z)+q=0]

(b) Solve the equation z* — 122° 4 472% - T2z + 36 = B
product of two of the roots is equal to the product of the Srmﬂm_ﬁu thy ty
Note. If the roots a, m.?«ﬁ— the equation z* + pz® + ol an...,

4=

known to be in geometric progression then ad = 8. In this cage th O
r? = ps is necessarily satisfied and therefore the equation can ca Conditiy,
the substituion z + = =t¢. I V€ Solveq

(c) Solve the equations
i) z*-52° — 30z + 40z + 64 =0,
(i) 3z' + 20z - 70z% - 60z +27 =0,
given that the roots are in geometric progression.
[Hint. (if) The equation is 3(z? + %) +20(z - 2) - 70 =0,

HM. If @, 8, be the roots of the equation z* + pz® + gz +r = Q, find the vl
o

(i) Za®s?, (i) Ba®s, (i) E(8+7-o)
(iv) Eaf, (v) Ea’fhy, ?_Wv MAM . smw._
(vil) Bla- 9% (vill) (8+7-2a)(y+a-26)(a+8-n)

:.:.Pm.q.m_ua:.a_doso:__a:pgo. u u umn_
the value of equation 2° + pz +ﬁ,., +..H+~|e.

(i) Ta’gy, (i) Ea?f?4?; (iiiy Z(a-H)"h
Zla- 8’7", (v) (a-B)a-1)a-2d)

e _.J._umn_._aBogo.prascntozuu+ﬁn+ﬂ"o T.me.n—EqE

2
) 2% = ¢ 1 2
) By = i) Muj+m = mﬂ.
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2 2fy~a? 2
ALY N

he roots of the equation z* 4 5,3
2 b T e +oau+ﬂn+uuc? #0)

of
4 P ag -
(ii .Alql. i) MM%. (iv) M%.
af § be the roots of the equation z* +pz’ + g2 trods=p
P =0, prove
0
ot ! Anu+4muAﬁ4+Q3 +AQ4+9335+E3+39+u33ﬁ+43 =pr—ds
M_.v (af + 1B+ ad)(ya + B8) = r* — 495 4 p?s, _
ii tion whose root;
¢ the equa oots are af + 4, @ ;
ﬂm__% ,\__nan — (r* - 4gs +p%s) =0. PR S8
| ¢ mnm_._nm that

G +H)B+M+ )+ B +8)(v+6) = pgr -2 _ 2
(i) (B-1"(a=0)"+(1=)(B=8)"+ (= B)(y~6)" = 262 _6pr 4 245,

. lfan ez 00 be the roots of the equation z” 4.pyg"~! 4 pygn-24.. 4

?“c_ m—uﬁ_i ﬁ—uﬂn m ]

X Mﬂuubu = |U-E + P3, T; H....nuﬂunuu - —P\p3 — 4

o 1 _ pipn—(P1?-2p2)pn-s e
1

) S = Pn
?_.v .Mmbpuu. = ??luiv;u”.lu_ulwﬂfﬁaluw.
2

%i??«uo. prove that

0 o480+ _ a¥+0+9° a?44%+4?
5 3 7 2 !
L ke o LAY i i o Al e e s
(i) T.. .5 ‘.4,
$n+u+4+m = 0, prove that
a®+8°49846% _ o484 +8% al4gi4q2447
5 3 . 2 .

U() Na+f+v=10"+0"+7"=3and a® + ° +4° =7, prove that
a4+t =11

() Hatbtct+d= La +8 4+ +d* =30 +b +c* +d* =Tand
o' +b' 4+ ¢* 4 d* = 15, prove that a® + b° + ¢® +d® = 26,

3. If 5m denote the sum of mth powers of the roots of the equation o +qz+
r=0, prove that
0 s=-3r, (i) =24 (i) ss=5qr, (V) sr=-T¢'r,

B 1 g, denote the sum of mth powers of the roots of the equation = +qz* +
"=0, prove that

5 _—."uhrl.#h. A—- h‘“ﬁﬁhl&ﬂu.

Cla.1g
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5.6 yansformation of equations.
W < ig given it is possible, withg
o an equation 18 B : ut kng
a.&ww..oﬁ_m. to obtain & new equation whose raotg n% e la
MEMM of the equation by some assigned relation. The Moty o

. . BGnT
the new equation is said to be a transformation. Sych , s,MM of m__u;
m.oBm:Bmm hhelps us to study sx_w :meE..@ .om §m. T0Ots of th ' zsgzﬁ
which would have been otherwise a difficult job, en 3__3_.“,
U
We will discuss some typical transformation and the, v
general problem. € up th

5.6.1. To transform an equation whose roots are o, g

another whose roots are may, Maz, . -, M. Oy

Let the equation whose roots are ay,aa.....ay be
g +piz" )t - paz 4+ pa =0,
Let y =may. Thenap = y/m.
Since a, is a root of the given equation,
o™t AP+ 4 py =0,
Therefore (£)" +p (L) o E) P+ 4 py =0

or, y* +pmy" A pemy" Tt pam® =0 Ly
This is the transformed equation.
[Explanation. ma is obviously a root of the equation (A). We woul
obtain the same equation (A) if we put y = ma;, where a; is any rool
the given equation. This proves that may,masz,...,max are the roos
of the equation (A). Since the equation (A) is of degree n, the roas
may, mag, . .., Moy are the only roots of it.)

Note 1. We observe that the successive coefficients of the transforme
equation are obtained by multiplying the successive coefficicnts of th
given equation, beginning from the 1st, by 1, m,m?,...,m" respectively

'R

Corollary. The transformed equation whose roots are —oai, ~G-

—ap is obtained by changing the signs of the coefficients beginning o
the second, alternately.

w..qo"m 2. The transformation is useful for the purpose of Ru_o&um _ﬁ”
son&. coefficients of an equation or reducing the leading coefficient .Mm /
equation to unity. We are to choose & suitable multiplier of the °°

n:m.n. the transformed equation will have all integral coefficients with:the
leading coefficient unity.
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i)

d mx_ﬂ_.n__u_&m.

the roots of the equation % 4 4z . i
tant so that the fractional coefficjen

P4lze i =0bys

1 le cons ta of the equation may

iplying the roots by 6 the transformed equation becomes
46488 36.52” +216.32 +1206.% = o

Lot 33 — 1227 + 54z + 540 = 0.
ol it

oot of the equation 32z° - 14z + 3 = 0 is double another. Solve

ation- .
{he .M.ﬂ“ equation whose roots are double those of the given equation is

1_s6c+24=00r 4z -1z 4+ 3=0.
mﬁmmuna the equations 32’ - 14243 =0 and 42% - Tz 4+3=0havea
on root.
sﬂa n.c.f. of 322° — 14z +3 and 42® - Tz + 3 is 22 - 1.
Therefore 3 and % are roots of the given equation. The other root is
3 Hence the roots of the given equation are 1,1 i
4 . :

i1 %
274 &

562 To transform an mmawﬂ._on into one whose roots are reciprocal of
e roots of & given equation.
Let the given equation be Qox"+012"  +a22" 2+ - Fap_ 1240 = 0
ad let the roots be a1, alz; .. ., an.
It is essumed that none of the roots is zero.
Lety = (1/a1). Then aq = (1/y).
Since @y is & root, aga ™ +a101™ " L +a2e "2+ -4 ap_10y +an = 0.
Therefore ag(})™ +ex(})" ™" +aa(3)" % + . an-1(3) +an =0
or, 0™ + Ano1y™ 4+ Fary +og =0. :
This is the transformed 3.:,%.3?

zoa. The coefficients of the given equation appear in the reverse order
in the transformed equation: *

Worked Examples Anobﬁ.ﬁ:m&..

% I a,ay,...,a, be the roots of the equation In + g™ +
" +Pn =0 (pn # 0), find the value of T(1/en?).

r_wn om = (1/o4),i= L,2,...,mn .
_9_.3. ...,al, are the roots of the equation
Py + puoap® Tl 4o+ oy +1=0
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- 12 _ 1\2 -
Therefore Yo u...mwuw and Laj” = (Za})* - NMD__cm

= Amﬁ:u ~2 Bo=g3 . P2 -
@ TSy
2 pA_1=2poPn-2 L r-_
Hence Z(1/a1*) == 5T °

5.6.3. Let a),a3,..,0n be the roots of the equation
f(z) = agrn + 2" +os" g, = 0.
To find the equation whose roots are a; — hyas —h,, . iy
is a constant. * Whey, )
Let y = oy —h. Then ay =y+h
Since a is a root, ape " + a1o™ M+ e, =0,
or, ag(y + h)" +aa(y + )"+ +a, =0,

This can be expressed as Aoz, + A1z""1 + - A =0

S ety » Wh
the remainder when f(z) is divided by z—h and let ¢, () be the ere .f.
A, is the remainder when the quotient ¢1(z) is divided by sﬁ_“_oh_én
let g2(x) be the quotient. ang

Repeating the same process, A2, An_3,

---1 A} are obtaj
ned
successive remainders and finally Ag = ao. 2 thy

Note. Here the transformation that is applied to the equatiop s giy
byz=y+h. €

Worked Examples (continued).

4. Find the equation whose roots are the roots of the equation
; 84322 -8z +1=0,
(i) each diminished by 4, (ii) each increased by 1.
(i) Let @, B,v be the roots of the given equation. To find the equation
whose roots are a - 4, 5 — 4,9.— 4.
Lety=a—4. Thena =y +4.
Since a is a root of the given equation, a® + 3a2 — 8a +1 = 0.
Therefore (y +4)* +3(y +4)2 - 8(y +4) + 1 =0
or, y* + 15y% + 64y + 81 = 0. This is the required equation.

(ii) To find the equation whose roots are o +L8+ 1,7+
Let y=a+1. Thena=y-1.

Since a is a root of the given equation, a® + 3a% — 8a +1=0.
Therefore (y —1)* + 3(y - 1)2 — 8(y-1)+1=0

or, 1 = 11y +11 = 0.

This is the required equation,

4
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7
i hose roots are the re
4 equation w 2 10018 of the ,
| 4 the o4 — Bz? + Br .Mm = 0, each a._sraariﬂcwraﬁ
‘ § be the roots of the given equation T, . .
el - 1o find the
E:.mﬁmnau.u:p,‘ii:u. il the equation
#5%° " 9 Thena=y+2

= e root of the given equation, of - g,2
i is i 1 + WQ + G = a‘

m:_%&oam (y+2' —8(y+2?+8(y+2)+6=0

y

her
Mam can be expressed as Aoy + A 4 >§u+>ue+}. i
e calculation of Ao Av..... A is shown i the following tabie:
3. ] 0 -8 8 ¢
2 _4 -8 0
1 2 -4 0 6 I)n
Z...8 8
1 4 4 |8 =
2 12 %
1 6 16 =a,
2
T | 8 =4
1 =

Here the required equation is z* + 8y® + 164? + 8y + 6 = 0.

Note. The transformation can be utilised to remove a ified term
fom an equation.. We are to choose a suitable A so that the ith coefficient
of the transformed equation may be zero. Such a transformation often
ixcilitates the solution of the given equation.

8. Pransform the equation z* + 413 + Tz° + 62 -4 =0

into one which shall want the second term and hence solve the given
equation.

Let us apply the transformation = y + h so that the transformed
tquation may want the second term.
The transformed equation is -

(W+h + 4y +h)P +T(y+h)2 +6(y+h)-4=0

O+ 2 (4h + 4) +y2(6h? + 12h + 7) + y(4h® +12A7 + 14h +6) +
0+ 4% + 7h2 4 6k = 4) = 0.

By the given condition 4h+4 =0, i, h=-L.

The equation reduces to y* +y? - 6 =0.

The roots of the transformed equation are +v2,2V3.

Hence the roots of the given equation are —1% V2, -1+ V3.
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E_u?_.aw..._o: in general.

.Rav = () we are to obtain ap

5.6.4. Tr
Given an equation

whose roots are omuuane&.i;: the roots of the m._muhmhﬁ___ﬂpﬂ”. .
H_u._ou:%“ﬁ%wﬂmm by eljminating = between f(z) = g gy - b,
The method I8 {llustrated in the following SE— 'y 5
Worked Examples Gouﬁ::m&._ . p

Hm““ﬂﬂw ﬂwwmaew”o”o%ﬂoh%% mm_«,ww”oﬂ “,.Q .MMHM. H %.H +r= 0, g %

Lety =af +fy. Theny=q=-y2=q+3.

Therefore 8 = 7= [Note that here e?.s =0is z(y - 0-
Since f is & root of the given equation, 3% + PO+ B4y o
Therefore (-5)2 +p(35)" +1(35) +7 =0

o, (- ey - +pry - +72 =0,

This is the required equation.

ﬂ.ha
i |

8. If a, 8,7 be the roots of the equation z3 + pz? +qz+r =0, gy
equation whose roots are
A.&mn.fqulﬁn_du.._.ﬁu1_mn_ﬂm+mul‘<n
i) p+d-ddta-Fatm—
A.&H_mne"mu+4pl & .H,Fmﬂcﬂﬁmu._u.«»nfﬁuvlwﬁ» g
= (p% — 2g) - 20°

“I —
or, a® = r»uh..l—_.

Since  is & oot of the given equation, a® + pa’ +qa+r=0.
Therefore a?(a? + ¢)2 — (pa + )2 =0 .

or, Hﬂn -2q ...Evhﬁn i Evu L Nq@‘u -2 - w& + N-.H.n ), i Aa- :
This is the required equation. _

(i) 2,33 are the roots of the equation

red 4zl +pr+1=0 ,
or, 2 + 422 + Bz 4 1 =0,

!
.mnﬂnm the Hoﬂﬁmﬂ& equation is Odﬂaﬁmﬂ from ﬁ >u if we —.nE@ow pl
by 2,21 respectively. .

THEORY OF EQUATIONS

a\m 4 be the roots of the B:ri_m:muu tazdr=0 (r40),
[ Tl ,
v e equation whose roots are 75, =, = 1 1 m.
' g= g Then a = fy.

et ¥~

o I8 8 100t of the given equation , o® 4+ goy 47 =
§in® L o gt HaPy+r=0 .. (i)
._mwnooa.mu+au+ﬁuQ e )

PRI PO NSEPOR.
prom (1) and (i) gry=gr = -7 = P’

P ]
mmnamuﬁnlE, .Qalh@uﬂlhl r

qy(y*-1 qu(y+1) =2 = 35T
' fherefore 202 +y+1)°+ @y +1)7 =0
This is the required equation.

ve the equation g »H..u —4z% — 4z -5 =0, given that two roots
m o connected by the relation 2a + § = 3.
, The relation is 2o = 3-0.

Let us find the equation whose roots are 2a,24, 2,25 and the equa-
tion whose roots are 3-a,3-03,3-+,3-4.

The equation whose roots are 2a,20,27,24 is

j-8y° — 1627 —32y~80=0, say f(3) =0 - (i)

The equation whose roots are 3 — a,3 - 3,3 -7,3 -4 is

(3-4)4-4(3-1)*-4(3 -y - 4(38-9)-5=0

or, vt - 8% + 14y + 28y — 80=0, say ¢(y)=0 --- (ii)

The h.c.f. of the polynomials f(y) and ¢(y) is y + 2.

Therefore —2 is & common root of the equations (i) and (i)
Consequently, 2a =3 -8 =-2, ie,a=-1,0=5.

Therefore (z + 1)(z — 5) is a factor of 2% — 4z® — 42% — 4z - 5.
o473 —4z? — 4z - 5= (z+1)(z -5} +1).
24+1=0 givesz = +i.

Hence the roots of the equation are —1,5, £i.

Exercises 5D

”,_.o Multiply the roots o.q the equation by a suitable constant so that the frac-
M6l coefficients of the equation may be removed
e_uwrmaﬁnm.aﬂo. i P+l + gt =0
WP : N i) L

\
¥

AN i

v

~
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the roots of tho cquation

o o, 0,7 —uau +Q_Hn +agr + ay = 0 (as 19?

ao®

T 249 )
find the value of (i) M:n.u. E\M._\Q A% (i) M:Qu.
[Hint. The roots of the equation a3z® + 237 + arz 4 ap =
nt.

0 arg L w
T )
3. It f, 7,0 are the roota of the equatlon ="+ paf 4 ga |
. [Rad BN A " %
" that “_ 0, 5.._
V" Ta?f =9 — ;M (i) Za’fy=ps+2qr - Pr,
T Bla- B)* = 3" - 8.
B Deduce from (i),(ii) and (iii) respectively that
352 2 _
(iv) Sa’fly=3ps—qr, (V) Za'F'y" =rs42p., _ o2 _
(vi) E(a— B)'y*6 =3r - 8gs.
4. ay,Qz,...,Qn are the roots of the equation z" 4-p, zn-1 SR N
0. Prove that Vil
(i) E(a1 - oa)asaq...an = (=1)"(p1pn_y - npy),
(i) T(a —a2)’adal...an=(n-1)p’,_, — 2np.p,_,
(Hint. (i) (o —aa)?odod .- af = PAIE(Z; = )] = pA{(n— NZd _ap
T

n_.nu

/If a, B, are the roots of the equation 2z° + 3z% 4 z 4
of () T risatar TF3at2

L4 T
s e )

) © et it
a’+3a+2"
2
Hint. (i) T g735ors= 342
6. The roots of the equation z° + pz® + gz +r =0 (r % 0) are a, f,+.
Find the equation whose roots are

,\E\:o +1/8-1/7.1/8+1/v - 1/a,1/7 + 1/a - 1/8,
AT aB+1/7,8v+1/a,va +1/8,
] a-8. -2 2

V) 242,847 2o

q.za_mlﬁaﬁrongaozg equation z* + gxr + r = 0, find the equatin
whose roots are

() a(B+1),8(v+a),v(a+ p);
(i) (a-p)(a- 1), (8- a)(8 - Th (v — a)(y - B);
(i) o + 82,82 4 42,42 4 o2,

}
%\m+41w94+nrum.n+u|3. oI eyt
g..l??mf \J.wiﬂq.»_.n. Sarm QIGJ) b

r/8:

4
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8 of the equation z% .
ho the reota ol M 4z 4 r o
e

.\_.:_,_e__ " a
| pe the roots of the equation z

g -a? a-f?  ag-43
1
(o0 o are 55 Thaa T

Q T- & Ou ' =_.._A_ ﬂTQ

-2 g
2 +3r~] = 0, find the eqaution

(g = 162> — 5627 + 64z — 16 = 0,
;&\aoa.uuuuulﬁau+mn+uuo_

cﬂ.& the roots are in harmonic progression,
vg_.-
¢ ;. The rooté of f(1/z) =0arein A.P. ]
nt-
5 golve the equation 4z +42% 4357 _ 5 _ 1 - 0,
1.

that the difference between two of its roots ig |
6"

12 golve the equations

:v @Hu + H.Aau + HNH + Q — O-

€n.|A3w+nuu+H+mﬂc.

given that tWO roots a, J are connected by the relation 2o = 34,
13. Solve the equations
() 22°-92+7zx+6=0,

g bt =30 =8z 20,

given that two roots a, B are connected by the relation 2¢ +8=1.

14, Transform the equation 3 + 622 + 122 + 35 = 0
into one which shall want the second term and hence solve the given equation.

16. Transform the equation z% + 423 +9z% +10z - 6=0
into one which shall want the second term and hence solve the given equation.

16. Find the relation among the coefficients of the equation
a0z’ + 3a;2% + 3azz + a3 =0

% that the second term and the third term may be removed by the same
tranformation = = y + h.

17. Find the relation among the coefficients of the equation
02! + 4a;7° + 6327 + 403z + a4 = 0

% that the second term and the fourth term may be removed by the same
tranformation z = y+h.

csao,mﬂp:_ the equation whose roots are the roots of the equation

4z° — 82% — 192 +26=0 ~
@ch diminished by 2. Use Descartes’ rule of signs to both the equations to
find the exact number of positive and negative roots of the given equation.



X

M by L

o' Y number of real and complex roots of the given equation,

Yod
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.ozp_i_azza_o:isssos.ﬁg_s32,,02_2
HA+WHn+mH+mﬂc z:ﬁ._ay

Uso Descartes’ rule of signs to both the equatiopg to
G| W

L

55,.._—

20. Find the equation whose roots are squares of the rogtg of _
gt-g 2’ -z +1=0  Cquayy,

and use Decartes' rulo of signs to the resulting equation tq 4 .
given equation has no real root. eg tha "
b

a1. If the equation whose roots are squares of the roots of Fhe
s 2 e c
}—az? +b2-1=0
is identical with this cube, prove that eithera=b =0
b are the roots of the equation t* +t+2=0.

ubig

Vora=} o
l..w.oﬂ
Q
g

uu.3_:_._.—53530:i_.oma_.oosﬁnncvnmo:_a_.oo..ao:_.
3 2 8 cubje
. 2’ +3°+2=0.

28. Show that the cubes of the roots of the cubic z° + az? 4 p, i

are the roots of the cublc #* +a’z® + bz + a’b* = 0, ab=
24. The roots of the equation * + pz® + ¢z + r = 0 are q, Fiah i
oquation whose roots are aff - 7%, 8y — a®,ya - §7. + Find g,

Deduce the condition that the roots of the given equation may b
metric progression. 0 geo
25. The roots of the equation z° + pz + gz +r = 0 are a,4,. Fing &
equation whose roots are a + f - 27,/ +7 - 2a,v + a - 28,

U&:Rsaqou&:on_.-Ez_.aaoﬁo_.:.an?asB:p:o_..52_‘9_:55
metic progression. ;

(\a\. If « be a root of the equation z° — 3z — 1 = 0, prove that the other rools

are2-a’ o’ -a-2.

[Hint. The substitution y = 2 — x? transforms the equation into itself.]

/\uﬂ. If a be a root of the equation z® + 3z — 6z + 1 = 0, prove that the othe

roots are ri="and 21,

r\ua\_.a a, B,7 be the roots of the equation z* — 3pz® + 3(p - 1)z +1=0,
fi

nd the equation whose roots are 1 — a,1 — 8,1 - 7.
Deduce that a, 8,7 are all real, if p is real.

[Hint. The equation whose roots are 1 — a,1 - f,1 - v has also roots w*..k__ i

voiza._sn.mc__sav_.u.?anwnﬂnqsu.._.r-wol;-..::i aa_u_u.
a contradiction,) ;
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_ :%E_.on:_ equations.
5l ial equation is said to be
Q—.H:P n-_. qdn—ﬁann~ .
A uwﬁm: of its roots is also a rqot of it. *uation If the recip-
0
ot ssary condition f
o B NECERSATY C or £(2) =0 to be
e_ﬁnw 0 is not a root of it, i.e., (0 & reciprocal equa-
___%E, fl#) = 0 be a reciprocal equation of degree n having
b an,00y 0w HWR_ eximu 0 be the equation whose roots are
%w...._%_ Then the equations f(z) = 0 and ¢(z) =0 are dentical.

-1 —
aoz™ + a1z"" " + ' +aa =0 be a reciprocal equation. Then it

_%mzh_ with the equation anx™ +an_12""' +... 4 a5 = 0. -
’ Therefore (a0,81,---»an) = k(an,an-1,...,aq) for some k # 0,
That I8, 30 = kan,81 = kan-1,82 = kan_3,...,a, = kag.
a0 = kan and an = kag give k = 1.

Two cases rise.
Cas® I k=1

In this case ag = Op, 3] = 0p-1,...,0p = ag.

The coefficients of equidistant terms from the beginning and the end
are equal in magnitude and have the same sign. The equation is said to
be a reciprocal equation of the first type (or first class).

case I1. k= 1.
In this case ag = —@n, 81 = —0Qn-1,...,0n = —ap.

The coefficients of equidistant terms from the beginning and the end
are equal in magnitude but of opposite signs. The equation is said to be
s reciprocal equation of the second type (or second class).

Examples.

1. The equation z2 + 1 = 0 is a reciprocal equation of degree 2 and of
the first type. ,

2 The equation 3z% — 13z + 13z - 3 = 0 is & reciprocal equation of
degree 4 and of the second type.

3. The equation 2z% — 5z% + 5z -2 =Disa reciprocal equation of degree
4 and of the second type. _

4. The equation z4 —z3 —z+1=01is8 reciprocal equation of degree 4
and of the first type.

8. The equation z4 — 23 + 2 +z-1=0isnota reciprocal equation.
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heorem 5.7.1. If / EVN m.:vmmhon%_.ona equation o aamzx_
i of the first typo then flz) =2"f(3 a .

i ial of degree n
) { f(z) be a polynomia g and f(g) _
mﬂ.__,w, Mﬂnw,h H.MM:UBS_ equation of the first type, )

Proof. Let f(z) = aox" + @™+ +an, ap g q,

Since f(z) =0is a reciprocal equation of the firgt type

A1
fv ;3

ag = 0n,3) = Ap=1y++1an = ap.
n-1
Therefore f(r) = apz" +an-1T" "+ +aq
Son(an + B4+ 8) =2 (D)
Converse part. * Let f(z) = aoz" + a2 g g
Then 2" f(2) = z"(2 + v + - +an)

=ag+ T+ - +a,7"

Since HAHV = H:HAWV.PQ = a:..n: =an-1,...,a, = a.
This shows that f(z) = 0 is a reciprocal equation of the first type

This completes the proof.

n-

Theorem 5.7.2. If f(z) = 0 be a reciprocal equation of g

n egr
of the second type then f(z) = -z .ZWV. e n gy
Conversely, if f(z) be & polynomial of degree 7 and f(z) < ~zn
then f(z) = 0 is a reciprocal equation of the second type, ]

Proof. Left to the reader.

Theorem 5.7.3. The solution of any reciprocal equation depends ¢
that of a reciprocal equation of the first type and of even degree.

Proof. We are to consider three cases.

Oummm.rme.liHcvmwnaavnoow_opswﬁoncnona mmmnmm.mmwwst_
and of the first type. .

Let f(z) = apz®™ ! +0;22™ + - + agpmyy.

Since the equation is of the first type, dzm41 =
A1y Amy) = Gy

Therefore f(z) = ap(z?™*1 4 1) +a,2(z2™ 1 +1) +- - - +amz™(z+1)

f(z) is divisible by z + 1. If #(z) be the quotient, the solution of
f(z) = 0 depends on the solution of ¢(z) =0. .

ap,4am =

_f=z) _ nua.+~.2.5 2
#@)=Lg = HQ)

Therefore anwv ﬂ% = mﬁ...ﬁmm.ls = m..mﬂ #(z).

THEORY OF EQUATIONg
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equation of degres o, and

f(z) = 0 be a reciprocal equation of odq degree, say 2, +1

) = aozr™™ ! + oz’ oy 42m+1.

(et flz quation is of the second type

. op the €
m:._om— _ l.hc.ﬁu:a = —-ai,..
agmt
_H__.m._.mﬁDHm HAHV 4. .+P=.-H_.a.ﬁu\-nl Nv.

is divisible by  — 1. If ¢(z) be the quotient, the solution of
“ Eo depends on the solution of ¢(z) = 0.

1 0mil = —ayy,,
- ncﬁsz.—.I e : +DHHAa.u:.|H S Hv

fle _gam+if(L)
-t

H —
Therefore #(z) = #rti(-Iy — amina: : %ﬂ #(z).

This shows that ¢(x) = 0 is a reciprocal equation of degree 2m and
f the first bype.
case 111 Let f(z) = 0 be a reciprocal equation of even degree, say 2m,
ud of the gecond type.

Let f(z) = azT®™ + a172™ . 4 ag.

Since the equation is of the second type, asm = —-ag,agm_; =

oty Om+1 = =Cm-1,0m = 0.
Hence f(z) = 0(z*™ — 1) +a12(2?™2 1)+ - ap_1z™ Y (z2 - 1),
f(x) is divisible by z2 — 1. If ¢(z) be the quotient, the solution of
[z) = 0 depends on the solution of ¢(z) = 0.
IHua—.‘.A hu
#(z) nmh@m =g

Therefore .va Hnus.‘mmhw 1 = n»su.mmwplc = H.N..w_uu&.sv.

or, &.av = H»Eluiwv.

This shows that ¢(x) = 0 is a Soionw_ equation of degree 2m — 2
ud of the first type.

This completes the proof.

.cmmn_:mg. A reciprocal equation is said to be of the standard form if
"8 f the first type and of even degree.
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Theorem 5.7.4. The solution of a reciprocal equation o
33 e

ft
d of degree 2m depends oD that of an equation of degr he ki
an

m,
2 2m-1 e
Proof. Let the equation be GoT ™4 aT oo 4 ag o .

Gince it is of the first tyPe, 8am = 00:02m=1 = Qloovvsap ) o

Lgt, J.?

=q,
reduces to ~L

Therefore the equation

sole™ + 1) +arzE™ "+t Foma™ =0,

Dividing by ™, we have el g

wle™ + ) +arE™ T H ) A =0 g

H.mﬂu+1lﬁ 7 +lu=_. Then since

T2 1
e+ HE+ 720 =@+ )+ 77+ ), we haye

Uy = tp_y — Ur-2-
But up = wEHn_HWEnmwluwp . we have
up=t3-2, uy=t-3t ug=tt—4t2 4 2. ... (i

demc;awmmncmsgcomuvmmxvnﬁmmammwpmpsmsou n
degree m.

Worked Examples (continued).
5. Solve the equation 6z% + 35z° + 6222 + 35z + 6 = 0.

This is a HmnGEn& Snwson Om the first type. This can be Written g
6(z* +1) + 35z(z® + 1) + 6222 =
Dividing by z2, we have
6(z + %) +35(z+ 1) +62=0
or, 6(t2 —2) + 35t + 62 = 0 where t = z + w
or, 62 + 35t + 50 = 0, giving t = l.%.
When t = |I , we have 3z2+10z+3 =0, or z = -3, |-
When t = -5, we have 222 —52+2=0,0r 7 = Im_lm.
Hence the roots are -3, -2,~3, -3

MlU\

3
8. Reduce the reciprocal equation 3z® + 25 — 2724 + 2722 —z -3=0k
a reciprocal equation of the standard form and solve it.

The equation is of even degree and of the second type. This a2 be
written as

alc+aﬁa !5 - 27z%(x? |: 0
or, (22 - 1){3(z* + 22 +:+.g +1) 2722} =0
or, (z? ~ 1)(3z* + 2% — 242 +2+3)=0

Either Hn]ﬂ"OOn. wa.__.RmI.N#Hn.TH.Tw"O.

'Y
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m“om?mm z =%l

3 _94z> + £+ 3 = 0 i8 a reciprocal

tion of even d
gt +® This is of the stand s Ve et
first type: standard form. This can be writt
oo mﬁv T gt + 1) - 247 =0, itas
3z
#

2 3z + )+ @+l -24=9
by =7
c.ﬂ”wm 2)+t-24=0 srﬁira+_
u_,.,t\% 0, giving t = - 22,3,

semus\\ﬂ we have 3z% +10r +3 = O,orz=-3 -
um»vﬁ.

e roots of the given Bsmeou are +1,-3, rm. uwu 5

semusuu.imwpé T’ -3z+1=0,0rz

¥ Ce that the equation (z+1)% =

Ja#1and solve it when a = —2. _
Let f(z) = (z +1)* —a(z* +1). |

When a = 1, f(0) = 0 and therefore f(z) = 0 is not a reciprocal
Bcwﬁoﬁ.

When & # 1, f(z) is a polynomial of degree 4 and

=+ 1 a1 = G o fg),

Therefore f(x) = zf(1) and this proves that f(z) =0isa reciprocal

a(z*+1) is a reciprocal equation

equation of degree 4.

When a = -2, the equation is (z +1)* +2(z* +1) =0
o, (22 4+ 22+ 1)2 4+ 2(z* +1) =0.

Dividing by =2, we have (z + 1 + 2)? + 2(
or, (t+2)2 + 2(¢2
or, 3t2 4+ 4t =

2+ 4)=0
-2)=0 wheret=z+1

0, giving t = 0, - §.
When t = 0, we have 2 +1 =0, or z = +i.

When t = —4, we have 3z% +4z+3=0, E.HHHF»@.
mmsom the roots are “_u_llﬁmﬁmr.

%w‘ mp,cmﬂﬂﬁ.ou of the form z =my+n i:nr 3: transform the

__m:op 2 723 +132? — 122+ 6 = 0 into a reciprocal equation. Utilise

this to solve the equation.

ﬁw« the substituion the equation ﬂpﬁmo_.am to

MY + 8 — T(my + n)? + 13(iny + #)? - 12(my +n) +6=0



26n - 12) +

and m¥(dn - T7) = (4n® - 21n® + 26n -12).

Note. Taking n = 1, m = -1, the equation transforms tq
reciprocal equation v+ 3 - t+3y+1=0.
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"
ks nd famzfzaqu?: =2+ 13) 4 1y
,miyT+my Y(dn
T 19) 4+ (nd - Tnd+ 130 = 120 +6) = 0. (4n ~a,

3

" tom if it = nd
This will be a reciprocal equation ifm®=ni-13 132
Sy W

Therefore (4n®-21n?+260-12)" = (n=T(n'—7n3y 1

ar, 1608 — 168n° + 649n* — 1188n” + 1180n? - 624, +1

10 "
— 1605 — 168n° + 649n* — 1263n% 4 1405n2

4
or, 75n% — 225n% + 300n — 150 = 0, giving n = 1 and r, _ b
Tekingm=1,n=1, the equation is y* — 3B — %2 :
or, (v +1) =3y +1) - 22 =0
o, (¥* + ) -3y + ) -2=0

or, 2 -3t-4=0, esmaﬁne_+w. Hrmam_,oﬁ.m__ua.,;

Whent=4, y=2%+v3. Whent=-1, anlwﬁv%ﬂ..

Hence the roots of the given equation are 3 + ,\w.w . V%n.

J,x::”a

ggrmu

9. If a, B, 7 be the roots of the equation ez +bz + ez 4 = 0,d4q
find the equation whose roots are a + 1,6+ 5,7 + L !

Since d # 0, none of a, 8,7 is zero.
a'p’
Therefore (az® + bz? + cz + d)(dz® + cz? + bz + a)
 ad(z - )(z - 1)(z - B) - 3~ )z -}
or, ad(z® +1) + (ac + bd)(z® +z) + (ab + bc + cd) (z* + 22) + (a® +1%4
A+d?)zd = EiauIAQ+WVH+HIH~|Ah+wva+~:aul 3+$u+:
or, ad(z* + &) + (ac+bd)(z? + %) + (ab+ be + cd)(z + 1) +(a* 4V
++d) = ad{(@+ 1)~ (a+ H)H(z+ 1)~ (B+ H)H(z+1)-(r+7)
Fwa+wun.q_rm= :
ad(t® - 3t) + (ac + bad)(# — 2) + (ab + be + cd)t + (a? + ¥+ +7)
=adft - (a+ 1)t - (6+ pHE - (v + 7}
Hence the required equation is .
adt® + (ac + bd)t? + (b + be + od  3ad)t + (@ — ¢)? + (-9 ="

L d w. are the roots of the equation dz® + cz? + bz 4 a =0,

x
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af equations.
o E:oa_ al equation ™ = 1= 0has n roots gy 2kr |
a_ac:._m e ] . v
k= ™' iled the nth roots of unit , eased
o alled the n 8 of unity. The roots
1;_2”;:_ amyk where k=10,1,2,...,n- e ] o
ﬁnzﬁ +H ,,Q.Qﬁ_ Ll _Qﬂl- E:QHQ Crimm ﬁoﬂ.u'_.-al +m m-ﬂpﬂ.
oty B8 °Y dd integer, the equation has on| .
¢ an odd ' : only one real root
i amw_ cule of signs. The real root is 1. Therefore all the aracﬂ
ca..m_a" o) are manmEE.ﬁ .
q.gm_.ﬂ_.mm “Qa =1, we w_m<o " = m_Qzlu = mr.. s _b?._.:,..n = at-171-
i the imaginary roots are reciprocal pairs (q, 3 (ot ),

" 1 I they are the roots of the recj :
(n-11/2 —273) BIL WY ol the reciprocal equat;
..._RQ u.“-.m.—+H=|u+.._+H+._."o. e

Jin be an even integer, the equation has only one positive root and
ative root by Descartes'rule of signs.

qly one _Hm 1 and —1. All other roots are imaginary and they are
m_é, o™=l g™, 0Pl
ad!

These can be arranged in reciprocal pairs (a, 1), (a?,), -,
?._\?__ m...qpﬂl,w and they are the roots of the reciprocal equation
s:-n+n=-..+.:+np+~no.

—

Let a be a non zero complex number and a = r(cos#+i sin #), —x <

f<r.
The binomial equation z" —a = 0 has n roots {/7(cos 222 4
.%mwﬁyegnm»No_rut:_zlr -
The roots can be expressed as a\m?cmw_.,.l_. +1 sin %xooam +
i sin mv, where k =0,1,2,...,n-1 - A
of, 85 ag.a¥, where ap = {/F(cos& +i sinl) and a = (cos % +.
isin2X),
g is called the principal nth root of a. T
Therefore all the n roots of the equation are obtained by multiplying
the principal nth root of a with all the nth roots of unity.

Properties.
L1 be any root of " — 1 =0, then o™ is also a root, where m is a2

integer,
Prof. Since a is a root, a™ = 1. Therefore (a™)" =a™" = (a

This proves that o™ is a root of z" = 1.

_ds = 1.

n_g.:.

-
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gers prime t0 each other, the equat

1. If m,n are inte .
and z" -1=0 have no common root except 1. _1
: ]

Proof. Since and n are prime to each other, there exist, ing

b such that am +m =1 g,
Let a be a common Ioo
Then o™ = 1 8nd @" = L
Therefore @ = Qait:_ = AQavn.AD:vv =1k
This proves that 1 is the only common root,

IIL If d be the gcd. of m and n, the common roogtg o o
— 0 are roots of z¢ — 1 = 0 and converse] .
m Y, all the, 1

0 are common roots of 7™ —=1=0andz" -1 Tooy

ong om

nOmH3|H“OmUQHBIHHO. iy

and " —
#-1=
Proof. Since d is the g.c.d. of m and n there exist integers il
to each other such that m = dm',n =dn'. 0 by
Since m’ and n’ are prime to each other, there exist integers
such that am’ +bn’ = 1. : a ang}
Let a be a common root of z™ —1 =0and z" -1 =0,
Therefore a? = qgdlom'+in)

Then o™ = 1 and @" = 1.
Aﬁ-._..a.vn.ﬂﬁna ve =1

This proves that a is a root of 4 —1=0.
Conversely, let 8 be a root of 24 —1=0. Then g% =1.

Therefore 4%™ =1 and gor =1.

That is, /™ =1and 3" = 1.
is-a common root of 2™ —1=0and z" -1=0.0

1l n be a prime and a is an imaginary root of z" —1 =10t
2 ..., a"!isacomplete list of the roots of the equation z"-1=0

Ta,a%,..
n-1
v, are equal.

Proof. First we prove that no two of 1, a, a?,.
If possible, let o? = o where 0 <g<p<n-— 1. Then a* =1

This shows that the equations z — 1 = 0 and z°7% - 1'= 0 bae?

common imaginary root c. But since n is a prime and p-9< :.w“
prime to p — g and therefore the equations +™ —1 =0 and 279 - 17
cannot have a common root other than 1.

o two d

Thus we arrive at a contradiction and therefore &

1,a,a%,...,a" ! are equal.
. the
Aagin each of 1,@,n2,...,a""! is a oot of z" — 1 = 0y m_”m ook
roots are n in number, 1,a,a?,...,a""! is a complete list of

ofz" —1=0.
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pe a composite number and o is an imagi
Note: nﬂL =0, then 1,a,a?,...,a" ' ma 'maginary root of the
i 12y not give a complete list

jon ¥ =
mﬂ_hww_ root8 gat =150
: o B =y 4 —it . .
a For SSBEP cos g +a. Sty st M A e vk
2 _.,i7 donotgive a complete list of roots of 78 — 1=0 B

L3 T
_u:ﬁ 1, 3 F.Q.B,Q m i ﬁgm +1i & , ] :
the other ' ol sin% is an
0n 100 05, % 71, 7 8ive s complete st of rooa of 1 - 1 =0,

Hu 1= ) s
3?3;: gmnoﬁvom;mucuugﬁ"_u:rmoqmsaﬁammo:oim

e
| A_._“_E roots of z" — 1 = 0 but not for all imaginary roots. Such an
gl t for which the theorem is true, whether n is a prime or a

. ginary 100 ;
H_ww%:m pumber, is called a special root of z" —1 = 0.

ﬁcuwma_ Amxwaﬁ_mm. :
be an imaginary root of " — 1 = 0 where n is a prime EE&Q_

1. a ;
prove that (1= a)(1-a?)...(1-a")=n.
Gince m is & Pprime, all the roots of " — 1 = 0 are given by
2 n—-1
H.PQ _....D .

Therefore z" —1 = (z — (z -a)(z-a?)...(z—a"?)
or, " 14z" 24tz 4l=(z-a (z-a?)...(z-a"}).

mxﬁwma r=1 wehaven=(1-a)(1-a?)...(1-a™").
G\m. me an imaginary root of the equation z =
whose roots are a + a%,a? +a®,a’ + a.

Since 7 is a prime and « is an imaginary root of z7 —1=0, all the
roots of z7 — 1 = 0 are given by 1,&, a2, ...,a°

Therefore z7 — 1 = (z — 1)(z — a)(z —a?) ... (z - @°)

o,z +x8 +zt + o+ 22 +z+1

= (z - a)(z - a®)(z — o?)(z - a%)(z - @)z —@")

={z? - (a + ab)z + 1}{z? - (a® + %)z + 1Hz? - (@® +a')z +1}.

.
71 =0, find the equation

Dividing by z®, we have

@+ d)+ @2+ H)+ @+ +1
= {2 (o + ) + L)}z - (a2 +a%) + Iz - (@ +a +2)}

wm:I L—t Then

P42 -2t —1={t - (a+a®)Ht -
3 Hence the equation whose roots are a + &
9y - 1=0

(o2 + a6+ o)
6§ o +ad 0%+ atiszd +
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8
. aginary root of the equation 2% ~1 = 0, g4
%stﬁ. “M.“s h”a%+ 9040 +2a.a" + 20,0t 4 24, A the "y a?ﬁ_:_ g S NN SRR 47— )
_ : LI T fonh 2"~ 1 =0 e
. : imaginary root of b b { the equat = 0 which I8 not a root, of :
Since § is & prime and @ is an 8 ) 2 -1ag _:%, o i i the equation
S : _ ab . B, = here m I8 any Intoger les than n, |
coote of £ = 1 = 0 are given by 1,0, ,0 ", poe .ﬂ._:“,E._S " -1=0, 1 8ald 10 be 8 specta)
Therefore a,a? a®,a’ are the roots of the equation g4 | , o of the
. 3 2a* are the roots of the or &+l Th ial i
e4]=0and 2a, 207, 20, 20 E.a.:-_ equation z4 "2y 5.9.1. e special roots of the equation z — {
3 a4 20 0 Foﬁﬂ.qoﬁﬂ e ARy X4a, 5 m...”ﬂwﬁ . a__amo.ﬂ in A%, where 7 is a positive integer less n and E._EM sm_ “a ’
Therefore (4 + ¥ +2? +x+ Eu... +22° +42” 4 8z 4 16) 4 m”ﬂ.w e The root8 of "1 =0are 1,cos £ 1§ gip 1 yhere () « 5 \‘
= (z-a)(z-2a')(z-a")(z~2a (@ -a®)(x - 20%)(z - 44 ..A._ poct T i 1 i
ad)p Y, Jnnot be & special root. The special root, if there be any, must, b
- Ha+¢Hq+ﬂﬂa+wmﬂa+mwﬂn+uOHu+Nmﬂn+.~hﬂ+mm m£ ﬂ.wao_.mo cos - +-.mmﬂmﬁla_ﬁrmnmohﬂ.ﬂ:. ! C]
] 9 3 0!
= (- (a+2Y+ 2H{z* - (o +2a%)z + 2}{z? — (o +292 o us consider the following cases.
2Hz? - (a* +2a)z +2} " = t prime to n. Let ged(r,n) = d. Th
2, 4 . r is not prl s ™n)=4d. Thend > 1
or, (x4 + Wmv +3(=%+ %u +7(z* + &)+ 15(z + wv +31 Q._m_,m_“enwmnm # ' such that r = dr’.n = dn’. Clearly, n' < :.mba there
={z+2-(a+29} - {z+ I - (a*+2a)}. a_mamﬁ 4+ gin 22Z)"'= cos X 4 j gip 2rn'x
n
Let x + 2 =t. Then P+ =t -4+ A =36 = cos 20 4 gip 2dr'n'n
+18, n
t4 -8t +8. : i

Therefore {* +3t3 —t2 -3t +11 = :Lnﬁnﬁ:é:?ﬁi_

Hence the required equation is z* +3z° — 2% — 3z + 11 =,

-

cos2r'm +1 sin2r'r = 1.
arn

This shows that cos 22X +4 sin 2L is a root of the equation z” —1 =0

2rm

" den’ <1 and hence cos nﬂ..a + i sin <°F cannot be a special root of
. n __ =

4. Solve the equation z% — 1 = 0 and deduce the values of a&m MM_ ihe equation =" — 1 =0.

W. | gase IL r is prime to n. We prove that cos 9.4__ +i sin Z* cannot be

The roots of z8 — 1 = 0 are cos X% +i sin 2% k =0,1,2,34 s oot of the equation ™ — 1 = 0, where m is any positive integer less

et 5 5 ' = hhsod — - )
{ban n.
. 2 3 4 e w‘. .o s nl.-_.
”_ wu.p..w. _M i “wonmpn N o%m s M If possible, let (cos ZZX + i sin 2X)™ =1 where 0 < m < n.
a® =1, the roots are 1,a,a =, Y
p=En . ) Then cos 2% + i sin 200X = 1.
Therefore z8 + 23 + 22 + 2+ 1 = (z — a)(z — 1)(z - &?)(z - &)

={z?- (a+ L)z + 1}z - (@®+ 2z)z +1}
Dividing by z?, we have
+H)+@=z+D)+1=
Let z + w =t. Then
2+t —1=(t—2cos ZX)(t — 2co8 4F).
This shows that 2cos 2%,2cod 4 are the roots of the equation
t —1=0. The roots of the equation are uﬁmnw. %.

{G+h)-e+HHE+H-C"+

Therefore cos 2% = u@,ogﬁﬂa = luﬁu_.ﬁ.. since cos 2* > 0, c08
0. mmngn&mnloommmhﬂum.&w and cos 2 Hp\.mﬂ.uuu,.

This requires m must be divisible by n. But since r is prime to n,m
must be divisible by n which cannot happen since m < n.

2rw

2rx
ahh

n
Note 1. If n be a prime number, every root of the equation z" —1
txeept 1 is a special root.

This proves that cos 2% + i sin gpecial root of z" —1=0.

A

0

Note 2. A non-special root of the equation z" — 1 =0 is 8 root of the
®uation 7™ — 1 = 0 for some m < n. Since the common roots of the
“uations z" — ] = 0 and z™ — 1 = 0 &re the roots of z¢4 — 1 =0, where
4= ged(m,n), (i.e., d is a divisor/of n), it follows that mﬁw non-special
"0t of the equation z™ — 1 = 0 is a oot of the equation z¢ — 1 =10 for
“me divisor d(< n) of n.

4

1.9

an
5
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. -special roots of the equatigy, .0
For mmﬁdv_m_ the non . S . ad
iven by the roots of the equations & 1=0and 29 _| e m.y < 0,
w are the only divisors of 9 and less than 9. ' Singg | ;,M
Note 3. The pumber of special roots of the equation zn _ _
npumber of positive integers less 2.:5 :aE.E E..Bm,g n. Thus ?f 0, \
of the special roots of the equation ™ — 1 = 0 is d(n), s__ssm _Ears
Euler's phi function. % i N
eorem 5.9.2. If a be 8 special root of the equation zn _ ,
1 is also a special root of it. =, e
a

Proof. The special roots of the equation ™ —1 = () are Cog 2rx )
where 7 is less than n and prime to n. n T gy mm_

If r is less than n and E.._mEm Yoty zwg M =1 is also less
Emnﬁﬂon.menmmonm._mnom¢+«m_n J_H_ummmvmomm_ 82;

= PR () L rm s ogip 2T —
Smm?l:«ﬁt m_pnn|=L||8m i sin X =

n

an n ,
hen i

a special root.

This shows that if « be a special root of the equation gn _ |

then L is also a special root of it. =,

Note. The special root of the equation =™ — 1 = 0 are the root i
reciprocal equation of degree ¢(n).

eorem 5.9.3. If o be a special root of the equation z" — | = )
then 1,e,a?,...,a"! is a complete list of distinct roots of the equatin
z* y 1=0.
w_d&m First we prove that no two of 1, .02, ...,a""! are equal.

If § ssible, let aP = a¥ where0 < p<n-1,0<g<n-landp>g

Then aR79 =1,

This shows that « is a root of the equation zP~9 — 1 = 0 whose degre
is less than n and consequently, « is not a special root of the 3__”&3
z" — 1 =0, a contradiction. Therefore no two of Loy @ T o
equal.

Agein each of 1,@,0?,...,0" ' is a _.9.:.. of z™ — 1 = 0. Since ,._m“
Toots are n in number, 1,a,a2,...,a™! is a complete st of the 1
of the equation z" - 1 = 0,

\w“g

Note, If .w be a prime and « be a special root of the equation A uatio?
then a,0?,...,a™! is a complete list of speciel roots$ of the €4

L | =0

»
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f o be a special root
m.m.h.. If p root, of the equation zn _ 1=0, the

rem ecial roots is given a b
10C " o, of 8P gi 3?5::*55:}55

¢han n and prime to n. e

H . y
e ol of %, bb, ... is & special root by the

previo
Eﬁ (pem 8re equal, because a® = ob = go-b u# theorem. No

n:EmEnan.Aa

0 H.uaﬁ:mm that o is not & special root.
_em«“\ oW prove that each special root of " — 1 = 0 is included ig th
e e
ot
,g_r% 4 be any special root. Then 3 being a root of 2% ~ 1 = 0 ig oge
-1
7 ,.,0"
i?ﬁ_. s F
:womm?_m, let A = a aarmw% 8 is less :uwn 7 and not prime to n.
Jbe the g.c-d. of s and n. Then there exist integers s',n’ such thar
Leb e dn' and 0’ <n.
g= 0 i l ds'n _ ’ £ -
2.03 Rﬁ - Qh! =" = AD‘HVh = H. a nOﬂﬁ.ﬂm.QmﬁEOb._ mmﬂnm Pisa

gecial r00t: Therefore § is one of a*,a’, ... and the proof is complete,

Theorem 5.9.5. If n = pgr where p, g, are distinct primes or powers
Jf distinct Primes, the roots of z" — 1 = 0 are n terms of the product
e A Sl A S Y A ( R R LS e)
shere a is & special root of 2P —1 =0, § is a special root of 29 -1 = 0.4
i 3 special root of z" —1=10.

Prof. Since « is a special root of the equation z°? - 1 = ¢,
E_nu_..._QnL is a complete list of distinct roots of the equation
#-1=0. Similarly, 1,8,5?,...,89! is a complete list of the roots of
the equation ¢ — 1 = 0; H.q..«n.. o ,qd.rH is a complete list of the roots
of the equation z" — 1 = 0.

Any term of the product is of the form a?3%y° where ) < a < p—1.0 <

1€¢-1,0<c<r-1.

a*%° is & root of " — 1 = 0 because (a®’°)" = a®""y™ =
_“n__vaqwanv..zﬁsﬂvng =1.

The n terms of the product will give a complete list of roots of 2" —1 =
Uif we can prove that no two terms of the product are equal.

It possible, let a®3bye = a®'8Y <", where
0<a<p-10<b<g-1,0<csr=1
0<a’'<p-1,0<b <g-10sc'sr-1

Then at-a’ _ \mo‘lf\n*ln.

8 m..; 8=’ i a root of 2P — 1 and §¥'~#y¢'~¢ s a root of 2" -~ 1 = 0

since p ang qr are prime to each other, the equations +*—1=0 and

|
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79" — 1 = 0 have no common rool except 1. :
s a special root, a # 1 and also g°~a’ 4

Since a i ’
o — a' is an integral uE:_mEo,om P 1 Unjeg, i i
] ¢ it
Therefore a®f° = a® 8”7 can occur only when o ' 0
=0
c= c. tab =)
mE_

This proves that no two terms of the product are ¢ qual
terms of the product give a complete ltst of distinct rogq, anq theyyg
o -1=0. o:raoﬁ_cmf
Note. The theorem can be generalised to the case when 1, ;
of a finite number of distinct primes or powers of 5 mE._M the
distinct primes. e

Eo&_
&
Ui, cw

Examples. (i) Let n =6 =2.3. ~1 s a special root of 2
a special root of 23 — 1 =0.
Then the 6 terms of the product [1 + (~1)][1 + ¢ 4 w?) gi
roots of the equation z® — 1 = 0. The roots are 1, =Tt iy wwa all gy,
(ii) Let n = 12 = 22.3. i is a special root of 24 — 1 = g . -
root of 23 —1=0. =
Then the 12 terms of the product [1 + i 4 42 4 P11 +
give all the roots of the equation z'2 —1 = 0, Wt
1w,w?, i, iw, iw?, -1, ~w, —w?, i, —iw, —iw?.
Theorem 5.9.8. Let n = pg, where p and ¢ are prime to each o},
a be a special root of the equation 2P — 1 =0 and A be a mvma»_mn. HM
of the equation 9 — 1 = 0, then of is a special root of the BEFMN_
" -1=0.

ﬁao.‘.p Ago_&: = (aff)P? = 1 and therefore af is a root of the equatin
z"—-1=0. '
Let (af)k = 1. Then o* = §~*. Therefore a? = g~

B being a root of z9 — 1 =0,3% = 1 and therefore a% = 1.

Since o is a special root of zP =1 = 0 and a9 = 1, it"follows tha
gk > p.

Let gk = sp + r where s and r are integers and 0 < 7 < P.

l=a% 3 1=qar o 1 =",

Therefore r = 0 and hence gk is divisible by p.
: .mmm:.“m P and g are prime to each other, gk is divisible by P implies
is divisible by p.

By similar arguments, k is divisible by ¢.
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o P and ¢ pnm prime to mE”.: other, k is divigib)e by'n
gi  efore (@f)f =1=k Is divisible by n. Th;, s e._s .
eu_ oot of the equation z” — 1 =, bofis g
i8
¢ ,. The theorem can be generalised.
an& ) . ﬁ:um:.ﬁ: where P1, P2y .y Py ATE pairwi r
tn= i : ; ise relat
e rlatively s I b pecialzos o o
%_% 5 specil 100¢ of 272 =1=0, ..., ar be a special root, of 77+ 1=0
wb® ...ar is a special root of the equation 27— 1 =il
thed 7

3 If p and g are H.m_wséw.u prime, d(pq) = 8(p).4(q). Therefore
ﬂm amber of special roots of z7 — 1 = 0 are obtained by multiplying
e " 1 the ¢(p) special root of 2% —1 = 0 by each of the ¢(g) special

aach © =
oot of =l
s prticulat, let 7 = g, where p, g are distinct primes.

abed special root of #7—1 = 0 and J be a special root of z9-1=0

If :
o the special roots of 2" —1 =0 are (p—1)(g—1) terms in the product

24...+aP"1)(B+0%+- - +5%1), since each term in the product.
al root of 279 —1 = 0 and there are ¢(pq) terms in the product.

thel
(ot
sa mmumn—
Examples.

1. 6=23 2 and 3 are relatively prime. The special roots of 23 -1 = ()
2. and the only special root of z2 — 1 =0 is -1.

u_ w.m.. 1+4/3i

3.

are w, w
Hence the special roots of 8 — 1 =0 are —w, —w

Note. The special roots of 7% —1 = 0 are all non-real roots of z° -1 = 0.
Hence the special roots of z8 — 1 = 0 are negative of all the non-real roots
of the equation =3 — 1 = 0. But the equation whose roots are negative of
the roots of the equation z° —1=01is z* +1=0.

Therefore the special roots of £ — 1 = 0 are all the non-real roots of the

equation z° + 1 = 0.

The number of special roots of z" —1=10.

L If n be a prime, the number of integers less than n and prime to n is
n-1, Therefore the number of special roots of z" -1 =01isn - L.

3. Ifn = p® where p is & prime and a is & positive integer > 1, the
—1p. Therefore

integers < p® and not prime to p® are p,2p,3p . P" P AEE O
the number of integers less than p® and prime to p= 1S P" ~ s
Ewrwuui IWV. .

S0 the number of special roots of z" —1=0is n(1 - wﬂ_
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3. If n = p°¢®, where p, g are distinct primes,

Let ¢(m) denote the number of integers less than y, ang
Then ¢(mn) = ¢(m)¢(n), where m,n are prime to eacy, oﬂr?,_sa oy
Since p, g E.m &mo._an, primes, p%, q® are prime (o each Othe i

he

fore ¢( gch = ¢(p®) 33.

T,
$(n) = $(p° Es& (-3 (=) =n(1- 1), _ y
Therefore the number of special roots is n(1 — w )1 - 1 )
5
4. Ifn = pMp3?. .. pi* where p1,pa,..., Pk are 9252
pumber of special roots of z" — 1 =01is n(1 - lvﬁ v r.v . wmsam, the
For example, the number of special roots of the mnzmso q Fim)
0
is ¢(40) and $(40) = ¢(2°.5) =40(1 - 3)(1-}) = WL i
= W./u
Worked Examples.
1. Bfd the special roots of the equation z'2 — 1 = g
The special roots of z'2 — 1 = 0 are cos ZZ 4§ gjp 2oz &r where o
than 12 and prime to 12. TET i3 Jog
The integers less than 12 and prime to 12 are 1, P i
Thus the special roots are cos 2 =+ ¢ sin i s&m_.m T=15
ie., cos} +isinZ, cos3E 1 mmumﬂa ie., Y38 : % .
Alternative method.
Since 1,2,3,4 and 6 are the only divisors of 12 and less thap 12, the

non-special roots of the equation z'2 — 1 = 0 are the roots of T-1=

0,z2-1=0,z-1=0,z-1=0and 28 - 1 = (. :
Thelem. ofz—1,22-1,z° -1, 2z%-1 and z* -1 i i8 (28 —1).(z 241).

Rt

dnul_xnpu+i = H.ﬁ - H + L

The special roots of z'2 — 1 = 0 are the roots of x4 — 22 +1 =0

Dividing by z?, we have (22 + %) -1=0.

Lett =z + 1. Then t> - 3 = 0. This gives ¢ = +v/3.
When t = 3,z = uﬁt When t = —v/3,z = U%H
Henge-the special roots are uhwﬁ. Ummﬁ

how that the mvg_p_ _.ooem of the equation z° — 1
of the equation z8 + 3 4+ 1 =

= ( are the roots

Since 1 and 3 are the only divisors of 9 and less than 9, the non-specis!
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( the equation z° = 1= 0 are given by the rogyq of , _ 1=0and
‘ =0an
=0
- Jo. onan_eaauL isa? -1, Z=f _ =zb4a2y
The o0 o] roots are the roots of the equatiog 46 +P 4129
The 2410,
the apecit roots of the equation 7 - 1 0. Deduce the yal
and €08 mmm_ -
H_ 93.
jaf rodta'ol & 1=0are cos &n 4 g 2rn h ;
prime to 24, e, whenr =157, 11,13, 31 1g 93 "
et @ = €08 12 R m__—“ SF Hcmp the special roots are
D,Qm._ﬂq «a v qITy -J. Iﬂ:ﬁn
he divisors of 24 (< 24) are 123468 and 12. The non.specia
Hmomue_\H 0 are the roots of £'? — | = () and 8 i

1,2,3,4,6,12 of 24 E.m mro Qsmoa % E

o a..F.l. ﬁ.ur _.V
u__,\ap ) = B -zl + 1. rar w

I Oﬁ-\m—\o
The mum&m._ roots are the roots of the equation z® — ;¢ +1 = 0. ﬂ_r
Therefore ° — +1=[(z- :u - allz-ad)z - )

[(z - o)z~ F)z - a)z - )]
=gt - (a+ 3z + 1l = (@®+ e+ 1z - (o + L)z + 1]

[e? - (ol + Sir)z +1).

Dividing by =4, we have
f+h-1=[z+ 1) —2cos L){(z+ L) —2cos 3T
((x+2) - 2cos Z][(x + L) - 2cos 1F).
Let 7+ 1 =¢. Then

-4t + 1 = (t — 2cos %)t — 2cos 3%)(t — 2cos T3)(t — 2c0s 1)

12

= (2 - 4cos? T)(t? — dcos® 55).
—4z4+1= : mJ
This shows that 4 cos? 3%, 4 cos? 37 are the roots of z 2-4241=0.
The roots of the equation 22

5+Hlom8uw,\|
Hence cos? E= &h cos? 2%

|,h since cos? 5 > cos? 35
Therefore cos % = v@ = u@wfoommm = u@ £ @m.

Taking t? = 2, 22 (z — 4cos? 5)(z — 4dcos
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Exercises 5E e cquation M -_uwu Deducs that
. psbrurn odd & wn%mnni*nnoa i =
1. Solve the reciprocal equations 1) boan {maginary root of 3'' ~ 1 =0, prove that
(i) H.+H«+Mﬂu+.ﬂ+~ﬂo. 5 Lo weem _9 o +:?»+: Aﬁ_a+—vﬂ~
- +_ o
At —8s + 1727 -Be +1=0, -y Em Lo)a® +)- (o' +2) =254,
=0, ¢
(ill) 2* - 4z® + 3z’ — 4z +1 M 4wo%aa__o:_azcg_o__%L.w.._,_uo find the equati
A 22% + 524 -5z -2=0, ik Hascuﬁﬂu equation
(v) 3z° + 724 - 42® +4z°-Tr-3=0, .__a.n+p u+m4_.4_ ._,::n _.mq:a+qn.<+nu”.
f\ A,d.:.ﬁﬂulgbl“ﬂ - lumunlfw C‘ H_ N.QITNdNQ\T
i) 28 - 87 + 827 -1 =0, t\“ g, be the moomsﬂ:__aﬂaupso: 2 +32+1= 0, find the squation
(viii) 2° + 8a* + 827 +1=0, E.§a§~+ ava
\AaH -zt 42! —28 42—z +1=0, " =D._u_4._mge_nonooemoana@ncwe-oza +wN»+H+—lo find the
) EO*BOE are
\39 +$ +aaf 42t - -4 -4z -1=0. s__ﬂuan+...n+m.q+,.a+~_ Dat2+3,7+3,643;
2. Prove tEn muhr equation is reciprocal and solve it m._;ue+a.u_e +4: 27+ 5:20+}.
/&:nn+w +7841=0, i cnu%unmm_H.ooeo:raon_._wﬁo:aul_uo,uaﬁng
(i) +1+ (= +1)(z* -z +1) =0, T 2)@® +2)...(a" +2) = 171,
%Zu +z+1P3 428 -2 +1=0, :_H:+mn+mn 4+ +15a" = 2%,
/\é Prz+1)+ (@ -s+1) '+ +1=0 i _—ngp%ans._nooao:_._noa:pn_o:.aslHuo.!dﬁzﬁ?+n:u
3. Find a ms_umﬁ.;::ou of the form z = my + n which will _p_.g__nag the | [ +ad= -3
equation 3z4 + 2% + 322 4+ 31z + 10 = 0 into a reciprocal equation. \a :..n mvoﬁp_ roots of the equation z® = 1 = 0. Deduce that
Utilise this to solve the equation. h moo@ 8= are the roots of the equation z* |wﬂ+_| 0.

n Find a substitution of the form z = my ‘which will S.wnmno:: the equatio ;R_ _,.ro mvmn_w_ roots of the equation z'* —1 = 0. D&Eu that

7' + 52° + 14z? + 20z + 16 = 0 into a reciprocal equation. ms 2%, 2.co8 4%, 2008 35, 2cos i are the roots of the equation - -
Utilise this to solve the equation. ﬁn +dz+1=0.
. Diminish the roots of the equation z* — 82° +20z? — 24z 412 = 0 by 1 ad _u__a the %ss_ 3% of the equation z m Nwm&_am Eag
hence solve the given equation. 008 _ESn .j cos IZ o cos &2 are the roots of the Bcpson 16t +

\a Show that the %85_ roots of the equation z'° — 1 = 0 are the non-real
mots of the equation z° + 1 = 0.

W. If n be a prime number, prove that the %oni_ roots of ti:e equation

6. Increase the roots of the equation z* + 7z® + 20z + 27z + 15 = 0 by 2 and
hence solve the given equation.

7. f wy,ws,...,wm be m distinct mth roots of unity, prove that tPY i B ert A hmibisivenl Tl df e equation 2+ 1 = 0.

(i) (a+ban)(a+bun)... (a + bum) = a™ + T::TJB_ . 1in be an odd positive integer; prove that the equations z n _1=0and
(i) (@ +bwi)™ + (8 +bwn)™ + - + (a + bwm)™ = m(a™ + 7). '~ 15=0 have the same number of special roats.

[Hint. (i) Take z = ~§ in the identity 2™ — 1 = (z —wi)(z —w2) " (e-sol <u\m.su...~ the number of special roots of the equation

8. Solve the equation 7 — 1 = 0. Deduce that 2cos 2,2 cos“F, 2007 i )2 —1=0, (i) 2 -1=0, (i) z™-1=0, ()™ -1=0

roots of the equation t* +t2 — 2t — 1 = 0.
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5.10. Equations with binomial coefficients.

The general equation of degree n can be taken in the foy,
 form

n=1 4 L1 Jnl_..:n.-...;u 4+t a, =0,

cuts of &7 is "crar, the numerical compope

of " in the expansion of (1 + )" i _5#

The equation having such a form is said to be an equat;

nemeal coefficients. Denoting such a polynomial of degree o0 wipy h
have s Q:.J.

agr™ + nays

where the coeffici
the numerical cocfiicient

Uy = apxr + 01,
Us = apx- + 2417 + 62,
Us = upr” + 3a; 72 + 3agr + as,
Jo = agxt + 4z + Baxx? + da3T + ag,

It is easy to deduce thst the derived polynomial of U, is nUj,
d " n-l.
The main sdvantage of taking an equation with binomial coeffig;
is that it becomes very convenient to express the transformed & e
when the roots are diminished by h. Squatig
Eeoy.ea.---- a. be the roots of the equation
= agpT ..raamu-nlu+ww|lnuuuvnuwslm+...+na =0,

fix)=
E%Bﬁmﬂﬂwﬁgﬂuﬁ D-l?nnl.m..:_nalr mmmu+3n

(18
Now f(z+h) = F(B) +2f'(B) + TS/ (BR) + -+ T/ (A) :

If f(z) = Ua(z) then filz) = nlU._1(z);
f(z) = n(n—1)Un-2(2).
A~ Hz) = nn-1). .. 20:(z),
f~(z) = nloo
f(z +h) = oz +nUy(h)z" " + 2Dy (k)22 + - F Un(h)

14 B (ggh? + 2ash +az)T" T

(agh® +na A 4 +@n)

= Agz” 4 Azt 4 220 42 4+ A ¢

E%ﬁg%n%%oww%g

= agr™ + n{agh +a;)z""

mﬂﬁhﬁoﬂ with

%
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it The cublc 3:“.”_,.:...7 g
g. The mc_z”_“_uwcﬂ_wh_ 22 rh. mhumaﬁuhcm mq ¥ E__oﬁs_ corflicients is .._,
= H—“mﬂ” Mﬁ.ﬁﬁuﬂfﬁﬁ“ﬂ% M...”H”T hin order thay the trans-
ﬁﬂ“ :wnmmoqaﬂ_ equation is

ap(y + 1P +301(y + h) + 3aa(y + h) + a4 = ¢
3+ mﬁﬂo? + n:v_._\u + wﬁﬁa’u + 2a1h + ﬁ»vﬂ + Anc‘-u + 3a, h?
e+

ol ao¥ 0
R ts th
> ation wants the secon =
mEom, i L — 3 and the equation
m&:ﬁmm e ag—01? 24—
v +3 T (9070 u”“n:in.s =0
© ysing the standard symbols H = aoaz ~ a1*, G = ag’a3 - 3agara; +

!, the equation takes the form

P+ y+ 5 =0. (i)

of the equation are a+ 2,8+ 2 7+ 2 where a. 3

he cubic equation (i). a 4 ™ Sy Towe
3a

= -2, the roots of the equation (ii) are wﬁnlut

The roots
{he roots of t
Sincea+B8+7
2 Wﬂmm -y- a), WAMQ —a-0).
Multiplying the roots of this equation by ag, the transformed equation
%E&mu+wmn+ﬁﬂa.
This is called the standard form of a cubic equation.
ts of this equation are aga + 61, agd + a1,a07 + 31

The roo
ie, 220 -f-7),%@-7- a),2(2y-a-8)

Note. B(2a — 8 —Y)(28 - 71— a) =
(2a-3-7)(28-v—a)2y—a—5)
ose roots mnomnﬂmnoﬁo:rm&mmﬁunﬁ

2TH

o ol r

__uG ,
ek

5.11.1, The equation wh
of the roots of a cubic equation.

Let a, 3,7 be the roots of the cubic equation
To find the cquation whose roots are 8- 7)?
Let y= Am e ..:u.

Then y= Qw.f..«vn —4fy=a

.H..rﬁmhonm a® —ay+4r=0.
Since a3 + ga + r =0, we bave

Hu+QH +1"O.
(y-a (=P

244 gncea+f+7=0 afy=-T
a’ :

3
(gaplo - X =HE ST
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Hence A_._,P.nmvu +elf5)+r= 0
2 2Tre = 0
or, (y+9)° +3e(y + ) 2T
or, eu+@@u+onua+u.?» +3u =0. - (A)
This is the required equation.

If it is proposed to form an equation M..&omm roots are g
differences of the roots of the cubic equation
aoz® + 34177 + 309z +az =0 - (i)
we first remove the second term. The transformed equation is
P+ By+ =0 (ii)
and its roots are a+ 2, §+ 347+ o where a, 0,7 are the rogyg i
e

Aares of the

equation (i).
Leta'=a+ 2,8 =0+ =71+5
Then ' =7 =B-77 - =7-@d -F =a-p
Therefore the equation whose roots are squares of the differenge,
the roots of the cubic equation (i) is same as the equation whoge _.SMM
are (' —7)% (7 — )%, (¥ — F')?, end the equation can be obtained
putting anmﬂmiwﬁmmuwu;v. e
Therefore the required equation is
2
2%+ BH g2 4 g 4 2 (G? +4H7) = 0. _(B)
Note 1. It follows that (& — 8)2(8 — 7)*(7 — @) = - Z5(G? + 413)

Note 2. Nature of the roots.

Assuming that the coefficients are all real, we discuss the nature of
the roots of the equation agz® + 3a:2% + 3a2z + a3 =0.

Case I. G2 + 4H® > 0.

In this case (@ — B)2(8 — 7)*(v — @)* < 0. The cubic has two ims¢
inary roots, because otherwise, if all the roots be real then each of
(a - B)%,(B - 7)? (v — @)? is non-negative and therefore their product

cannot be negative.

Case II. G* + 4H* <0 and H < 0.

In this case the signs of the coefficients of the equation
nately positive and negative and therefore, by Descartes’ rule
equation (B) has no negative root and consequently, the give
has all its roots real. Because otherwise, if A + pi be a root ©
¢ubic then A — pi will be another root and the square of their

ﬁmv are alter
of signs, 1°
o mn__:wﬁou
f the give?
difference
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js 8 10%° of the equation (B) is obviously a negative real number
1
1_%___9_%5_,% u =
’ o 111 gt +4H mHHDo. ey v
e e one of (&= B), (A=), (v~ a) is zero and th
In ,Hmom » multiple root of the given cubic. nd this proves the
gten
%%2 G?+4H%=0and H =0.
o ase the equation (B) reduces to z3 = 0 and this proves that

his €
Int 0.8 - 4)2 = 0,(y — @)? = 0. Therefore the given cubic has

)i

(0~ al roots.

hree €
_nm& munbamu_mm.

he equation whose roots are squares of the differences of the
e equation 3 + 922 + 24z + 20 = 0. What conclusion do you
the nature of the roots of the given equation?

Wor
f, Find ¢
roots of th
drav about

Let o, (0.7 b€ the roots of the given equation.

Let US apply the transformation x = y + h in order to remove the

%ﬂm term.
The equation transforms to

(y + )3 +9(y +h)?+24(y+h)+20=0
or, i* + (3h + 9)y? + (3h? +18h + 24)y + (h* + 9h? + 24h + 20) = 0.
Since the second term of this equation is to be absent, A = —3.

The transformed equation is y® — 3y + 2=0.
The roots of the transformed equation are & + 3,4 +3,7 +3.

leta’'=a+3,0=0+37Y=79+3
Therefore the equation whose roots are (@ — 8)2, (3—17)% (y—a)? is
same as the equation whose roots are (o’ — 8)%,(8' — ¥)% (v —e')%

Let z = (a' — 8)%. Then z = (a’ + 8)? — 4a’8" = * + &, since
+f+9 =0, o/f'y =-2.

Therefore 7> — 4z +8 = 0.

Since 7% — 34/ + 2 = 0, we have y(z —3) =6, 0r 7 = -

Hence (55)3 - 3(;%5)+2=0

o, 2(z~3)3 - 18(z-3)2+216=0

or, 2 - 1852 + 812 = 0.

This is the required equation.
;cos root of the transformed equation, say (&

foots of the given equation are equal.

— B)? is zero. That is,

Cla.14
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_ . : ts are squares of the g;
2. Find the equation whose oo . g
roots of the equation -+ +2 = 0and deduce frop Mwsng 3
e of the roots of the given cubic. | Y i N

equation the pature O
Let a. 3, be the root:
Lety = (8- 38
.H,—._mh—mxuﬂhx_v\c»lhxw\«"ﬁe +N. MpUO®D+Q+4"O
Therefore a® — ay +8=0.

m_m:nmnu+n+wﬂo.imwmén@+dHm, 29"%&.

Hence ﬁe|.wiw + ﬂm.ﬂ +2=0
or, (y+1°+3y+ 1)2+108=0
or, y® +6y2 + 9y +112=0.

This is the required equation.

By Descartes’ rule of signs, this equation has at leas; -
root. Therefore the given cubic must have a pair of memEB%qum
]

; U
s of the given equation. Uy

\ Q.@«/
4

Batiy,
otg,

5.11.2. The general solution of a cubic. Cardan’s Methog

Let the cubic equation be az®+3br® +3cz+d=0 ... |
This can be put in the standard form 224 3Hz2406 = 0 (i)
where z = az + b, H = ac — b*.G = a%d — 3abc + 2%,

To solve the equation, let us assume z = u +v.

Then z° = v + v® + 3uv(u+v) = u® + v + 3uvz
or, 2% - 3uvz — (v +¢%) =0.

Comparing this with 22 4+ 3Hz+ G =0, we have
wo=—-H ud+v°=-G.

Therefore u® = (-G + VG + 4H3),v® = }(-G - VGT+Il),

If p denotes any one of the three values of {3(—G+ VGT + 4,
then the three values of u are p,wp,w’p where w is an imaginary cube
root of unity.

And since v = —H, the three coresponding values of vae
=H —w’H —wH ; .

[ plop

\

Hence the values of z are p — w. B — .ﬁwh.sus - % and the thr*

2 H _
values of z are (p - W -b), Y(wp- Eulﬂ -b),(Wp-% b).
This gives the complete solution of the equation (i)-

The method of Solution s called the Cardan’s method of 1%

although the method owes its origin to Tartaglia.

267

Qn + hmu < 0, the roots of the cubic

en 2 . i : ,
whe? lution give them in imaginary fory, % e all req)

I3 g
ot (ordo? v, :
use De Moivre's th \
pob (pis €25 we u COrem to obtain the res| & |
In " ing manner. oots in
(he mo__oMu y4H = -k
P 5 _ 1(~G +ik).v* = 3(~G — ik)

hes ¥

_G =rcos 8. 5 =rsin 0, where —xr < g < .
(A 5 r(cosf+ i sind) and r¥ = —j3, "
ﬂwma
the three values of u are Qm?cmm +48in mv.

rherefor® ot
a8 4 i sin 252), /r(cos 220 4 ; gy t149)

Jeles—
amoaunmne = —H, the corresponding values of v are

| u.OOmE‘. i 2T48
E%mm\“ sin §), V7( 3 1SN, {fr(cos dnde sin 4248)
0
ence the values of z are 2 /7 cos §, 29/ cos 20 2t cos 40

g/ ~H cos §,2v/—H c0s 252, 2V~ H cos 4220,

worked Examples.

1. Solve the @ﬁ%ﬁ. 73— 187 -35=0.

Letz=u+?:
Then z° = ©3 + v* + 3uvz
or, 70 — 3uvr = (ud +3) =0.

Comparing with the given cubic, we have uv = 6 and u® +v® = 35.
Therefore u® = 3(35 + v/35% — 864) = 27 and

v3 = 1(35 - /357 — 864) = 8.
The three values of u are 3,3w,3w? and the three values of v are
2%, %2, Since uv = 6, we have u+v = 3+2,3w + 2%,30* +w.
Hence the roots of the given equation are 5, nlﬁ.@_ H%@
2 Solve the equation  z° — 1522 — 33z +847 =0.

Let us wﬁﬁ—% the transformation £ = ¥ +hin order to remove the

second term.

The transformed equation is
(y+h)® - 15(y + h)? - 33(y + h) +847 =0 W
0%, 13+ (3h— 15)y? 4 (3h? — 30h — 33)y + (19 — 1517 ~33h-+84T) =0

%) =5 and the equation reduces Yo y® - 108y +432= o ate )
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Let y =u+ U

Then Eu = ﬂ.u + w3 -+ Juvy

or, y° — Juvy - (ud +v%) =0.

Comparing with the equation (i), we have uy = 34 T
_432. Therefore u® = v* = —216. Wy

The three values of u are -6, .|mE, —6w?,

Since uv = 36, the corresponding values of v are — e i

Then y = —12,6,6 and the roots of the given equatiop 1~6y,

Me 11 1
3. Solve the equation z° —3z—1=0. L
Letz=u+v.
Then z° = u® + v* + 3uvz
or, 8 — 3uvz — (u3 + %) =0 .
Comparing with the given cubic, we have uv =1 and o3 pendy

Therefore u® = (1 + V3i),v3 = WS - V/3i).
or, u=(cos § +1 m.E.mva_ = (cos § —i sin§)4.

The three values of u are cos § +1 m.Em.nquda 41 sinln o
ety 131 g T 4
1 m_uluwl .~
and the three values of v are cos § — i sin§,cos 2% —i gin Ir o 15,
. . 13w L] T -
i sin ~g".
Since uv = 1,
:unomm+..mEmooﬂﬁwon%Senoommlﬂ.mwnmm
u=cos I +i sin ' corresponds to v = cos I —i sin I,
— cos 13T 4 i gin 13 = cos 13T _ j - gig 13r
u=cos 5" +1 sin % corresponds to v = cos =g~ — i ;sin <,
Taking z = wu + v, the roots of the given equation ar
moOm.w_uoomWa.uoomsqa.

Note. The roots of this cubic equation are all real.

Exercises 5F

H.Eu.:__mcngﬂcni__cmeSa«maémnzw&we?:a%ﬁe:oﬁ& _“wﬁcc:a
the equation ;

= +3z+1=0,
(ii) z° + 62° + 9z + 4 =0,
\GHY 2° + 32% — 24z + 28 = 0.
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ine the nature of the roots of the equation 0 Bxy
e ¢
) o e pe Lhe roots of the equation z? — 392 + 7 = 0, show S
W (A 1)y —a) = £/21(4¢° - r2),
g
H; e BE= =
i ;
( 51 pe the roots of the equation z° — 39z +r =0, show that
i wn g+ B+ ) +(@8"+ 67 +ya?) =gy,
(i

i) @+ giy+7a)@f” + 87’ +9a%) = 277 4 or?,
o't gy +ra=ab’+07°+ .ﬂn« =-9¢%,
L R
(b be the roots of the equation z° — 3z — 1 = 0, show that
| () %W_E:o: ihiom roots are (a—B)(a-7), (6-1)(8~a), (y-a)(y- §)
oF -9 +81=0;

(i) the equation whose roots are a — 3,8 — v,y ~aisz® -9z + 9=,

%+v+ﬂ“°.ﬁu+&n+nu "B.ﬁu-?@m +nu "U—Om_ug!_arﬂw
(o~ b)b— (e a) = £63

Hafig Do o ;M equation z° — gz + = 0 find the relation
yiveen ¢ and 7 80 that (o = 8)*, (8 = 7)%,(v - )" may be in
(1) arithmetic progression, (ii) geometric progression.

1 fa, 8,7 be the roots of the equation z° — 3z + 1 = 0, prove that

o o 1 at a1
M6 B 1|==2, (i) s B 1[=227
7 gl .1 .1

10, Solve by Cardan’s method
@n.luﬂaluaﬂc_
{fz* -9z +28 =0, f\
(2 - 122 +8=0,
@\"....msluooaxnoalsﬂkpmi_
W2 —6z+4=0
g\un-.ﬁ.uulu"o.
gpﬂ.w&:nc_ vl
WA 2" + 927 4 152 — 25 = 0,
ﬁun....auulmul.wﬂa.
)P +32? _3=0.
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11. Prove that the relation among :uw nﬂnn..mgﬁ g _..-n? %w 80 that th

B — 0 may be put in the form =% = (22 4 s
+azz+as ) PT 4020 Y

tion aoT 0 + Bagas? = 0. 97, M

Utilise this to solve the equation
(i) 1252° =10z - 1 =0,

(ii) 642° — 2z +27=0,

(iii) 272° - 62 +1=0,

(iv) 8z — 36z — 27 =0.

2

[ Hint. () p= 5225 = —59=

12. Use the identity : . iyl

(z+p+q)(z+uwpte’)+u'p+wa) =T+ +¢" ~3pga

equation 4 .f__..
(i) =z*-12z+16=0, (ii) £ - 122+ 65=0.

2

=-2.]

11

5.12. The biquadratic equation.
The general form of a biquadratic equation with binomial coefficiey,
is
a0zt +4a,7% 4 6072 + 4a3z +a¢ =0. - (i)
Let us apply the transformation z = y + h in order that the tray,
formed equation may want the second term.

The transformed equation is
ao(y + h)* + dax(y + h)® + 6az(y + h)* + das(y + h) +a4 =0

or, agy* + 4(aoh + a1 )y® + 6(ach? + 2a1h + a2)y? + 4(aoh® + 30,4+
3ash + a3)y + (aoh* + 4a1h® + 6a2h? + 4agh + a4) = 0.

Since the transformed equation wants the second term h = -2 and
the equation reduces to N J

aoy* + £ (6002 — a1 )P + 2 (003 — 3aoady + 201 )y + gz (w’us-
4ag%a1a3 + 6aga;®ag — 3a:4) = 0.

Using the standard symbols H = agaz — @,%,G = ao’as - waosﬁ,_.
24,2 and I = agaq — 4a;03 + 3032, the equation takes the form =

aoy* + Ly? + 25y + (e’ l - 3H?) = 0.

The roots of the equation are o + 2,4 + 51,7 + a5+

a.f,7,4 are the roots of the equation (i).

mgn+m+q+mu|$_nvm_.oogp_.omﬁalﬁl\*i&_ﬁ%\

7-6-a)i3r-6-a-p),136-a-F-1) REC s

8y where
a0~

o
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. 1ving the roots by ao, the transformeq g
Ec_p_ﬁ_u« A+ 6Hz2 +4Gz + (00?1 - .wm.«uv N mn:wa_oﬂ is

.« called the standard form of a biquadragj, diniakio
n.

This * ] ) :
ts of this equation are Nniwﬂ SR e b
M.Enmuo\m\ a—B) 03 —a-p-) 7=8),{00(38 -y~ 5 _
o) jo0
22.—8& m%w—ﬂ_u—m.

§ be the roots of the equation ayz4 + 4012% + 60,27

1 0, find the value of tdagz +

(i
i) Ba—P-170B0-v-a-8)3r-a-5-4@s-a-p_,)

et us 3PPYY the transformation = = y + h in order to s Gia

goond term .H._Ehu :
aoly +B)* +4a1(y +h)* + 6az(y + h)? + day(y + b) Bl

;iacr+3vcu+2§}u+m}..u.
or, ol + au+?..c_.ﬁn=?u+m=?n
wh+a3)y+ (aoh* + 461h% + 6ash? + dazh + 0. = 0, . .+

Therefore h Hlmw and the equation reduce, ‘o
—a13 - e :
- +2Emwﬂmr )? + 4( @Ial.um%raﬁ.‘.ﬁ I

uIA 2

ajo3-tirgay 2ap—3a 4 Y i

+( L2
Let o/, 8',7', 8" be the roots of the transfornid equation.
Thena=a'- 2,8=0"- Boy=a-B5=§-2a
i) (@+B-7=8)(B+v-a-8)(v+a-7-4)

=@ +8 -7 -0 +7 - - )y +d' - - &)
=-8(v' +&')(a’ +48')(' + '), sincea’ + 7' +4' +48 =0
=~8(° + (o' + B + ) + 8B + B9 ++/d) + 0]
=-8La'f'y, since o/ + 7' + v = -

= (% ea-agqaz420)° ) _ 326
ag ag” *

) Ba-f-y-5)38-y-5-a)3 -d-a-8)@3-a-F-1)
nan.lm‘iilmﬁmwlilﬁ|n.x§.\|%1a,|u£&_|n,|u.t4q
“4a'40' 4y 48", sincea’ + 0 +7 +8 =0

= 27_3H3, ¢
256(* a1 foye Yaz-30.t) _ gr( L),
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5.12.1. _«a,.._.u_.a golution of & biquadratic equation,

Ferrari's method reduces the problem of solving a blquadrg:
tion to that of solving two quadratic equations. This is done iy AL oy
the biquadratic as the difference of two perfect sugares, muﬂ:!i

Let the equation be ax* + abxd 4 6ez? 4+ ddz 4 ¢ =0,

2,4 4 dabx® + Bacx® + dadz 4 ae =

Multiplying by a,a’x
Let the left hand expression be expressed as the dj i)
Pm.rgca of

squares in the form b

(az? + 2bx 4+ \)? = (mz + n)?

Comparing with the left hand expression of (i) we have
6ac = 4b% 4 2xa - m?,
dad = 4bA - 2mn,
ae = AT —n

Eliminating m,n from these we have
4(bA — ad)? = (2xa + 4b? — 6ac)(A\? — ae).

This is a cubic equation in A, giving at least one real root ),

Corresponding to A = );, we have the values of m? and n? g
morever the relation mn = 2b); — 2ad determines only one value of

corresponding to one value of m.

Thus the given equation is now put in the form

(ax® + 2bx + A)? = (muz + n1)? = 0, where m;,n, are the values of
m., n corresponding to A;.
The roots of the quadratic equations ax? + 2bz + A1 £ (miz 4+ m) =0
give the solution of the given biquadratic equation.

Worked Examples.

1. Solve by Ferrari’s method
4 — 1023 + 3522 - 50z + 24 =0.

The equation may be written as
Ahulmu.*.»vul?an.f:uuHc.iwmnm»_q:.
gg&ngommrmgau
35=25+2A-m? or,m?=2A-10;
—50 = —10\ — 2mn or, mn = —5A +25;
U=x2-n? or,n*=21-2A
Eliminating m,n we have
?ulﬁxm»l::iﬁgln&uuo ,
Q.A»Imxﬁuu.muayiﬁno\

n are constants.

THEORY OF BQUATIONS
m

of, (A~ B)[2A? = 26A 4. 77) =,
Therefore A =57, §.
) »nu_ﬁarrﬁauo‘zu#_,
7akin8 *on takes the form
fhe 4 ?.u\maisu -1=0
or, nHu - 5z .TaXHu - bz + 3 =)
or, (- 2z -3)(z-1)(z-4) =0,

gperefore T = 2,3,1,4.
gence the of the equation are 1,2, 3, 4.
4 4 623 + 1427 + 222 + 5 find
) Z* + nd a, 4, A 0 that
I o 0432407~ o+ 7 e e
%_u:cu .25 =0.
ot + 14z? + 222 +5 = (&8 432 4 )2 (az + .
mnaw«.—um.nommmnwgﬁm of like powers of z, we have
14=9+22—a% ora® =21 -5

92 = 6\ — 2af, or af =3A - 11;
§=A% -3 or B =X -5

Eliminating @, 8 we have
(32— 5)(2A—5) = (3A-11)*=0
or, 2)3 — 14)2 +56A—-96=0
or, (A —3)(2A — 81 +32) = 0.

Therefore A =3,2% 2/3i.
E»Hu,ggﬁnnwrhﬂwwgamnlw
Therefore a and 3 are of opposite signs.

The equation can be expressed as
(2 +3z+3)* - (z-2?*=0
or, (z? + 4z + 1)(z* + 22+ 5) =0.

Hence the roots of the equation are =2+ V3, -12 2

5.12.2. Euler’s method of solution of a biquadratic equation.

Let the equation be 3H.+An.au+an»uh+?uh+n.uo e ()
By the transformation y =% + w the equation reduces to
aoyt + SLy2 + 3Gy + (e’ ~ 3D =0
3 and I = G084 ~

vhete H = ggay — 6,2, G = ag’as — 3800192 +m
t:nu + “wauu. - ¢

B R 4
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Again by the transformation = = aoy the equation tayq th
dard form © 8t

A +6H2 +4Gz + (a? I -3H%) =0 ... G W

To solve the equation, let 2 = p'/? 4+ q' /% 4 r1/3, Then
2
(22— (p+g+7)}? = d{pg+ar+rp+2p" n:r:u?:ui_f

or, ......u@+e+.,vuu|m1:?.__u+cu+n+l»lp§+$.+ 1...:
Comparing with (ii) we have ) ),
p+q+r=-3H,
pRVE VLN VL Qg
(p+qg+71)*—4(pg+gqr+p) =gl - 342,
Therefore pg + qr + rp = 3H? - mp.w
Hence p, q,r, are the roots of the cubic equation
O +3H2+@BH -l - F =0, ... ()

This is called the Euler’s cubic.

Corresponding to a root p there are two values of p'/2,
Considering two values of each of p'/?,¢'/2,r'/2 there will be eight values
of z but they are restricted to satisfy the relation p/2g1/2,1/2 - )

Taking into account this limitation, there will be only four values o
z, the possible combinations being determined by
m..\m,\m% = /A= VA(-vT) = (=P (- VAVT = (=/P)Va(-vT) = -§ if

<0,

Snvwmm.,\wwﬁl\a?,\a = (~vPVAVT = VB(- VAT = VB/a(-V1) =
ot 1| >0,

where ,/p denotes the (positive) principal square root of p.
The Euler's cubic (iii) can be expressed as

(t+ H)® - aly — CHAH? g,
Using the standard symbol

J = apazaq + 2a)a2a3 — agas? - ay%aq — a3®

a ay az
=({6 a ag |,
a3 a3 a4
we have G2 + 4H® = ao?(HI - a,J).

The equation takes the form

b 4

THEORY OF EQUATIONS
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:+Su|ﬁ..n.$+5+m_.%uo.

+ H = aob, the equation reduces to 463 - g, Jaq,

qokiod ¢
s is called the reducing cubic of the biquadratic equation,
i {he roots of the reducing cubic be 8,,6;,85. Then
n.cﬁ— = t+H
= p+agaz—a’ .
Therefore P = a1? - agug + agh). _
Gimilarly ¢ = a1? — agaz + agfy, /
r = a2 —agaz +apbs.
Hencep—-9¢ = ag(6y — 6a), _
qg-r = ao(f2—063) |
r—p = ao(f3—6). &
Relation between the roots of the biquadratic and the roots of _
the Euler’s cubic. . B
Let the roots of the biquadratic equation (i) be a, B,74d.
Then four values of z are aga + a1,a0f + 61,007 + 61,808 +a1. M
Let us take

aga+ay = B — G- VT
aofl +ay = B+ G - VT _,ﬂ
ay+ar=P- I+ VT
ad+ay = B+ T+ VT
Then ag?(8 + v — a ~ §)* = 16p,
a?(y+a - g - 8)? =16,

a?(a+p -y - 8)* = 16r.

e e
e =

|
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he biquadratic
of the biq and the roat,

noﬁmnlmuu ..|||u WMQMJDIQWMQI.MW.
_g) = —3o (B-Ma=
wﬁlmw - _laa-a)8-9).

Therefore ao(fs — 81) — ao(f1 = 62)
= —lag*{(y-0)(8—9) — (@~ B)(y - §)}.
ince 8y + 62 + 83 =0,
ke ”m? = ao{(y - a)(8-98) - (a—-B)(y - 9)},
126, = ao{(a— B)(7 - &) — (B—N(a - §)},
126y = ap{(8 — )@= 9) — (v — a)(8 - §)}.

Worked Examples. '
1. Solve the equation 7% — 6% + 16z — 15 = 0 by Euler’s Bman.
i p'/* 4 ¢'/? +.r'/2. Then
u‘|n¢.+a+luulmn:»n.bmubu+€+n+luIAS+.~..+J; 0
Comparing the coefficients, we have
p+g+r=3,
pl/3gi/2g1/2 = g
(p+g+r)?—4(pg+qr+rp) = -15.
Therefore pg+ gr +rp=6.
Hence p,q.r are the roots of the cubic t3 — 3t + 6t — 4 = 0.
The roots of the equation are 1+ v/3i,1 — /3, 1.
Letp=1+3i,g=1-3i,r=1.
Then p!/2 = +384, g1/ = 33804 11/2 = 3,
But p'/2.g13s1/2 = 9,

Hence the roots are u@ﬁ+ﬁin_u®mhlu®ﬂ+_.iu$_+b&_t
and |K.ww_. ~¥oio
iey, VB-1,v2i+1,-v3i+1and —vB-1.

2. Solve the equation z* ~ 3s? - 6z — 2 = 0 by Euler’s method.
Let H"ﬁn\n +ﬂ=ﬂ +1—\u. Then

THEORY OF EQUATIONS

2n
_Rpl/2g1/2,1/2 9
_\uqtiv% A N )
i .- the coefficients, we have :
amp?
§ H+n+-.“.w.,

3
H\HQ.:J-H\H =
€+n+lu|£3+ﬂ+ﬂaulu.

_u
epg+a+TP= 15 ¥
M”M“m“ g, are the roots of the cubic 16t° — 242 +17t —9 = ¢,

i 143V3 Th2v5 7
The roots of the equation are 1433 ¥ WE |

; _2 "
o 1l g =155 =1
1/2 = Hnﬁﬂﬁﬁ.ﬂh\n — HK\TL-,—\U =+41.

12g1/3r1/2 = 3

But P
9%9wﬁaﬁmwm+u®u+rﬁﬁuﬁmlruﬁﬁ+
f-i ~1and - ¥ - Y +1.
1

e, v3+1i-1,—i—land —v2+1.

g (i) Ifa biquadratic equation has all its roots real, prove that the
ots of the Euler’s cubic are all non-negative real.

(i) Ifa biquadratic equation has two real and two imaginary roots,
prove that the Euler’s cubic has two imaginary and one non-negative real
oot

(iii) If a biquadratic equation has all its roots imaginary, prove that
the roots of the Euler’s cubic are all real, at least one being negative.

Let a, 8,7, 4 be the roots, of the biquadratic eqaution aoz* + da;z° +
fa2r* + 4a3z + a4 = 0 and p, ¢, r be the roots of the Euler's cubic. Then

p=8(B+7-a-0)

0=%(y+a-B-0)?

r=%(a+8-7-0)%
(i) Ifa,B,+.5 be all real then p > 0,¢ > 0,r > 0.
() Leta=a+ib, g =a—iband~,d are real. Then

2 2
=S (-2ib+y- 5%, g = W(@ib+y— ) = (2a-7-9"

Therefore p, g are imaginary, r > 0.
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Vr&plnfcmla _o.qlnfa:m..n ifre.o:
E.oaw;%ca%o Then g
p=-s(b-d) g=-% 0+ r="@-cp

Therefore p < 0,¢ < 0. r20
At least one of p and g is negative, cmnpcmmwuaucu;ua

a contradiction. =0

5.12.8. Descartes’ method of solution of a v.a:maqﬁ_n equag;

i
Let the biquadratic equation be taken in the standard form o
14 + 6Hz? + 4G + (ag’I - 3H) =0 ... Q)
To solve the equation, let us express the left hand expression
product of two factors in the form 2 the
(2 + 1z + m)(z® — Iz +n).
Comparing with the left hand expression of (i) we have
m+n-12 = 6H o, m+n = 6H+2 .. (i)
lln-m) = 4G o, min = -4 .. (i)
mn = (a§] -3H?) --- (iv)
Eliminating m,n we have
9 2
(6H + 1) — I8¢ = 4(ap® - 3H?) --- (v)

This is a cubic equation in 2 giving I. Then m and n can be deter.
mined aud finally the solution of the equation (i) is obtained.

Note. Unless the cubic equation (v) has rational roots, the mumericy

work for finding the roots of the equation (i) becomes laborious.

Worked Example.

1. Solve the equation z* — 3z® — 4z — 3 = 0 by Descartes’ method.
Let 7% — 3z? — 4z — 3 = (2? + lz + m)(2z? — Iz +n). Then

min-12 = -3 o, m+n = 2-3 - (i)
n-m) = -4 o, m-n = } oo (i)
mn = =3 - (iii)
Eliminating m,n, we have
Qul..bwlumnll

or, A(A - wvw +12) - 16 = 0, taking A = [2
orA® ~6A2+21A-16=0 .. (iv)

A = 1is a root of the equation (iv).-

i Golve

THEORY OF EQUATIONS

H amcwéq:lH n=-3
a:w:oz takes the form Auu +r4 1)(z2

A__mm 41 =0givesz = =14y 2
147

ots of the equation are nﬁ E
1o

Taking | = 1, we get the same roots of the equation

~Z-3) =y

IleHc@.gHﬂ MM.nB

Not®

Exercises 5G
the equations by Ferrari's method
K 14120-5=0,

i) = 4432 -60=0,

i) = 41432+20=0,

i) - 6z% + 16z — 15 =0,

v) u.luau.Tmhlw"_c_

() o'+6z"+3z+10=0,

i) z*+ 1122 + 10z + 50 = 0,

Ayt f+28 -T2 -8z +12=0,
(%) z¥+4z° — 62" +20z+8=0,
() *+ 1223 + 542% + 962 + 40 = 0,
() 7' +3z° +52° +4z+2=0,
(di) 2z'+62%-322+2=0.

Px._._._v A 4x2 51220

2 Solve the equations by Euler’s method

() z*+122-5=0,

i) z*-22*+8z-3=0,
(ii) 2¢-827 -4z 43 =0,
(v) z'-12:2 4 4=,

) 2*- 627 - 162 — 15 = 0.

3 i
Salve the equations by Descartes' method

) o'~ 322 _gz_9=p,
€ 24~ 622 + 16z - 15 =0,
i) 24222 4 8z _3=0.
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aoz® + 4a17° + 6a2z? + dayx 4
ts of the reducing cubic are Bcpn_: =9 hay,
: Yo

4. If the biquadratic equation
D
Cduyg, e

equal roots, prove that two roo
in this case I° = 27J%.

5. If the biquadratic equation aoz* +4a12° +6a12” + dasz 4 o _
equal roots, prove that all roots of the reducing cubic are zer, Wo hag
in this case I =0 and J =0. ;

th
edyc, s””

8. If the biquadratic equation aoz* + 4a12° + 64227 + doyz 4
distinct pairs of equal roots, prave that two roots of the Euler’g n“_m. 0 hyg b
Ic are
2,

—ay+4/3(a12—agas)

Deduce that the equal roots are -

6. SUMMATION OF SgRgg

+S.+...+==+:.cmwmmi8£w2m is .
e i R et
K«%e& as L U or as Lur. me sequence {s,} where s, = 3 ey
" id to be the sequence of partial sums of the series. If the seque
B *oonﬁ_.mﬂa to a finite limit s mrmn the series u; +u; 4. +u3umu8
wwa 1o be convergent Ex.m E.S& case 3 is said to be the sy _“.w M.ss
. 1f the sequence {sn} is divergent, the series is said to be divergent.

e shall discuss in this chapter sowe wethods of fiuding the s
§ﬁ€§$=_+§+.:+==+:. g the sum s,

| 42. Method of difference.

Let uy + u2 + uz + --- be a given series. ﬁamnmnmx?mmm u, as
4 = vy — Ur—1 Where v, is some function of r, then % u, can be readily
I

obtained.
Hereu;, = v —up
uz = W —
Un = Un-— Un-1.

mw a&ﬂmcb. W-.;Hr. = Un — V.
1

Worked Examples.

Let the series be denoted by uy +uz +us+ -

Ef” 1 "Wl.kl

Ther rrtl) — r R
efore y; =1 - 1
Ew"%lmm

Cla.19
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SECRE T
Up = qn ~ ntl’
n 1 1 _ n
By addition; B¥ =27 p 1 n 417
9 Eun_%mmcﬁéﬂoiﬁam L1 +2.2043. 31 4., .
Denoting the series by u1 +ugtugt-oc oo » We haye

$Hﬁ1“?+$.lll
=(r+1)!- rl = vr31 — Ur, Where v, = 5.

Therefore WF. =Unp4l — V1 = (n+1)! -1
1

3. Find the sum upto n terms a+az+az?+... +* Wherg !
. T
Denoting the series ,cw. uy + U2 +ug+- - -+, we have L
:anna?._ = &5
= U —Ur-1 where v, = Ha—lpH....
n QAHS = Hv
Therefore Zur = Un — V0 = .

The method of difference can be effectively applied to the follgy
types of series. g

A. To find the sum of n terms of a series each term of which is compogseq
of m factors in some arithmetic progression, the first factors of successie
terms being in the same arithmetic progression.

Let the series beug +uz + -+ unt - where

$n?+ﬂ§a+w+~3.:?+w+3|HS.
u, can be expressed as
fH?.+ﬂ3?+ﬂ+~3...?.+_.+.3I5
=Ur —VUr-1,

where vr = (@ + rb) (@ + 7+ 1) - - - (a + 7 F mb).

a+rFmb)—(a+T=14
m+1

Therefore uy = v; — v
uz = V- U
Up = Up— VUp-1-

By addition, %g.. =, — g

— 1

= (@ +nb)(a+n+ 1b)--- (a + 71 + mb) — %0
— Un(at

- ELNJIL.”:F._. _,_.ao + ¢, where ¢ is independent of 7

gUMMATION OF SERIES
283

Introduce the next factor of the ;

n tine arithmet progr

grite %Mn 4 Divide by the number of factors thus En“Mpsa pﬂ
; «:m: jifference- Then add a constant. The constant ¢ can be

mmo? L ing a particular value to n.

ples Ancusu:m&.

1.3+36+57+..- ...
fuato be the given series.

(2r - 1@ +1).

(2n — 1)(2n+1)(2n +3)

oy o Ao g o + ¢, where c is a constant.

4w

—_
=

TUr—
. fleac 3

_ 1.3. Therefore 3 = 135 4 . This gives c= }

3+
= _nal.:_na+:_u=+w_ +w
3

n
Therefore m:.. = 6

But %1

1.34+24+35+--- -
Denoting the series by up +uz+us+--- o , we have
Up = r(r+ 2).
Here the rule is not applicable. Each term of the'eries is the prod-

ut of two factors in an arithmetic progression but the first factors of
successive terms are pot in the same arithmetic progression.

s, Find the sum upto 1 terms

u, can be expressed as u=rr+l+1) =rr+l)+r

Hence M.E_. = L e wvw? +2) + :Qw.“.. S + ¢, where c is a constant.

But u; = 1.3. Therefore 3 = mlwm + .H.um 4 ¢. This gives ¢ =0.
Therefore T uy= E h_ﬁ.
2 ;

8. Find the m:.H,D upto n terms Hu £ Nw + WN IR

Denoting the series by uy +uz +us+ - = W have

h=rl=p(r+l-1)=r(r+1)-7 :

Therefore 3 u,= E.WE - whmu..ulﬁ + ¢, where ¢ is a constant.
1 5 \

But u) = 1. Therefore 1 = 122 + 12 4 c. This gives ¢ = 0.

Thergfore 3 (nt1)(n42) _ nintl) _ nlrs1)Endl)
herafore m..:." n =+w ~=+u _n w._p.p s L .
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B. To find the sum ow n terms of a series each term of whicy

reciprocal of m factors in arithmetic progression, the firg ; Iy thy
successive terms being in the same EHEEmsn Progression, Aty p

Let the series be uy +uz +-- - +Un+- where

1 .
Ur = GH0)(ar1b)(a+r+m—10)
u, can be expressed as ,
k. ti%au_s.?tf _
Ur = ﬁD..TiOu ...... Hﬂ+1+3|—vv Aalﬂvv =VUp - .-..1.._;.

o gl L
where vr = Eo - it (v a10) (aFrim=3b) "

Therefore uy = v —12
U = v2-—13
U, = Un=Untl-

By additlon, ._m:q = 1) — Unql

1 1
(m—=1)b" (a4+n+1b)(a+n+2b)--(a+n+m—1b)

=c-

=c- ?.lma.m.::? + nb), where ¢ is independent of n.

Working rule to find W_MF..

Write down u,. Delete a factor from the beginning. Divide by the
number of factors thus diminished and the common difference. Then
change the sign and add a constant. The constant c can be determined
by assigning to n some particular value.

Worked Examples (continued).
7. Find the sum to n terms of the series

ﬂWw + %. + iuw ruimons nie

Denoting the series by u; + uag +ua+--- - , we have

Ur = D

1

2L(n+1)(n+2)
But u; = 135 = §. Therefore } = c— 533. This gives €= b

L] 1 1
Therefore m—-ﬂl MI %

n
Hence Mm:q =c- , where c is a constant.
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; o
pemmtontemsothentm iy g 0
g ing the series by u1 +uz +ug+... ... , we have
0 ;
o rule i8 ot directly applicable rn.am. Bach term of the Series is the
Th -l of the product of two _,maa.oa 1D an arithmetic progreggion bt
%mﬂn factors of several terms are in a different arithmetc Progression
pe B .
: can be envno&wwn_ T
=“.__1 = ﬂmﬂi\nqg.h.mmq?ﬂm«
2
= % + ?Hnjl.: r+1)(2r+3)
i 2
Therefore Etr =€~ 7900 ¥3) ~ 22020+ 1)(2n +3)’ Wherdn ik
Bbhﬁgﬂ. 1 .
_ But u = §- Therefore g =c— 25 ~ 735 This gives c= 3

# 1 1 1
q__aaoamﬂ:lmu2~=+3|x§+£§+3.

¢, Find the sum to n terms
3 B (R
i taast
Denoting the series by uy +ua +ug+--- - o

I T 2 _ y
Ur = S0 (r42) (N RRIEDIEE
n
et % H
Therefore Bur= ¢~ i3 + iﬂ. where c is a constant.

But uy = 45 = 4. Therefore § =c—§ + 733- This gives ¢ = §.
n 3 2 1
.Sa_.&ogmf =i s + TCETC TS

C.To find the sum of n terms of the series uy +uz+ -~ +tunt "

-.r_nﬂ ”D a4 .
O = Mot d) (b+2d) (b=

d)
?namwm+tﬂnﬂ&+mlmw.mﬂz e e o -
Ur can be expressed as
=1d) _ntm_l?+q|n.mm:

a—-b+d
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4 1 __ a(a4d)...
afatd)fotrd) L, a
= b G0 OHEbGd)(pT
__1 _a(atd)-(ayrd)
_ y - V1, WHeTe Ur ZGbd” bd+d)--(b+r=Td)"
Therefore 11 = n-"%Y%
u = w-U"

Up = YUn—Un-1

By addition, %5 s
Worked Example (continued).

4,47 347104 ...
w+§+ o+

Denoting the series by u; +ug +uz +--+ ... » We have
i _ AT-(3r4]) A (3r+4)—(3r+2)

Ur =5R(3r42) ~ 5.8-(3r+2) 2 v

47-(3rH) _ 1 47-(3r+1)

‘58-(3r+2)  2°58-(3r-1)

= v, — Ur—1, Where v, =

4.7 (3n+4)
25---(3n+2)

Therefore mus. =Up—Y = 2.

D. Application of the method of difference to find the sum to terms
of some Trigonometrical series.

(i) Find the sum of first n terms of the series
sina + sin{a + 3) + sin(a + 28) 4+ -

Here the angles are in arithmetic progression, the first angle being
o and the common difference being 3.

Here u, =sin(a + r — 14)

2sin(o4r—15) sin &

ST Tagd

2
= (ot 2720)—con(a+ 2571 5)

2sin & .
— ar-3
= U — Ury1, where v, = wgwl.”wb
8in
‘Therefore 3¢, —
vm.c.. =V~ Uny
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cos(o— ) ~con(a+ A0z )

il

Zain
gin & -
o= ma:? + 2519
_ sin sin( first angle + last an
aln

1 the s of first n terms of the series
il ?&+ cos(@ + B) + cos(a + 28+ ..

i ithmetic progression, th i
angles are in arithn progression, the first angle b
mh_m_“ﬂwaaon difference being /. Sre
A
a

= OOWAQ I HQV
2in £ cos(a+r—1p)

2sin Mu

sin{a+ u1u| L3) Iuwn_._n+.u..1u||we
2sin .m

_ sin(a+22=3 )
= ¢1+H e @.q. armﬁm .C- — Iﬂ!-w“%”ll

Here Ur

I\

i\

n
Therefore M_uzq =Untl1 — U

_ mm=AD+u=n|HElumu«Q|mu
= 2sin m

sin 282

= —% cos(a+ 2%515)

= s“_.FMWM.HI cos(

(ii) Find the sum to n terms  cosec 8+ cosec 20 +cosec 228 4 - ---
We have cot § — cot 29

.lnoma . |
= un6 " sin30 = Smosiney = Cosec 20.
Therefore cosec 6§ = cot m —cot#
cosec 20 = cot § — cot 26
cosec 226 = cot 26 — cot 220

first angle + last angle )
% 2

|

C0sec NzluQ
By addition,
w

" 0 +cosec 26 + - +-cosec 2716 = cot & — cot2"714.

=cot 2™29 — cot 2714,
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ton terms tanf +2tan2g 4 92

(iv) Find the sum e il tan num+
cos —8in m
wwednﬁnml»bbm “sinfcos8 u_:pw I.NnOaM@

ﬂdhou.m EQ cot g — 2cot 26.
2tan 26 = 2cot 20 — 22 cot 2%

92tan2%0 = 22 cot 226 — 23 cot 2%¢
u.i.:s gn-1g = 2"~  cot 2"~ # — 2" cot 27,

By sddition, s
2" 12" 10 = cot g — gn

2tan20 +---+
tanf + cot gng
(v) Find the sum to :.8&8 S
EI—H-MLTGQU. mﬂ.—u—.m: .~+u..a+ ......
-1 |
Here u, = tan 1+r(r+1.
s r+l1)-r
= tan 1H(r+1)i

= tan"Mr+1)—tan'r

= .41 — U, where v, =tan"!r.

Therefore %5. =tan"'(n+1)—tan"'1.

(vi) Find the sum 8 n terms

1
gin 0 #in 20 i3 n:.ua-_uua i n:_ua!:.s +
i 1

Here u, = sinrésin(r+1

sin{(r+1)0-r0
&in @ sin r@ sin(r+1

=Lz {cot ré/ — cot(r + 1)6}

0
= Uy — Upyy Where v, = S5

Therefore mF. = U] — Ung1 = {cOt8 — cot(n + 1)f} cosec 6.

?5 Find the sum to n terms
tan f sec 26 + tan 26 sec 226 + tan 226 sec 2°6 + -

Here u, = tan 2716 sec 274

SUMMATION OF SERjgs

= tan2f - tan#
Ther®™" , = tan2%6 —tan2g

tan 2" — tan27-1g,

W:... = tan2"d — tan 4.

Exercises 6A

the series to 1 terms
(i 123+ 234+345+---

(i) 9345 +34.56 44567+
(i) 2.5.8. 4+5811+81L14+--

() 12 +237 4347+

(%) 144254364+ -

() _2:3%._.?%

(i) 135+246+357+-

(i) 12+34+56+-

1, Sum

2, Sum the series to n terms
sm+%+%+;

(i) :a ¢m+u|.“|u.+..
(i) ::+...u_.u+u?;

(i) r!+.:u+J
M datsz+hat

(vi) ml+e:+uu_.,...~ae+..

_.uu —uuq

i) 33+35%+ 3535+

(vi) M+$ + 2284

+--

3. Sum the series to n terms
() sinf - sin 26 + sin 36 — --
(i) sin? g + 5in? 20 + sin? 36 + -
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3 4 cos? 30 + cos” 56 + -

(iili) cos Tt
sin 28 sin 30 +sin36sin 46 4 . ..

(iv) sinfsin28+
") nommn&wm._.ocmmaoom%+8mmm8mmm+.:
(vi)
(vii) tan
(viii) secfsec 2 + sec 20 sec 36 + sec 30 secdf + ...

[
ngzua+3=nn?=uﬂ+5=uimnpa+...

(ix) 2cosec 20 cot 26+4cosec 46 cot 46+ 8Bcosec 86 cot 86 4.

ind sin 20 sin 38 I
C& mﬂ\hlﬂ.nla..lud + otcos®® T oibtcones T =

(xi) log(2cos6) + log(2cos 26) + log(2cos 2%0) + ... . .

sinzsec3z + sin3rsec3’z +sin3’zsec3dz ...

(xii)
(xiii) tan™' 7z +tan”
(xiv) cot ™' (1+1+1%) +cot™ (1 +24+2%) 4. .

(xv) cot™(2+52) +eotT 2+ ) +ootTH (24 34y
(xvi) log(1+2cosf) +log(1 + 2cos 36) + log(1 + 2cos 3%) 4

11 -1 _1
gz Htan” o 4. .o

4. Show that
(i) 1.50+2.49+3.48+---+50.1 = 22100,

(i) 1.50% +2.49% +3.487 +--- + 50.1% = 563500,
(iii) H+m+%+m.a+.:+m$nmﬁ.w¥%,
[Hint. Let s =1+ 2z +--- + 50z, where z = {. Find s - sz
sz H.=+Mm=|“—.v+wﬁ=|Mv+...+=.w" ; ﬂmﬂw.‘r“—vuﬁ—a._-wv.

-1 1 (n+1)
¥ Rt Egtoet N+ (n+2) u?._.+3_

(vi) H+u:+.t+u:+m..;+£_+m$+:.+=:+_...|,.1

Ir—-

(&

6.3. Difference operator A.

h..# us consider a sequence {uj,ug,...un,... ...} where uy is8
function of positive integral variable n.

We define Au, = Uns) — Up.

Then Auy = up u1,Aup = ug — ug, Aug = ug — Uz, **°

,H._Wm sequence {Auy, Auy,...Auy,,... ...} issaid to be the first o
of differences of the sequence {uy}.
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Jefin€ Alun = DAD.M:V = A(unyy — Un).
2
¥ equence {BPu1, B7u2, 8%, .} jg 8aid to be t
ejm\mm_.mmaanm,._ of the sequence {u,}. © second
) h order of diff
A% . \ar manner the pth order of differences A» .
8 M“”“man. can be defined for the sequence .T...L. Un where Pisa
iy
%_H_ e mmediately that
:.”o _ k. a constant for all n then Au, = ¢ for all n, and co
oty = ’ ] n-
0
sely’ i :
! sequence in an arithmetic pr ; ;
un) b€ 2 Progression having th
awa _H_M uﬁm erence d then Aupn, = constant = d for a]] and Suémﬁh
(0

" |f {un) be & sequence in & geometric progression having the com-
(i) atio 7 then the sequence {Auy} is also in geometric progression

on :
RMSBB% paklEin
0

mxﬂEﬁ—mm.
|, Let the sequence be 8,18,34,56,84,118,... ...
| The successive orders of differences are

0 16 42 8B M.

6 6 6 Bt
0 0 B e

Here the second order of differences is a sequence of equal elements.

The third and the successive orders of differences are sequences of zeros.

2, Let the sequence be 4,12,36, 108,324,972,... ...

The successive orders of differences are
8 24 72 216 648 ...
16 48 144 432 ..
Here the given sequence is in a geometric progression of common
ntio 3. The successive orders of differences are also in geometric pro-
gression of common ratio 3.

Let us consider the sequence {u1,uz,u3,.-- ---} and the successive
orders of differences.
ﬂ: .:.u E.w U4 ug
Ay, Au, Auj Aug o
A%y, A By e e
Ady, Ay e

.
ses b
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from the table that
It appesrs
.:Wﬁ uy + Aui,
e ug + Du2
(u + D) + Bur + Aw)

uy +20u + A%,

onow

uz + Dﬁu
oy Aug) + Aluz + Aua)

Ap_.._ + Dﬁpw + NDT_: + D.:.“_.v + Dunu:. + Ay v
1

uy + 30wy +38%u + A%uy,

L T

Theorem 6.3.1. Let {un} be a sequence and AP denote tp,
s—.._ Qiﬁ

difference operator- Then
u = ur+ (T80 + ("7 A%+ (TH AT
Proof We prove the theorem by the method of induction “
The theorem is obviously true for n =1. g
Let us assume the theorem to be true for n = m, where y, e

positive integer. .
Then um H.E..rﬁ_iIJD:H.TAEI_ A2y +--- 4 (M1 .

D_.:I—.E.. : 5 V c . ﬁ r VD1EH+...+
Theiore A = B + ("% + (0% 4

ﬁ-ﬂﬂluvb1+—.ﬂ: 4+ + D-ﬂ-:n.
Hence tm41 = Um+ Dum

= w+[1+ ("T)Am + () + (A% 4

H(™ ) + (M)A 4+ Ay
= w+(T)Au +-+ (F)Au +-- +4
This shows that the theorem is true for n = m + 1 if it be true for
n=m. And the theorem is true for n = 1.
By the principle of induction, the theorem holds for all positive i-
tegers n. !

Corollary. If p be the least positive integer su
Mﬁcmnom. of oﬁ:& elements, then u, is a polynomi
: %Mw_mg in this case all the sequences of (p+ 1)th and t

erences are sequences of zeros.

Therefore uy = uy+ (n—1)Auy +-- -+
= a polynomial in n of degree p.

ch that {APun}it8
al in n of degre P

he higher orders

(n— 5?13:.?13»%
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ples:
the sequence {un} = {3,10,21,36,55,... ..}

ders of differences are

1he suc 15 19

ﬁ 11 ”
3+ (n—1)7+ 0y
2n? +n.
u, iS 8 polynomial in n of degree 2, since the second

II]

Eaﬂ%ﬁmnnﬁ is a sequence of equal elements.
e f
LU = an? +bn+ &
rm. el = 3, a+b+c=3;
Bt . 10, datdte=Ih
eus = 21 9a+3b+c=21
These mn—dﬁ_ﬁwﬂm a=2b=1c= 0.
=2n?+n.
Therefore Un
3, Find {he sum to n terms of the series
op11431+69+131 4
Es_mmammwvm5+=u+§+:. ,
The sequence {un} and the successive orders of differences are
3 11 31 69 131
8 20 38 62 ..
12 18 24 ..
6 6 o i e e
Therefore un = 3+ 8(n — 1) + 12.(o=lin=d) +6.(p=Nin=2)(0=3)
=n®+n+l
Hence %:: = |=u?»...:n JRETCE2Y B
i :_?utafaiuatﬁ_

; = n( auwu:“wm.uumu.

Y. Find the nth term and the sum to n terms of the series
63+9.8+12.154 1524+ 1835+ =

be the given series. Let {vn} and {wn} g the
}.{3,8,15, 24,35,.. -+ } respectively.
sequence {wn} are

Let Uy +us+ug+-r- c -
*quences {6, 9,12, 15,18, ... -.-
The successive orders of differences of the
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8 TR T
i 5 7 9 + 1
2 2 8 s m e
Therefore wn = 3+5(n-1)+2. EE
= n?+2n
and un = 3n(n+1)(n+2).
n 3n(n+1)(n+2)(n+3)
s Ty = 4 +cwherecis g Constap,

But uy = 18. 18 = 3234 +c and this gives c =
3
Therefore muz_, = m:? + 1)(n+2)(n + 3).

4. Sum to n terms the series
21+7241422 42328 43424 +-.. ...

Let {va} be the sequence 12,7:14,23,34.- - - 3

The successive orders of differences are

9 7 9 11
2 2 2

e an

Therefore v, = 2+ (n—1)5+ @102 o
= nl+2n-1
Let the given series be uy + uz + uz +
Then u,, = (n? +2n ~ 1).2""1,
Let (n? +2n - 1).2""! = f(n).2" — f(n - 1).2"* where f(n) isa
polynomial of degree 2. Let us assume f(n) = an? + bn +c.
Then (n? 4+ 2n - 1).27"!
= (an® +bn +¢).2" — {a(n - 1)2 4+ b(n — 1) +c}.2"!
={2an? + 2bn+2c - a(n —1)? — b(n — 1) — c}.2~"!
={an’+ (b+2a)n —a+b+c}.2" 1.

Equating, we have a = 1,b=0,c = 0.
Soup =n? 2" — (n-1)2.27-1,

Thereforew;, = 1.2

u = 2392_19
u3 = 3293 _9292

Un = 2?2 —(n-1)22"L
.Ww‘ mﬂ&mﬂmOH—. mn—.—- = :u.&«—
e .
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der the sequence {un} where y_ - , .n-
et U8 QM“EEJ ard, or® i or™ L ) m:mochﬂ ._. Then the
1 1 *J ric T 3
nce 18 3 Progression
2V on rti0 T £ diff
g:aaa ccessive orders of differences are
The mﬁC ] ar(r - 1) A u ar(r — 1)
olt ™ r—-1) ar(r — 1) I~
a( a(r - :u i :u ar ?. = :u
Here ench OF der of differences is & sequence in geometri Pprogression
:.\OBEOH_ HWﬁwO T
d
(ot us consider the sequence {un}, where i = k+ar"-1 & being
t.
Bﬂewn -
Then Aunp = Untl —Un

= (k+a™) - (k+ar" )
= ar"(r-1)

This shows that the first order of differences is a sequence in geomet-
i Eomaommwou of common ratio r. Therefore the successive orders of
iflrences are also sequences in geometric progression of common ratio
I

Let up = 6(n) + ar™~! where ¢(n) is a polynomial of degree 1.

Then Aup, = ¢(n+1)—d(n)+ar"(r-1)
= k+ar™ }(r — 1),k being a constant.
A%y, = ar"i(r-1)2

~ Here the second and the successive orders of differences are sequences
in geometric progression of common ratio r.

Let up, = ¢(n) + ar™~?, where ¢(n) is a polynomial of degree p.
Then the (p + 1)th and the successive orders of differences are se-
Quences in geometric progression of common ratio r. i

Worked Examples (continued).
5. Find u,, where the sequence {un} = {7,14,33,88,251,... -}

The succesive orders of differences are
! 19 55 163
7 36 108
Tim e g |
i _.Ewa Em second and the successive orders of differences a1¢ Ma%...w_ew
¥ln) M_.mgo progression of common ratio 3. Therefore un = a-
ere ¢(n) is a polynomial of degree 1.

ass wes

—
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n-14 bn+c.
Let un = a.3 _ .
.Esnn+¢+nuq_ un+§+|n| 14, un+ua+aﬂmw
These determine 2 = 3,b=1c=3. |
Therefore n -=3" + 1% 3.
6. Find the sumn of the first n terms of the serjes

q+—#+ww+mm+wm—+ ......
By the previous example, the nth term u,, is s By
u, =3 +n+3
= @A.—+W+Ww+...+”w:.|w JJ.I.. |
-1 n(n+1 v % { +m:
= 357+ 2 4

Therefore Mm ur

6.4. Recurring scries.

The series ug + u; +uz+--- - is said to vmpan:i: -
order r if any r + 1 successive terns of the series are SE_SW m.“a
relation

Un +Prtn-1 + P2tn-2+ F Prtnr =00 21 (j)
where p1, 2, - - -, Pr are constants. The relation (i) is said to b, th
of relation of the recurring series. € scal

Tieg of

by the

Examples.

1. Theseries 14+2+3+5+8+13+-.- .. .sm__.mnsﬂummﬁmer
scale of relation is 4y — Un—1 = Un—2 = 0,n > 2. The order aﬂ
recurring series is 2. )

2. Theseries 1 +4+9+16+254+36+--- --- is & recurring series whag
scale of relation is u,, — 3un_; + 3up_2 — un_3 = 0. The order of the
recurring seties is 3.

The scries ug + uyx + usz? + ..+ ... is said to be a recurring series
of order r if any r + 1 successive coefficients of the.series are connected
by the relation

Un + Prttn-y + Potin-2 + -+ + prtty—y = 0,1 > 1 ... (i)
where py, pa,...,p, are constants. The relation (ii) is said to be the
scale of relation of the recurring series.

Soe suthors define the scale of relation in a different way.

The series g -+ u,z 4 upz? 4 .. ... is said to be a recurring S

of order r if any r 4 | successive terms of the serics are comnected I
the relation

A 4

A
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l_ _m :lu
H: v+ﬁu.ﬁ T..rlu.w +--. r
pr(t! =.:~ cons ) o ?..TL..TJ =)
ot o 1 and S.ﬁnm_. .ﬂ. _ﬂw b onstants, The relation | 4 =0,
g Z r is said to be the scale ; bir
¢ " is of re *
a_wwﬁ.T ' e f relation of the recurring
r .
=
Wwe

bl accept cither of these definitions,
sha ;

ﬁﬂo_ﬂ—nmbﬂmh_v.
LBk MHN +dz3 .. isa Fecurring serjeg of d
relation i Un = 2Uy_ | + 1,0 =0, > 2 or. 1 uwn+m_.u~
. =z&or |- -
os 1447+ 9r2 +162° + 251 + 3625 Ao .

3 whose scale of relation is 1 - 3z 4 3,2 _ Fad
— Upn-3 = C.: N .-.w

The ser!
H%m of order
wﬂ:_\_ +3un-2 !

i the scale of relation and a sufficient number of terms from th
%m_aa.um of a recurring scries be known then the .aro_m series can cm
nstructed Sy
For example, if uo = Luy =3 and u, - 3u,_, - dUuny =0,n >
be the scale of relation of the series g + uy + uy 4 ... ... .Emm

? can be determined from the given relation,

S.nu__:.
conversely, if a sufficient number of terms from the beginning of a

wcurring series be given then the scale of relation can be determined

Theorem 6.4.1. A recurring series of order r is completely determined
if the first 2r terms are known.

Proof. Let the recurring series of order r be
U+ U T+ ugzi 4 ...
vhose scale of relation is 1 + pyz + pyz? + - 4+ p,z".
Then ur + prUp_y + potip_g + - - + upg =0
Urgl + P1Ur + PolUr ) + - Fu; =0 ... (A)

Yar-1 +prugr—g + pottor_3 + - + up_q = 0.

lio In order to determine r unknowns P1,P2,-- -, Pr uniquely, r equa-
s“_.” (A) arc sufficicnt. These r equations require 2r cocfficicnts
y —_..._.E.N._-Iu. B
4 Mrm.io_.m if 2r coefficients ug, uy, ..., uzr—1 be pre-assigned the scale
4lion can be fully determined.

Workeq Examples.
L Determe.: ’
lermine the gcale of relation of the recurring series

Ca.2g

SrEREE SRR L
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g4 7z +2522 918 4 eee
Here first four em:nﬁ are given. Let us assume that g
relation is 1 +PT +qz”. Ny e ® Soq, :
H__gmﬂwm;rﬂﬁ)rmn“om_u& @H:T,MOE.T.NQ”P [
These determine p = 7,4 = 12.
Hence the scale of relation is 1 — 7z + 12x®)
2. Determine the scale of relation of the recurring Serieg
294+34+54+9+--- -
Here first four terms are given. Let us assume that 4,
realtion is tn + Pn—1+ qtn-2 = 0. € scalg
Then 5+3p+2¢=0and 9+5p+3¢=0.
These determine p = —3,¢ = 2.
Hence the scale of relation is un — Sun_1 +2up_g =
Theorem 6.4.2. The sum of first n terms of the recurring gey;
wx + wpz? + -+ - is a fraction whose denominator ig ﬂF:Mm_E s
e of

relation.

Proof. For simplicity we assume the scale of relation as 1 + PT 4 g
Whatever be the scale of relation, the method of proof is cswn ;

general. el

Let s, = ug+uwmzr+ ﬂan e SRR + up—12" 1. Then
pasn = PuoT +pmT? 4 oo o pup 9z 4 pyy o0
gz’s, = quoz? + - - + qUn—3T" ! + qUn_oz" + qu, o™

Therefore (1 + pz + gz°)s, = tp + (41 + Pu0)Z + (PUn-1 + qup_o)a"
+ﬁ:=IHH=+~. since un + Pun-2 + qUn-3 =0,n 22

ug+(u1+puo)z+(pun —1+qun—2)2" +qun—1z"+!
1+4+pz+qz?

or, 8, = .
Note. The sum s, can be expressed as
_ uo+(u1+pug)z + (Pun—1+qUn—2)z" +qun_1z"*!

S =

14pz+gz? 1+pz+qz?
.=. the second term tends to zero as n increases indefinitely, then th
series ug +u1 T + uga? + -+« --- is convergent and in that case the s

is =c+_2—+£~.ﬂ
14+priqz?

If we develop the fraction Eﬂ.ﬁﬁm is ascending pOwers of %

. T i

_er.m_a we shall obtain as many em..B.wa 0m the series as we pleast b _"

sm be the ..Eabqk.o.m the infinite series ug + u1T + 2T+ %
the remain —14qUn—2)z"+-qu,_ 1) incre

ra :E.Iu.m:: 1277 tends to zero 85 ™1

SUMMATION OF sBfsy" -

itely: .
i . he fraction §Ll+ﬁ.+ Uitpug)r K
reason e . 14pz4qx?— 188aid to he g,
geries up + U1T +ugz? 4 ... ... © generating

, let us consider the series 1474 ;2 , M

.o 5 recuring series of order 1. The scale of a_pzm.n. : H
8]~

Lsa=1+T+E ¥t a ) Then &

ﬁum Hhﬁ“ ]HlHNl...lHﬂ—l—.

re AHI.HVm.:"H.IH H
g&mamo A5

e -
or, Sn = 1-% 1-z 1-z

.IH_.-

ing function is . s
The generating 1z~ Expanding in ascending powers of

H_ n
|—\"H+H+Hu+...+.ﬂ=lu+mn||u.
-z

Thus we obtain as many terms of the series as we please, but !
, but -
1-z

il be equivalent to 1+z+z%+---if and only if Hul.“n. tends to zero as
» increases indefinitely. This happens only when | z |< 1, in which case
the series is convergent and the sum of the infinite series is HF

ll“ 2

Worked Examples (continued).

3. Find the generating function, the general term and the sum to n
terms of the series 2 + 3z + 522 + 923 4+ --- .-

Let the scale of relation be 1 + pz + ¢z2.
Then 5+3p+2¢q=0, 9+5p+3¢g=0.
These determine p = —3,q.= 2.

Hence the scale of relation is 1 — 3z + 2z

Let s denote the sum of the series, when it is convergent.

Thens = 2+43z+52%+93+-
lwwm = —6x — 912 — 1523 — -« -+
MH 3 = #HN + mH@ + ......

Adding, we have mﬁlma+uauvnm|uu_oﬂmu Twmwumﬂ. .

The : 1
en N 2-3z  _ 1l 3 ——.
generating function is =537 = 1—= trm ]

" u,_.;m coefficient of z" in .ﬂﬂm is 17, and the coefficiént of 27 D T3z

Hence the (r + 1)th term of the series is (1 + 2)a’.
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n=1
The sum to n terms _.mcﬁ +2")z"
= c+n+%+.:+%r;

s 4 92
Hi+2 422024 0

= l_.. T
1-z 1-27 *

]

H:JJ

4 Find the mm:m_d_ term and the sum of first n terms of

94 74+25+91+
We shall find the general term and the sum of fiygt Wi
+7z+2522 + 9123 + - ... ang S

the Ser

I'ms of :5

recurring series 2 Boas |
lip the

results. .
The scale of relation can be obtained as 1 — 7z + 1222

Let s be the sum of the infinite series when it is cOnvergen

s = 24+T7z+2572 +91z 4+ ...
_7ps =  —l4z—49z2 - 175z° — ... .
12725 = 2472 + 8413+ .- ...

Then s(1 — 7z +127%) =2 - Tz
i SO TR B

Or, $ ={_7741272 = 1-3z ' 1-4z°

The coefficient of 2" in the QGEEF.: of === is 3" and the coefiien

of z" in the expansion of ;2 is 4.
Hence the (r + 1)th term of the series is (3" + 47)z".
n—1
MQHWq. +&.1V.H1
r=
(1+3z+ 322 4.+ 3n-=1gn-1)
+(1+4z +4%22 + ..« 4 4r-1gm))

The sum to n terms =

_  1-3%2" 1-4"z"
- 1-3c + 1-4z -~

Hence the (r + 1)th term of the given series is 3" 4 4" and the sun
of first n terms of the given series is ;@ -1+ 1 -1).

Theorem 6.4.3. If u, is a polynomial in n of degree p then the series
up+urZ+upzl4 o o is a recurring series of which the scale of relation
is (1 - )P,
Proof. Let s be the sum of the series when it is convergent.
g w4 Uz +upz? + - Fupzt 4
.m:lu& = §+A=FI§QVH+...+A:=1ﬁ=|LH=+...
= uy+vz+vea2+ - + vga™ + -, Where

Un = tin — n, and 50 v, is a polynomial in n of degree p— 1

€
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2 = ug-t(v Iﬁ&ﬁ+:.+ i
-7 Z ug + (V1 = ug)z + _saumr,..:ﬂ.m_w__ i
P > 2 and 80 wy s & polynomiy of %5.“ AL
_s_mbnmm%:m in a similar manner, we haye p-2
r 1
H\avu = f(z) .IA.Ha +artl 4., whers fz) ik
MME,_ and k(= APup) i8 & constant since y, g 5 E.EoE.M.H M;i
A egree
F re s(1— @) = f(z) + %

ﬂ:mnmmc g
»u.\ t._.‘nv.fkﬂ g0y
5= %luvu » and this is the generapiy

I, G

ENM. Therefore the series is a recurring whoge
P,

n-2

8 function of the
scale of relation s

gorked Example (continued).

Find the generating function of the series
K 24+ 52+ 1022 +172% 4+ 2624 ... ...

The sequence of coefficients and the succesive orders of differences

are
2 5 10 17 26 ..
3 5 7 - L,

2 2 20 B

Since the second order of differences is a sequence of equal elements,
1, i6 & polynomial of degree 2. Therefore the series is a recurring series
and the scale of relation is (1 — z)3.

Let 5 be the sum of the series when it is convergent.

Thens = 24 5z+ 10z +172° + 262 +--- ---
-3rs =  —6z'- 1522 -30z° - 51z - -
3z%s = 622 + 1523 + 30z +--- -
1% = NPV R TIG

Adding, we have (1 - z)3s =2 -z +2%,0rs numwmm

A
Therefore the generating function is ﬁwﬁ
Théorem 6.4.4. Let up + g + g+ be a recurring series of real

Wmbers whose scale of relation is tin + Plin-1 + qn-2 = 0 where p,¢
e constantg,

. a8 be the roots of the equation 2% +pz +4= 0 an
Wita # 6,4, = A + BB" where A, B are arbitrary constants

L
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A..v ifa= u U = A\p + :mvnq— ‘whére .\#_ B are vaﬂg 8:.@_“
u &= y
ider the series ug + 1T +ugx? 4.,
Proof. Let us cons! g8 ) T
sng convergence o e sel ; e the sum o
Assuming 2 Ji the Sere
mu=o+5.a+=ua .M |
pzs = pu T + puit +...\
nﬂ»u“ ag.ﬂu.._.... ;
We have (1 +pz +92)s = to + (1 + puo)z.
+(ur+puo)z’ _ Evm
i nﬁmmwﬂﬂuuk = Ql=oz)(1-p2)"
(i) Since @ # [, we have

A B B are constan
m“ml“.lﬂ‘f.—l.ldm.ﬁ—u.ﬁﬂﬁb_ ts

= A(l+az+a’z?+- - +alz "+ )+ B(1+0z+5%22+
where | z |[< min{| a |,| 3 |}.
Therefore u, = coefficient of z" in R.H.S,
= Aa"+ mu:.
(i) Since a = f, we have

\.. hw. ~ _.
8= tAs + e where A’, B’ are constants

= Al+az+o2 +-+a"z" +-) + B'(1 4 2z + 322,
. 4 (n+1)a"z" + ), where |z|<|al
cocfficient of z" in R.H.S.
A'a™ + B'(n+1)a"
(A+nB)a", where A, B are constants.

Ontg

...+m:a=+...g

Therefore ¥, =

Theorem 6.4.5. Let ug + uy + uz + --- be a recurring series of real
numbers whose scale of relation is uy, + pun-1 + qun-2 + T3 =0
where p, g, are constants.

If a, 8,7 be the roots of the equation z* + pz® + gz +r =0 then

(i) if no two of a, B, are equal, u, = Aa"+Bf" +cy", where ABC
are constants;

(i) ifa=p# 7, un=(A+nB)a"+C~", where A, B, C are constarts

(iii) ifa=p =1 uy = (A4 +nB +n2C)a”, where 4,B,C are @
stants.

Proof. Left to the reader.

Worked Examples (continued).
11. Find the nth term of the recurring series

) €

SUMMATION OF SER|gg
303

r

.es be uy ¥ ua +uz + -

_ e SRR
” - and let the scale of Telation pe
|

mﬂm._‘mﬁx_un..ﬂo. Hhu_rumﬂ.fwﬁﬂc_ﬂiﬂmﬁ”lb.ﬂﬂw
M__Hm roots of the Bquation =+ 4 3 = Gmrg 1, 3 .

_— A.1™ + B.3" where A, B are constantg
ﬂ:ﬁﬂﬁ +3B=1A+9B=2gving4=1 p
e -1
lence tn = 314377
¢ nth term of the recurring series
44+ T+ +H1T+2T+45+ ...

{he series be U1 +uz+ua+-
n-1 + gn-2 +TUn-3 = 0.

=1
8

. - and let the scale of relation be

4P
" hen 17+ 11p+Ta+4r =0, 274 1Tp411g47r =
p1r="0 givingp=—4,¢=95,r=-2

The roots of the equation 73 — 422 +52-2=0are 1,1,2,
flence un = (A + nB)1" + C.2" where A, B, C are constants,

Since u1 =4,u2 = .N_ﬂm = HH_ we F.m.<m>+m+mo."&. >+Mm+
=1, A+3B+8C=11,gvingA=1B=2C=1

Hence un = 1 +2n+ 271,

o_ 45 + w._.ﬁ....

Exercises 6B

1. Find the nth term and the sum of n terms of the series:

() 5+9+15+23+33+---

(i) 2+10+30+68+130+---

(ii) 26+3.14+4.24 4536+ -

(V) 9417437493 +257+-

M) 345+10+22+49+107+---

M) 346+13+32+87+250 4+

mev w__wmw.wﬂmw.ww .u_._m.mm.f..
d+5.3+4+732+93% +11.3° + -

1 Find the general term and the sum of n terms of the series:

s 2454134+354...

li 246420472 4...

I i o TR e
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(i) 4 L12+32+80+-
(iv) .._+.~+u+_o+uu+a...+:.
6.5. C +iS method of summation.

We now discuss a method of finding the sum of -

ap +aycosf +azcos20+--- - (i) © real gori,.
a;sinf +azsin26+--- -« (ii)
where @ is real and ao,a1,a2, - - are constants,
Let the complex 818,
ap + ae’’ + aze?® 4. - (iii)
be convergent for some 6 and f(0) be the sum. Ley £9) b
as A + iB where A, B are real. Then e Q?..ag

A+1iB “ho.*._n;ogm.*u.mwﬂmv+D‘MA§MQ+m$=m3+
This implies the convergence of the series (i) and (

A=ag+aycosf+azcos2f+--- ...

B=a;sinf+azsin2f+--- - ‘

Therefore in order to find the sum of either of the serieg
(i) we try to find the sum of the complex series (iii) in jq g _.w ang
convergence and then express the sum f(6) in the form ¢ N ,.mm_,“_m of
C and S are real. : ; ere

The sums of the series (i) and (ii) for the corresponding § are give
by C and S respectively.

ii) and

Examples.

1. Find the sum of the series
sinf — §sin20+ 3sin36 — - - (-m <@ <m).
Assuming convergence of the series
cosf — 5 cos26 + 3 cos30 — - -
and sinf) — }sin26 + }sin3¢ —--- -
with C and S as their sum respectively, we have
C+iS = e?- wmn..w e Wmm_.g T |
= log,(1+ €*) = log,(1 + cos 8 + isinf).
Let 1+ cosf = rcos¢,sin @ = rsin ¢.
;mﬂﬂﬂmgmg&&.ﬂm. -

Therefore C +iS = log(1 + cos 6 + isin#) = log(2c0s 9) +iz

SUMMATION oF QNEN&

gin 20 + .T_ame "

Hm

, 1

M mnanm sinf ~ 2 {

| _Llews204 500830 —... =

_ ond cost m. . ,_a_ 5%8-2.53
The -mu_”w_o:mﬂ onf 18 naa&ﬁé for the

mamﬂwm P uw- + . Gt

I.x.\@\;ﬂ

O the periey
When [z |<

§<Qq§
~va aogmﬂ_ to _ONnC +£

i {he sum of the serieg
1
| » ncmm\wngwel..mmﬁl....
_ . » convergence of the series
_HBEW 1
A 056 — 30530+ Fcos5h —... .
. )
unn_mmum\wm:u.mm+wm5mm%:.
1 cand 8 85 their sum respectively, we have
wit . o= n..alwmua+wn9.q|:
e —17.i =
= tan~'(e") = tan~!(cosf + ising),

SAaAmv

= cbsf +isinf
cos(c+is +isin(c+is — _aiumua_tnna@
OT) gos(c+is)—t sin(c+is) (14sin#)—icosf
is) _ {(1-sin@)+icos}{(1+sin6)+icosh)
(1+5in8)2+cos? 9
2icosf

or, €2 (cos 2c + isin 2¢) = ;I

Theore €~ cos2e = ,¢- a2 = 32

This implies €2* = 125129 and 2c = §.

Therefore s = w_omnmmn¢+§h 8) and c=%.

Hence cosf — 3cos30+--- =3, when0<0< }
Note. The series z — mau. + m-. — .- converges to tan™! z when | z|< 1
but z # .

Exercises 6C

1. Find the sum of the following series:

G 14cosf 4 con28 | cosdd 4 ... ...

) 14 ccos®+c?cos20+cPcos3f+ (0<e<])
(i) 088 + = cos 20 + 2 cos30 + -+ (0<=z<1)
fiv) H+n§e+%.8m_~@+m«mw8mm+ ......
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v (=l
(v) c0s 20 — L cosdf + §cosb0 — a (-§<o<cy)

cond . _ cos” 0 o3 LY JT

o). e alid o SERIINRR - R S0 20 2 (V<0< p
(vii) sin20+}sindd+gsinGl ko 0<0<m
(vili nowualmno%u?.‘wnomu%l:. TmAmAmv

3
(ix) cos f cos 0 + cos? 0 cos 20 + cos” fcos3f + - - .. Gxai
(%) sin?0 — Lsin?20+4 }sin?30— - - (-3 << 1)
2. f a, b, c be three sides of a triangle and a > b, prove that,
(i) mn8Q+mq8mwQ+uPauqnomwQ+.: ...H_omm
(ii) .mmi0_+uhauqmw=w0,+uhnuqm.5w0+.: e

3

(i) H+mnom0.+mwoommo.+mq8mw®+.: - =fcosp

(iv) 2sinC+ 4 sin2C + besin3C 4

. gIMPLE CONTINUED FRACTION

.

ed fraction.

(1, CoA8™ he f
An expression A fe E+ﬂ”lmﬂ
v 'and b's are all integers with b; £ 0 for i > 2
qwnmoap m.Vﬂ, is called a continued fraction. SRS
G = i
| The continued fraction is also denoted by g4 225 . .

a2+ ag+

. b ... are called elements of the continued fraction.
11 ag’ B3

If the number of elements be finite, the continued fraction is said to
pe & finite continued fraction.

If the number of elements be infinite, the continued fraction is said
1o be an infinite continued fraction.

The value of the fraction obtained by stopping at some stage is called
s convergent of the continued fraction.

For the continued fraction a; + Mnn.ﬂ M_F+ e

the first convergent = a,,

the second convergent = a; + W.

the third convergent = a, + wneuu.ﬂmw_

As the number of convergents is finite in a finite continued fraction,

Mﬁ value of the last convergent gives the value of a finite coutimued
E,.SQF

In an infinite continued fraction, the number of convergents is clearly
_mmE..ua. If 41, up, ug,- - - be the successive convergents om. the continued
ﬁ.o.w_o:. the continued fraction is said to be convergent if the sequence

contj i convergent. In this case limup is said to be the value of the
Minued fraction.

If how, , ]
tion g Owever, the sequence {u,} be not convergent, the con' ued frac

said to be divergent. but
y . 1 vergent, bd
the °r example, the continued fraction 1+ .m.ﬂ T Ee

‘ontinued fraction e - is divergent

T
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7.2. Simple continued fraction.

g b b : .
The continued fraction a) + 22 - in whigh, b,

and a; > 0 for all i > 1,a; > 0 is said to be a siinpj, SM?.”. for g o
Thus the general form of a simple continued fractiop j5 ¢4 ?a.,..u
I S on,
a + az+ ay+
a, is called the ith quotient. .
aj, a1+ m_m. a1+ muﬂw o are called respectively tye firge
the second convergent, the third convergent, - - - Sséﬁ..d.
Examples.
. . . L5
1. For the simple continued fraction 1 + ul._,.mﬂw_
the first convergent = 1,
the second convergent =1+ 1 = 3,
the third convergent = 1+ WW = m.. _
£ 1 3.1 9k
the fourth convergent = 1+ 571 Ti=8

8
7
=+
[=n
1]
o,
B
=
1]
g
{a
B
(=]
&
g
2
=]
HI"‘
|~
l.—'

the first convergent = 0,
the second convergent = 1,
the third convergent = ;L ;L = 2

2+ J

: =111 _3
the fourth convergent = T 7 im ]
the fifth convergent = TEFI =

Here the value of the continued fraction is ﬁ

Theorem 7.2.1. If u,(= L) be the nth convergent of the simple con-
tinued fraction a, + %nl..mﬂ -+~ then the recurrence relations

Pn =0nPn-1+Pn-2, Gn = Gngn-1+ gn-2 hold for alln >3
Proof. u; = a;. Therefore p=a, =1

w=a+is= 229+l Therefore p; = aza; +1,q2 = az.

e i3] o +1)+
h=m+t+r=a+ ouunut = E?hanhutu o
Therefore py = a3(aza, + 1)+a1 = agp; +p1, g3 = azag +1 = asp +0

This shows that the relations hold for n = 3. i

Let us assume that the relations hold for n = m 1&2...“ m is a nat

- humber > 3.

Then Uy, =Bm — SmPm_1+pm_s
qm OmQm-1+qm-2 "

L
um SIMPLE CONTINUED m.ﬁb.goz
309
IETRULT W
o = a1 az+ a3+ Qmyq 1 ﬂﬂﬁ
3 H m4i
_— that um41 18 OVnEﬂhn— mﬂoa U if
observ Gm be y
+ amt? 1
(i Aﬂ;+n 1 vﬂ:_-.l__._-ﬂ_ﬂlu

el T e ki

=
ghen Um+! = ame+1 Omt g T mo14 gy
= Om+1{0mPm 1 +pm_3)4p,. _,
am+1(&mam—1+gm_3)+q,,
Gm+1 m-1
Am+19m+qm-1 °

Therefore Pm+1 = Omt1Pm ¥ Pty Gty = pyyg, pq

This shows that the relations hold for n=m+1if nrmm hold for

| _m. : :
~ __\m_w the principle of induction, the relations hold for al] 5 > 3.
{

| Note. [ we write po = 1,40 = 0 then py, 3 can be expressed as
p2 = a2P1 T Po, 92 = G2¢1 + qo.
This shows that the recurrence relations

Pn = GnPn-1 + Pn-2, n = QnQn-) + n_»
hold for all n > 2 with the assumed initial values py = 1, = 0.

If o simple continued fraction be finite then there is a finite number
of quotients and the last convergent gives the value of the continued
fraction.

Since each convergent u,, is of the form .“.p where p,,, 1, are positive
integers, each convergent is a rational number and therefore the value of

sfinite simple continued fraction is a positive rational number.

We now show that every positive fational number can be expressed
%a finite simple continued fraction.

?oﬂmﬁ 7.2.2. Every positive rational number r can be expressed as
;.Eﬂm simple continued fraction.

Poj. Let r <2 be a positive rational number, where p,q are integers

“dp> 0,90,
m”s 1> q. Let us divide p by . By division algorithm, there exist

B8 a) and ry such that p=ayq+r wherea; 21,0 <¢

T
_sumnnp+nﬁr.

-

N iniions
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munga;_mmm:uv_mnou:
Ifry =0 then ¢ =& AU p.gsoa_,
only one quotient. 1

5:
.|. LI.+
fo<n<g ¢=atg =M H ¢

Let us divide g by T1- By division m_mo_.;rE there ex;
and ro such that g = 271 +r2 whereaz >1,0< r, < .

If rg =0, then L =a2 and £ =a; + ;- 3
having only two quotients.

If0 < rz <71 then hunu+mn3+mm.

1
Therefore £ = a1 + 7.3 §+ o

18 ingg
Bery
%

y & simple cont;
Inyeq
mﬂgw_ca

Let us divide m1 by ra.
Proceeding in this way we obtain successive remainderg "
LT
such that g> 1T >T2 > T3 > X
Since g is a positive Eﬂmmﬁ. and r;’s are all integers > 0

ultimately arrive at a stage where some r, = 0. In thjs oﬁm Mo shal| |
fn_z = GnTn-1 + 0 and therefore € haye |
1
B |Q.H+Bn+...ﬂ.
HwE_.. the Bfoup_ number m is expressed as a simple continued fractjop
a1 + nl.w olﬂ_|+M| which is mE»m
2 n= n

Case 2. p<q. .H_wanm + and g >'p.

P
By case 1, 1 1= E+___»+:;_| where b; are integers > 1.

Therefore m = ﬂﬂ% e ?. and it is a finite simple continued fractiop,

Note 1. : can be so arranged that the simple continued fraction repre.
senting £ E may have an even (or an odd) number of quotients.

Let E =01 + 7 + .r. , having n quotients.

H.HP. = rm can be expressed as a; + % s H..m...ﬂ. a finite simple
continued fraction having n — 1 a:osmuem.
Ifan > 1,2 can be expressed as a; + -1 &+ e L i 1 a finite simple

continued mSnzou having n + 1 quotients.

It follows that if n is odd, then £ can also be expressed s a simple
continued fraction rmﬁumwsmcm:b:B,ownOmnﬁosmammE_ if n is even,

then 2 can also be expressed as a simple continued fraction having &
odd ::E,ae. of quotients.

Note 2. The quotients ay,as, -, a, it the simple continued £8c”

SIMPLE CONTINUED FRAcTIoy

1
£ can be obtained as succesgive
ma
ﬁﬂgo_;h._% Figorithm in finding the g.e. of g o ™ 4 Brocen
Ji
B
od ExamPIe:
wor ot m\m ag a finite simple continued fraction having
Exp¥
; mber of nosm_;m. i
. i even nu 5 q Tu m_.“.o% number of n:oss:m
R A S A s TR
.mm m+-H|;_lm a simple ¢
fore -1+ 70 ontinued frac
ewwﬂ.cmﬂ of ncoemam G :wﬁum an
11}

eve I_llﬁPw
cs >mm=~ ._m =2+ 1+ 14+ 68+ 1

» @ simple continued frapt; )
per of quotients. action having

" oam pum

orem 7.2.3. A positive irrational number cap be AT
wa&« simple continued fraction uniquely. an
ma&. Let a bea positive irrational number. Then there i
. 2 0 such that @1 <@ < a1+ 1. Clearly, a; = [o, the integral part of
a | i

o= t+(a—am)=a+ c:m where @y is an irrational number and
fca <L Therefore & = a1 +—.

=
1 5 1. There exists an integer a; > 1 such z:..ﬁ

ag _m 'an irrational HEEUE. and 0 < a9 A 1.
Therefore a = a, + nu+3 =a+

=@y + a, where

nm+H_ﬁ 3
D

= 2 1. The process can be continued indefinitely because at each
step we obtain an irrational number Q. such that 0 < o; < 1 and a
positive integer a; > 1 such that a; < ;- - <@ +1.

Thus a is expressed as an infinite m»EEn continued fraction
1
T oFat
We now prove that the representation is unique.
Let a be Bﬁnmmmma as another infinite simple continued fraction

L~ _a+ _:+
Then oy + et oo =hit gy
mnmzwenm the Eﬂm%.& parts of both m_n_mm_ we have a; = E.EE
gyt mH3|+ -+ Therefore ao+ 75" ** = bt g7
mﬁ:wsum the _Emmamp parts of hoth sides, we have a2 = b e
ﬂuf+ " mll_.. -+« Therefore a3 + E+:.H3+ﬂﬂ.

AR e

/
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Proceeding similarly, we have ay = by, -+, a,,
Thus the representation of a as an infinite

is unique. .
Note. Before coming to the converse problem whether
continued fraction represents on irrational number, we
tain whether an infinite simple continued fraction hag 5 valug
whether the sequence of convergents of an infinite simple oo.._:g all i,
tion converges to a limit. This will be discussed in a mcgaa:mwh_”na Y
SHGE

= by, for all ¢ N
simple Continygy 5_
Ctloy

S infiyyy,,
Must, m—,ﬁ m““.u—...
e

Worked Example (continued).
2. Express /5 as a simple continued fraction.

2<v5<3. ,\w.nwnvmmxﬁnmm.&mmw+7\wl.mv.
/5 — 2 is an irrational number and 0 < /5~ 2 < 1.

VE=2+(VB-2) =2+ = =2+ Ao d<VByg

Therefore v5+2=4+ (vV5-2) =4+ %Hn._. m_+u.
8-2 “

mmnﬁ,\wﬂm+wwﬂm~.ﬂ:.

7.3. Properties of the convergents.

7.3.1 If mm be the rth convergent of the simple continued fractioy
11

QH — i n

az+ a3+

then the sequences {p,} and {g,}5° are strictly increasing sequences of
positive integers.
Proof. p, and g, are defined by p; = a1,q1'=1,p; = aza; +1,q, = g
and for n > 2, :

Pn = anPn-1 + Pn-2,Gn = GnGn-1 + Qn-2- £

Since each a; is a positive integer for i > 2, p, is & positive integer
for n > 2 and ¢, is a positive integer for all n € N.

We have p; > p; and for n > 2, ;

Pn4l —Pn = ?41.__. = :ﬁ: ..T Pn-12 Pn-1> 0.

Hepce p,y; > p, forallne N, .

Forn> 2, gny1 = gn = (841 = 1)gn + Gn-1 2 g1 > 0.

Hence g, 1, > g, for all 1 >2.

Hra.,&o_,mgmmmncmnnmm ?qua_“q:.wmoﬁmminzw inressing &
quences of positive integers. , ,

b 9
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If the gimple :_“:_._, q__q_:ﬁ fraction b
(e diverge to inhmty
Nol® 4 {an}
g

o)’

infinigs,
finitsy, both the SO g

[ B pe the Tth convergent of the
a.u.u.a T S

+ at ot
a1 \Eﬁanu_ﬁ? =(-1)"foralin>1

simple Continyed fractiog

and gn ore defined by py = 1,45 = 0ot =ay,q = d
Pn = @nPn-1+ Pn-2,qn = apg,_; + In-2. “S‘

gince p1do — Podt = ~1, the statement is true for , - 1.

Lot uS assume that the statement is true for ,, _
e
gitive integer:
Then pmdm-1
#1qm — Pmim+1 = (@4 1Pm + Pm—1)gm — Pl

Bt = Pm-19m — PrmQm—

=(=1)™ = (~1)ym+!,

M, where m jg 5
pe — Pm—-14m = (=1)™

Oms19m = Gy

This shows that the statement is true for n = m + 1 if j¢ is thie o
o=m. By the principle of induction the statement is true for al] o eN.

73.3. If M_P be the rth convergent of the simple continued fraction
a + ]_IF. then

(i) pn 18 prime to gn;
(i) pn is prime to pn_1;
(iii) gn is prime to gn-1.

Proof. (i) Let d be a positive common divisor of p, and gn.
Then d | pn and d | g = d | (PnGn-1 — Pn-18n), i, d | (-1)".

Consequently, d = 1 and therefore p, is prime to gn.
Similar proof for (ii) and (iii).

)
Note. Every convergent wﬁ is in-its lowest terms.
T

3.4, 1 wh be the nth convergent of the simple continued fraction

A TP R a >0
M az+ az+ |\ g L ;
then (j) _Pn_ _ 1 I U ¥
n (i) o =y + =L g
" ; 1 1
iy I — D IS ES T
:fi an +

Prl 1+ ag+ a2

Cla-2

|
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Proof. pn = anPn-1 4 pn-g forn>2

1
Lo =g, D=2 =a,+ e
i e Pn-2

Pn-2 ¥es
1
By = gq+ B =qg+
po 0T m -]
P — matl _ 1
P aj Ga¥ a
Therefore -2~ = gp+ —+— .. L1
Therefore -~ b e rrat
gn = Qngn-1 + Gn-2 for n > 2.
an -— np-ﬂ_.—l—+h=lu i Q:l—l _.-HI_.
n-1 In-1 I.Il_
Mn-2
gn-1 =ap-1+ 9n-3 _ an—1+ _.-HI
n-2 n-12 7 2
-3
B o — 1
q2 a3 + q2 as+ .mwﬂ
2
‘ @ as.
: Therefore 4%~ =gq,+ —— ... L L
X n-1 "T an1+  a3ztar’

7.3.5. (i) Let p,q,p',q' are positive integers and pg’ — P'q =1 and
¢ <gq If m be expressed as a simple continued fraction with an eyey

number of quotients then mm is the convergent immediately preceding 2,
0

B — T I
Proof. Let Rl e e

Let mﬂ be the convergent immediately preceding m. Since n is even,
pg" — p"q = 1. Therefore pg’ — p'q = pg" — p"q

or, (¢’ - ¢") = q(p’ - p").

Since p, g are relatively prime, it follows that q divides ¢’ — ¢”. Since
¢’ < g, this cannot happen unless ¢ = ¢”. Consequently, ¢ = ¢" ad
p’ = p”. In other words m is the convergent immediately preceding £.

—landg <¢

(i) Letp,q,p’,q are positive integers and pg’ —p'q =
mber of

If Z be expressed as a simple continued fraction with an odd nu
quotients then QF“ is the convergent immediately preceding £.

Similar proof.

u

work®
I ——. iin

- ke 1
ey =3t mI.Tm =3+ Tt

SIMPLE CONTINUED ph AOTION

18

o nth convergent of the simpls cont iy
1 1

th
s be 18] frams
¢ e a5+ Prove thae ction
i gt ..

— Pn=3Gn = (- C:Faaai + __. for n = 3

n.-q....\:\.a

_anpn-1FPn-2 In=0nn_; 4 q, , UFY
pn - -

g Pn-3Tn
n:?:ﬁun_ + ?Tuuaalu = (BnGn-y + Gn-2)Pn_g
_ aplpn-1Gn=3 = In=1Pn-3] + (Prag 4 - p, 0
_ anl(an-1Pn-3F Pn-3)n-3 - ?ai?-»...?ni?.wm i
_ aplan—1(Pn-20n-3 = Pn-3@n-3)| + (=1)"-2

= D:.D_a\ﬁ.A.l_.v:In + (~1)" = alcn-—ar—n.al_ + :

2 If mm be the rth convergent of the simple continued fractjon

a+ g 2 b5~ Prove that

va Pan = q2n+1, ﬁmmv g—.—lu = agy,,.
W Pantd — S 5
B G T T Ol =

12n

Therefore pant2 = (ab + 1)pan + agan ... (i)
and @en42 = g.: + q2n ... ﬁ:V

From (i) agan = Pon+2 — (ab+ L)py,
= (bpan+1 +p2n) - (ab+ L)paa

= bpons1 —abpoy
= b(apan + pan-1) — abpy,
= bpan-1.

From (ii) go,, = @2n+2 — bpan = (bgan+1 +nu=.v — bpan

or, Pan = Gan1.

d.If w be the nth convergent of the simple continued fraction

i
0 Pry1r + pa—y = 20gn
(i) p} - 10g2 = (~1)".
Here p, = 6Pn—1 + Pn-2, Gn = 6a—1 +dn-2OFR>2

Eagy __ 10gn+3pn
i = T

Hence poyy = 100n + 3pn . (A),  Gusr =3+ 2n - (B)

--- prove that
(i) Gn+1+@-1=2Pn
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() 206, = 2por = Opnlusig (]
= pat1t (Pns1 A 6pn) R4
= pai+Pacty SO Pt = Bpn £,
(ii) 2pn = 20n41 — 6gn [using (B)]
= gn1 t (gnt+1 — 69r)
= gnt1 +Gn-1, SINCE Gnp1 = 6gn + g,

Pnt1 — 3Pn, using (4)

iii) 10gn = :
s @n+1 — 3n, USIDB (B).

Pn =
Therefore pZ — 10g2 = pnlgn+1 — 39n) — gn [Pry1 — 3D,
= l?!+~ﬂ# = ﬁun_-._.l?L = |A|“_.v=+w = AI.HVJ.

4. If 2= be the nth convergent of the continued fraction
v e
1 111

a+ b+ a+ b+
(i) pn—(ab+ 2)pn—2 + Pn-a =0forn >5

(ii) gn—(ab+2)gn-2 +qn-4 =0forn>5
(iii) apans1 = bgen forn > 1.
(i) Herepy =01 =L;p2=1,q2 =a.

If n be odd, pn = bpn—1 +Pn-2 forn > 3
Pn-1=0aPn-2+Pn-3 forn>5
Pn—2 = bpn—3 + pn—q forn > 5.

-+ prove that

Therefore pn = b(apn—2+pn-3)+Pn-2= nvvaruiﬁ:lmr?-:éi

= (ab+ Mvﬁnlu — Pn-4-
or, pp = (ab+2)pn-2+pa-g =0forn>5 .. (A)
If n be even, p, = apn-1 + pn-2 for n > 4
Pn-1 =bpp—g +py-3 forn >4
Pn-2 = app_3 4 pn-4 for n > 6.
Therefore p, = a(bpn-2+pn-3)+pn-2 = abpn_2+(Pn-2-Pn-4)+pn-2
= (ab + 2)pp-3 = Pn-4
or, pn = (@b +2)p,—2 + pn_g =0forn>6 .. (B)

m.un.cn.— A>v and va Pn— Abv + Mvﬁzlm + Pn-4=0 for all n > 6.

(i) Similarly, gn — (@b + 2)gn-2 + gn—4 = 0 for n > 5.
(i) Bnt2 o
T@n+2 ab+1)qa+apan .
‘Since each convergent is in its lowest terms, we have pans2 = bgmn
P But panio = apany) + pan.
Therefore bga,, = apan41.
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,n.o:o:rmmcmp..
::mm:__ solutl quation az 4 jy, _ )

T m 3.2.15 we have seen that the equatiop

Hn_ ‘HWQNMHM@N%M N.E.Q AD; vv * ﬂo. cv. _HNM m.ﬂ ESWHP— 8 DH +g =
Z_nﬁﬁms i5 a divisor of c.

1 R a_ B

9

mﬂ—.—m.&mﬁ.: ar — g
H:mno each other.
_ﬁm

o 2 e expressed as & simple continued fractjop, with
b a . .
Zcoambnm. Let 3 be the convergent immediaely

:m_. 0 q - Q..& = H.
Thes @ shows that (v',a’) is a solution of the equation.
MWM we have az — by = ab/ —a'b
or, a(z — &) = b(y - a').
and b are prime to each other, b is a djvisor of r—p
p— a\.

mEnm ﬁ
visor of ¥
 0iV1S z=b' _ y=a’

Therefore =3 = L = t, where ¢ is an integer
r=bt+0

un..nu.fn‘ , where t = 0,£1,+£2, ...

This gives the general solution in integers.

4

olution if 4pq
_. ]
4

Preceding -3

and a is

or,

Note. Ifcbe a positive integer, then the general solution of the Scw:o_.,-

u - by = ¢ where a, b are positive integers prime to each other is given
g = bt + &sh
y=at+a'c, where t =0,+1,£2,...

9. The equation axr — by = —1 where a and b are positive integers
prime to each other.
Let m be expressed as a simple continued fraction with an odd number

of quotients. Let ml‘, be the convergent immediately preceding m Then
o' -a'bh = -1.

This shows that (b',a’) is a solution of the equation.
Also we have az — by = ab’ — a’b
or, a(x — ') = b(y - d’).
Since a and b are prime to each other, b is a divisor of z - ¥ and a is
adivisor of y—a.
Therefore .ulw[_m = umr.: =t, where ¢ is an integer.
o,z =pbt + ¥
V=at+a, where t = 0,+1,42, -
This gives the general solution in integers,

C ﬂ.a_.-nﬂm
only

=1 where ¢ and } gy Positive integers

4D even mum-

3 a as—
e ———

|
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u.H.—emn:uao-_E_._‘ E__H_E_E_.aag:n:,a..a —52:5 _
prime to each other. :rﬁ..;

Let nw be expressed as a simple continued fraction with gy,

ber of quotients. Let wlu be the convergent ::E.m&p_.o_w U«mé: Ry,
Then ab’ — a’b=1. 58&.& a
This shows that (&', —a') is a solution of the equatioy, b
Also we have ax + by = ab’ — a’b
or, a(r — V) = b(-y — a@').
Since a and b are prime to each other, b is a divigor ofz_y
a divisor of —y — a’. and g,

Therefore 7% = U+% — ¢ where ¢ is an integer.
'
OH. T = g_ + ?

y = —at —a’, where t = 0,+1,£2,...
This gives the general solution in integers.

Note. If ¢ be a positive integer, then the general solutiopn of the Cquatj
alion

az + by = ¢ where a, b are positive integers prime to each other s o

by z = bt + b'c Biven
y = —at —a'c, where t = 0,+1,+2,- ..

4. The equation az+by = —1 where a and b are positive integers

prime to each other.

Let w be expressed as a simple continued fraction with an odqd uumber

. n‘h
of quotients. Let 3

ab' —a'b=-1.
This shows that (b, —a’) is a solution of the equation.

be the convergent immediately preceding m Then

Proceeding as in 3, the general solution in integers is given by
z=bt+¥
y=—at—a', where t = 0,+1,42,---

Worked Examples.
1. Solve the equution 14z — 19y = 1 in integers.

.Let us express m as a simple continued fraction with an even number
of quotients.

MWeofe, 30 00
=0+ 5or1sar
e

~ Here the convergents ar

(=T [

1 23

: 13
The convergent inunediately preceding Bis 3
We have 11.15-19.11 =1 ... (A)

1 14
Y15 19

SIMPLE CONTINURD FRACTIO
N
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147 19y = 14.16 = 19.11
AT, o~ 15) = 1900~ 1)
, 14 and 19 are prime to cach Other,
divisor cﬂm - :‘.:

Hmdl = aﬂl ={, where ¢ is an :.:.m«mw
mmum_.m_ solution is = = 19¢ 4 15

y=14t 41
¥ a:ﬂaau:_i_wu_ -

From (A) it follows that (15,11) i 8 solution of

lution is given by the convergent immediate] E@a%n JMEaP
2]

Esw..__iSna..H;S_. d
n

The

Note:
Tbis .

golve the equation 14z — 19y = -1 i integers,
n. E

Lt us express g 8s & continued fraction with 4y o4 number of
T o

nﬂmzaﬂnm.

Here the convergents are m_w.m. m*“lm.

The convergent immediately preceding m is m

We have 144-193=-1... (A)

Hence 14z — 19y = 14.4 - 19.3

or, 14(z — 4) = 19(y - 3)

Since 14 and 19 are prime to each other, 19 is a divisor of £ -4 and
14 is a divisor of y — 3.

Therefore mpn.ola = nHHm =t, where ¢ is an integer.

)
The general solution is z = 19t + 4
y =14t + 3 where t = 0,£1,%2,.--

Note. From (A) it follows that (4, 3) is a solution of the equation. This
solution is given by the convergent immediately preceding 3.

3. Solve the equation 14z — 19y = 5 in integers.

Proceeding as in Example 1, we have 14.15 - 19.11 = 1.

Hence 14z — 19y = 5(14.15 — 19.11)

or, 14(zx ~ 75) = 19(y — 55)

Since 14 and 19 are prime to each other, 19 is a divisor of z- 75 and
4is a divisor of y — 55.

‘H,rm_.mmo_.m uﬂ%m = ewlau,q.. = t, where ¢ is an integer.

The general solution is = 19t + 75 .
y=14t+55 where t = 0,£1,£2,-

= —3. The
725. The least solution in positive integers corresponds fork

*ast solution js (18, 13).
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7.5 T.o_uo?mmm of a simple continued fraction,

Theorem 7.5.1. A1

Proof. Let a1 +erat be an infinite simiple continye

| infinite simple continued frog

1

tion iy Convey,,
oy,

M fractig,

) - ant

Let un(= w.u.; be the nth ooséqm.m:“, wﬁ the continyeq fractioy

_pn _ Pomi = () .
Now tn = Un-1"g, -1 Infn-1

DM _ Pn=2 — (=1)""'a,

Up — Un=2 =g, n=-2 nn-2 '
Since gn, Gn-1: dn-2,an 1€ all positive, it follows that o,
F =y,
~1 Ang

— tUy—2 Are of opposite signs.
lies between two preceding convergents y,
LIS

=uHE+HW.V5.

Un
Therefore un
But u; = a1,

u < ug = < ug < up
.___mA:mﬂvﬁwA:n < Uy
ug < Ug = UI < up < Uy
us < g = Us < ug < Uy

1.and

=2

Hence uy < ug <us < - < < ug < uy.

Thus the sequence of odd convergents {uz,—1} is a strictly increy

ence, bounded above and the sequence of even convergents {u,, *:___w
=N

sequ
y decreasing sequence, bounded below.

a strictl
Therefore both the sequences are convergent.

= — Pau _ Dan-l — 1
But ug, = Uzn-1 q2n Qan-1 @angan-1"

As g — 00 as n — 0, lim(ugy, — ugn-1) = 0. So limuy, =
limugn_1 = 1, say. Therefore both the sequences {uzn-1} and {uz}
converge to the same limit { and the sequence {uy} converges lo L

Since | is the limit of the strictly increasing sequence {ugn-1),!isthe
lub of the sequence {uan-1}-

Since [ is the limit of the strictly decreasing sequ
glb of the sequence {uan}

Therefore u; <ug <ug < - <1<+ < ug < tg < U
nvergent and

once {ugo}! isthe

Hence every infinite simple continued fraction is c0
(i) its value is greater than every odd convergent,

(ii) its value is less than every even convergent.
This completes the proof.

gIMPLE CONTINUED FRACTION

B )|
B o_a:_aﬂ_ the simple continued fracyjqy,
t U g
Le Tt
s be a finite continued fraction thep j¢ B 8 v wi
s e A
(8 ; gk
{0 this be an infinite conti :
aver : nued fract
ki wﬂ:& previous theorem. 1on then alss it g
[\
é___r%ﬁ = E+%w:
= 03 -+ = y o
as = B aat mt
" called the ith complete quotient (i > 2) of the continyed f
; .
have F = ay + L F = action.
€ ~+3.ﬁ1=_+m.._ﬂmw._m.u3+

herefore W
{1 ... That is, the value of the continued fraction is obtained

TRl ituti
L a h convergent by substituting ay, for a,,.

m.uoﬂ._ ._._..m nt +
pn = GnPuclTPezd it follows that F = Sfacitfa-p
Since g, angn-1+dn-2"’ Ongn-1+n-1

Theorem 7.5.2. Bach convergent is a closer approximation to the value
of o simple continued fraction than the preceding.
proof. Let F be the value of the simple continued fraction

5

atnimnt

Let B be the nth convergent. Then Batl = SntiPatPec)
n In+tl An4i@ntin-1
Let \ be the (

Then \ = Gn41 + a._‘”u+

n + 1)th complete quotient of the continued fraction.

F .
anyat

be obtained from B if ans1

The value of the continued fraction can it

be replaced by \. Therefore F' = mw.”.‘_ﬂ..w.lm.

n|—~3+_

Apn+pn= — '
F— Bn — APntPn=l _ Bn = = Dgntn-1)0n

n - \/:_.—‘Tﬂ:‘n— qn

F— Pn-1 - \/~m=+m=|w L
n-1 Agn+in-1 gn-1

M+ n-1)gn-1

- bn
Therefore _ﬂ_md%uu_l_ = mw.al....r < 1, since gn > gu1nA>
In=-1
or — Bn w — Pn=1
J _ F n _A_ ~ Qn=1 _.

=l
It follows that F is nearer to & than to £
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Theorem 7.5.3. Any convergent of a sim
L1 .
a1 a2+ a3+

is a closer approximation to the value of the cong;

Ple continyg

- nued frgng.
rational number T whose denominator s < g, . action thay,
Ty

Proof. Let F be the value of the continued fract;

on,
ies between 2% and o=l N
Then F lies be o> Gy and | F ﬂ_A_wIE
If F be nearer to T than to mwu then Wy |
— Bn — Pn-1
|F-f|<|F—E |<|F -2,
Since F' lies between mP“ and M.HIH”, it follows that T |,
Pn and ﬁ:lp. s leg Gmgmma
dn n—1 1
T _ Pn-1 Pn _ Pn-1
Hence _ g er _A_ ol 5 _

__1n=|~lnﬁ=|u_ 1
8Qn-1 = nQn—1
or, § > gn{| 7¢n-1 — 8pn_ |}.

But | 7¢n—1 — 8pn_ | is a positive inte
contradiction to the condition on s.

Hence | F — L |>| F - mP“ | and the theorem is done,

or,

Theorem 7.5.4. If € be the error (numerical value
value of the simple continued fraction

1 1
1

1 1 1
unw+_ = Gn(@n+1+gn) <€ < InQn+1 < MW

Proof. Let F be the value of the continued fraction and A b
complete quotient of the continued fraction.

Then F = 2Pnt11pn

d mwmnﬂo:

ger and therefore 4 > s
my

) in taking w.w for the

e the (n+2)th

1

Agn+1+gn’ A>1.
=|F—Ba|=|2asitpn _ Py | A _ ,
o _ 3 an _ _ Adn41+qn qn an(AGn+1+gn) ....:~a=+_+uw )

ma;vpnvoAmwA?.

Therefore.0 < gn41 < gnyy + & < gn41 +gn and

1 < 1 < 1
I (n+1490) ~ @n(gnt1+ B)  Tngnos
i 1 1
i.e. :
' gn In+1+gn e ngn+1

3 +
Again gnyy > gn = Gngn+1 > g and gn(gn+1 +n) < gn+1(nt!

Gn41) = quu—,:.

"

SIMPLE CONTINyED PRACTI,
N

23
\uwl < ( L e 1
HU@HQ».DHQ &Q-.—.T_ qn Q=+~+QJV m:’_uuf’_. A QJ_.J
= Gn+1qn + Gn-1 > o .

te 1. gn+] e 2 H n+1Gqn.

efore qndn+1 > On+19;. Hence e < _1__ &3
Ther ) Tl ™~ e,
t mozoem that if Gn41 be a OOEUNﬂm_Saé_% la 9a

4 approximation to the value of 1 '8 Quotient py .

; : € continyeq . g, Ba
00 . mwmhn— H
a& mmn g which immediately preceds 5 COmparative), Hsm%s i€, any
(o0 T moo& mwvuoﬁwe_ou. Quotient jg
ve 1 !
u Le . DINGO E < g i m,ozoaqm that in order ¢, find & ¢,
2o.c.__ Jiffers W%E the value of the continyeq fractio % _ﬁpcﬂmmua
e.w_% quantity . we have only to calculate Convergents ypt, E"”H_ g
m_ n ere
g7 -

worked Examples.

: kilogram = 2.2046 pounds sh, by t
Given that 1 s OW Dy the theory of con.
”w.uc od fraction that 44 kgs is slightly greater than 97 poy o S

nds.
22046 -
1 k8 = 15000 pounds.
10000 1

2046 _ oy Lo L m8 _ g
10000 2046 e ' 11 =+ g
B oy ke A S L
230 56 ! 206 Ll

22046 _ i (- S8 o S
Therefore {5500 = 2+ 17 1575 15

The first convergent = 2, the second convergent = g,
the third convergent = 1842 — 11

14+1 ~ &5

the fourth convergent = .%tm = mm.
— 186411 _ 97

the fifth convergent = L85t = 7.

The fifth convergent is approximately equal to 252 and since it is

a0 odd convergent, ml...p < ..Iwww%.

a7 ds.
Hence 1 kg is approximately equal to §} pounds and :MM Wu.m MM_M N
It follows that, 44 kg is approximately equal to 97 pounds

u Pounds.
i tion 1+
’ W,Ea an approximation to the value of the continued fracti

1 0001
W55 75 -+ which differ from the value by less than

sapl 2 m oA B=
. mﬁmw Ha.ﬁﬂm_mw.ﬂm..mwnw_elzmt
; @ 3 5
T2l _ 1380

1551 = fos10 "
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Let ¢ be the error in taking mb as :,_m value of {,

Then ¢ < &r- 1 an 2 100 then ¢ < g5t

Here g4 > 100. Therefore wm is the required mvvﬁoxﬂ_n.m:oa‘

h i
e continye ?s:
O,

3. The sidereal period of venus and the earth are 224.7 4

i Y a;
days respectively. Find various cycles in which transit Y8 ang mmm.g

O_.- <m_..=.~m g
occur. dy

Let the transit occurs after z sidereal periods of venyg "
period of the earth, where z,y are positive integers.
Then 224.7z = 365.25y

z 3652 _ 4,1 1 1 1 1 11
Ohy — 2247 Lh

HQ E_ mmq._mﬂmﬂ

rmﬁ“h be the rth convergent of the simple continued fraction,
Thenpr=1, p2=2 P3=3 Pa=5 ps=13, pyog
a=1 @=1, @=2 q@a=3, gs = 8,
The 5th convergent mM preceds a large quotient,
Therefore m.“. is a very good approximation. If € be the €ITOr in ¢

13 as the value of the continued fraction,
€ < g5 1€, € < -.0005.

g6 = 243.

aking

Therefore 13 sidereal preiods of venus ~ 8 sidereal periods of the
earth. In other words, the transit of venus will occur after every 8 yeas,
Again, MFM is a better approximation to the value of the continyed
fraction. Hence the transit will occur after every 243 years, more acou-

rately.

Theorem 7.5.5. Let w.m be the rth convergent of a simple continued

fraction whose value is F' then

F?> or < B2 Bo=l 4ecording as n is even or odd.

gn § gn-1
Proof. Let F = a, +mu_|+EF+
y, =+ n-
Let A be the (n + 1)th complete quotient. Then F = Mm_.lﬁw..__. |

Now F2— Bn Pno1 _ A%:._.ﬁ:u_vw __ PaPn-1
In gn-) >Q3+Q=|~ Qnin-1
— Pat20pupn 142 )gngn- 1 —(A2g2+2ngn-1+g_, )PuPa-l
A>ﬂu+ﬁ:|:u£=£:|— ,
. yuﬂ:ﬂ:.»ld:+P....E:ll.|:;+_
(Adn+n-1)qngn-,

= Al“_.v_a. a2 nGn=Pn—1gn—)
qun.vq:lmv gnQn-1 "’

‘

ST ARl
o

SIMPLE CONTINUED w=.>o.~.._02

& 3_ Pn Encl ’
ereforé B gy et 7 00 omnocaammaim

a VH:]..?—VQ:nT

15 1,Pn n Pn=1
A 7 .m...uVOMA qn Gn-1 acco

ev
en or o&._ m—.:na

rding as n i
v
Q—._ en or DQ&

o If m .cm p:moaa ncaawnmmuw. Ea bm‘ be the eve
n__hnm—% ﬁﬂmnmﬁmmum ﬂ._ OU.QH— Mﬂ_ A ?.

£ bean even convergent and W

7 2 5 BX
eceding o thEm £

U Convergent jmme.

be the odd convergen maaa&ms_w

16 Recurring simple continued fraction.

A simple continueéd fraction
11

a1t ¥ et
s said to be a recurring continued fraction if after a

. gﬁg
clements recur in Emmm.Bmoamﬁ_H.rm recurring elements form M_Hn eyclic

- ing elements, if they exist, f :
evpndilSinole Sote g + if they exist, form the acycic part
of the continued fraction. acyche pa

For example, the continued fraction
14ttt b1 .
2F3F 3+ 3+ 3+
is a recurring continued fraction. Here 1+ 1 is the acyclic part and
is the cycle.

The cycle is denoted by putting * under the first and the last element
of the cycle.

L1
H+4

The recurring continued fraction 1+ i irarar 15 denoted by
0 T :
%3IFTF
* -

Worked Examples.

1. . . |
sam,mu.qﬂ ot %.ﬂ IH.ﬂ wul. .. show that the roots of the equation z* — (ab+

a
0 are 1 + ab+ oF and 1 —aF.
Mu" 1 1 1 . ﬁm.

GHBF T ably T bRl
o aF? 4 gbF — b= 0.

_H,_Hmnmmoﬁm Bl !aol._”KMNMipv , since F'is positive.
PR
°h 2F 4 qb = va2b? + 4ab.

Lo ntgie
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The roots of the equation g2 - (ab+2)z+1 = -

and 2 i
—2aF—-ab
. aby2+2aF+ab abt2-2aF—ab
1.e., ab 2 and 2

i.e., 1+ab+¥F and 1 —aF.

RO O EOSS e WE. (A
2. Prove that g3 F ~ b F a+ CF ~1tab
- - -

1 11
Let = gFprc+

_ 11 1 betbail
Hranul ﬁ_+e+.u+a %n+n_§+n+n+u

or, (ab+ 1)z? + (abc+a-b+c)z - (be+ 1) =

R I I
Lety=pFrarct

(i)

Then y is obtained from z by replacing a by b and p B

Therefore (ab+ 1)y* + (abc —a + b+ c)y — (ac + )=0

From (i) and (ii)

(ab+1)(a — 4?) + (abe + )z = ¥) + (@ = D)z +1) 4 (-

(il

c=()

or, (@b+ 1)z -y)z+y+d+@-bdz+y+c)=0
o, (ab+1)(z—y)+a—-b=0,sincex+y+c#0

)
oL T~Y= gy

3. If the continued fractions

ab4a, oy
2

be in geometric progression of common ratio r, prove that r + ! =
T ] i

‘ _ 11 _ 11
Fm—..m;|ﬁ+”ﬂ.... huf§_+_|_._l.ﬂe_|+_
Then F =z + %, .vne+w_ Ou‘e..+muM
OH_H”.mufWu @"W'W; N"Olw.
By the given condition, P = rF,Q = r3F.
N+unﬁ0+3|&|WH¢.~+:wlﬂ_ﬂl
Hc_.u.“.:ﬁm_lﬂmww

eﬂq.m_!ﬂﬂﬂim.luﬂw.
.H‘Emm.m,mon.ﬁ ziz — E =r+ 1

v T r

L
F

= 11
Q= 5d grope

= ?f:?.r_,ﬁ.

1

F

kbig
o = 1
——.uﬂ“mu_.v\f “O.H_ e. W..T n+m—.lﬁ¢ N”0+.rmf
“n+|wnhl S._.Umﬂ ¢ e
,._mzi.a@u =+ e H§n+a+v+n.
0
_u_. 9+w. H___ﬂvnT._m. NHG..TP
£= —abct 4+ bie
qperelore ZVE = i g
b b rt T
a“h+wnv¢“..muﬂ+ﬂm S
— be 4 e
\\.w._nw.hvn\ v +¢n
v Hunm“.nlnnflp
u“n+.u- z zx
Zi = n&ﬁu_nn. 1
Therefore T¥ ; +¢+n+mﬂ
tFEF eraingint;
c.
5, Show that the nth convergent of the contingeq fraction
. i - M s 14V 1=—/7)"+1
243527 VA~ (1=Va
Let mu“.F be the nth convergent. Then Pn= uﬁ:L +?Tp.n = Nn .
a__nu_:_VN.mEh— pn "M.E”H.ﬂﬂ"ﬂ.@»“&; L n-11+
Since Pn — Mﬂ:ln — Pn-2 = O,ﬁ: = \&D_.—.T.m wii
rots of the equation z2-22-1=0. A" where a, 5 are the

The roots of the equation are 1 + /2. Leta=1+y3 B=1-+3
?B%nmn+rmunwm+rp+uuw_%nlrpluuf\m.
Since py HM.EHm.ha+mmlmuc.>%+mmu!muo.

— 26°-58 _ (48+2)-58 _ 2-p
Therefore A = = 8] = =pta T iy &up.mf
dB= 52=2a® _ Sa—(da+2) _a-2 _ _1-y3
and.B af(B-a) —(f-a) ~ Ml_m T i%.

Hence p,, = O+4\mv=+.“|w7<mu=+~.

| Since gy — 2qn—_y — gn-p = 0,gn = Aa™ + B where a,§ are the
| 100ts of the equation z2 — 2z — 1 = 0.

Since ) = 1,qy = 2, Aa + B -1 =0, Aa® + BF? -2=0.

Therefore A = .Wmuﬂuw Nw.m = ﬂ.\m,

B= Fama = A
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7.7 mw:.:_.:a.._.mn continued fraction.
A finite simple continued fraction is said to be Symme(r;o

y . it
(ients equidistant from the beginning and the end are eqyq. the gy,

For example, the continued fractions
p 13 24 LA L1 aresymmetri i
1+ 75351 +3raFas2 ym € continued @555

Worked Examples.

1 S U & Vi in it
w.m.,mnn;.rﬂ.:.ﬂﬂmﬂ Emnn_owm_n;ioéom:mnaseé

that Q2 + 1 is divisible by P.
m is a symmetric continued fraction having an even EE&o—‘oma_
' . . i
tients. Let % be the convergent immediately preceding s i
. 1

By 734, F =i+ 55 a¥as o = g Therefore P'=

PQ-PQ=(-)"=1lor, PQ'=1+P'Q=1+@Q%
Therefore 1 + Q? is divisible by P.

P oo L gl Lo 1 P o
<N R R e e e e T and 7 be in its lowest

terms prove that Q2 — 1 is divisible by P.

m is a symmetric continued fraction having an odd number of ﬁ.c.
tients. Let m be the convergent immediately preceding m.

By 734, F =a1 + 7 11 L — B Therefore P'=0Q.

apataet e @
PQ'-PQ=(-1p*'=-lor, PQ' = PQ-1=0Q-1

Therefore Q? — 1 is divisible by P.

Exercises 7

| : UQH a-.
1. Express r as a finite simple continued fraction having an ndd A0
quotientis where r =
. 41 . aee
O # @ o) 8 @ mber of
(e 1 :
2. Express r as a finite simple continued fraction having an even
quotients where r = -
. .‘h e ana H
O % @ B o) %
3. Find two positive integers m, n such that 900 =

(iii) 25m

() m-15n=1, (i) 11m-15n=-1,

v

4 %n

SIMPLE CONTINUED PRAcTioN
I

- the equation in integers

s ﬂ_y szt =1 O laisy= g
iv) 4zt 16y=-1, (v) 14z -]9, = (vi) Lag - ._qu .
i) 142+ 19y =1, (viii) 14z 419y~ _; Pk

. Express a as a simple continued fraction where o
o VA VIO () VT

(v) Y38, (vi) oLTas

v V4

e mmm.-dmﬁn AB is divided m:wmu.:ﬁ:u\ at C so thay AB AC — B

g. Alin ; !

mkuammm.m as a simple continued fraction.

7. Prove that
() 3+7ararar =20+ hdd )
(i) 4+zrerarer =30+ 54E )
() 3+ rerirar =31+t i )

8. Civen that 1 metre = 3.2809 {t show by the theory of continued fraction

that
(i) 8 kms ~ 5 miles and 8 kms < 5 miles;

(i) 103 kms ~ 64 miles and 103 kms> 64 miles.

8. (i) Express v/10 as a simple continued fraction. Show that 1B is greater
1

than V10 and it differs from /10 by less than .
(ii) Express /14 as a simple continued fraction. Show that 42 is greater
than v/14 and it differs from v/T4 by less than zig-

10. (i) Given that  is approximately equal to 3.14159, show by the theery

of contj : . i ;
[continued fraction that 253 is an approximation to 7 with an error less than

ix10-6
x107°. Show also that the error is in excess.

(i) Give ot L1111 353 s an approx-
:nrwnﬂlw+ﬂﬂﬂ%ﬂ:._m&oeﬂr2:u_u pp

an:oz to 7 with an error less than 3 x 10~". Show also that the error is in
ess,

1. | =

Swa m_._cs by the theory of continued fraction that 5 &.ﬂna o
m_._w-;;w o #l55 &“ua. Show also that 35 is less than 2.2208. -
by pﬂ X m_._oe by the theory of continued fraction that % &maa.‘m.%oﬂu..% )

: Qantity less than 5lo;. Show also that 4 is greater than 2. .EE
* Let _ ; P rted inta a simple
335:&@ > Q > 0 and P be prime to Q- Let 3 e s be the convergent
immgg; fraction and let a be the first convergeat and ¢ 5 le continued
. i E.a
dtely preceding & Prove that if 4 be opuvected inta & 6736

fracyi, o P=a@
N the convergent immediately preceding m ”

p—aq

_,,.
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13. rmgﬂVnsbaucmﬁEﬁmaon If 2 =ay 4 rk.ﬂ...l.r.._..
i ‘lwnll.ula(.lwl 1.1 1 :r_+n=_mro£s§.
ant On-1tF ay ant an— 1+ B o
= 14. Show that the difference -&o between ..—.5 mnme and the nth
of the simple continued fraction oy el .:+ ..u._. o Ssénmmz
is numerically oncw,. to ﬂ.m - mwﬂm (1) o_.., e

15. If a be a positive E_..omoﬂ. show that
() VEFI=0+ mFnims
T_.& (Dn +M =a+ ﬂﬂﬂ.ﬂl@wﬂ...

P be an even convergent and ¥
16, I q ° gent and § be an odd convergeny f a

continued fraction whose value is F, v3<m that Simple-
() F*>2% if £ preceds 2

() F*<2%i mquoo&m £

- . .
17. 1 B QT are consecutive convergents of a simple continued fractjo

prove that F? lies between m% and mmm.
18. If mw be the nth convergent of the recurring continued fraction
AL L. prove that

(i) pn—4pn-2+Pa-sa= o,n>4

(i) gn—4gn-2+gn-a=0,n>4

19. If mw be the nth convergent of the recurring continued fraction

1
a+py o Prove thet pands = Ganps = dsn-3-

20. If m.w. be the nth convergent of the recurring continued fraction

1
.pl_ﬁﬂ 2, prove that pans+a = bpan + (be + 1)gan-

21. Express (V5 + 1) as a simple continued fraction.

If Mw be the rth convergent of the continued fraction, prove that

(i) pan = P2n-1 + Pan-2
A:u ﬂw+ﬂu+...+ﬂu:tw"ﬂnﬂ|ﬂu_ﬂ_wm.
22. Express v/17 as a simple continued fraction.

r ” t
B wﬂ be the rth convergent of the continued fractioh: prove the

3+ ot at
a —
— = a"—p" where o

SIMPLE CONTINUED FRACTION
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u ﬂ+—+ﬂ=|n“gn3—.0~.3_vw
U = 2pn f
5 n_=+_+.9_—l— H::,.O»,/JVN
i) va\:.,? (-1) no_.avw
=
,v?.l le— ) =
9 2= 3 Nm_b./, PETRE T H_Jﬂ_ﬂ
gove thet oy — +§N —2%) 4+ 32(2? - ?) =
e ok e =
o i ; ot b+ oF Prove that zy = &
1 _ 1. b’
G 7= aFor SF V=CThras  prove that oy < e
. +ab*
_oa 11 1 . 11
(i) :a|mﬂin+m..ﬂ_el.m+|+.llﬂv3§§@ btdtbed
. - %.

Pn  be the nth convergent ;
26. 1f gent of the simple contj
1 ...show that oued  fraction

o= n-1= "g=p — B Wume——maonmomnrnmng._ouuulnklﬁlc




ANSWERS T( m..xmmgmm_um
e 1B (pago 3)

ercises
mnnnmméu ®r=8 .04, ()7 a9 ,_, ik
24. - - ¥ ¥
33. (D) Pr=2 () Fe={; (i) 2 =l

) L =3 (v 108,z =2y =3
?:w.a.“@“wn ?mvua\m_.ﬁ"e"nu/\m,
Exercises 2A (page 61)
i, _|m.+ms. 13. 5, 2.
0. () V2, 5 (i) u.lﬁ._lau (1ii) - secy, =7 +6; (iv) cosec g, £ -9,
E cot 3.5 +0i (V) 1, =3 +6; (vii) —2cosp, -7 +6; ,
(viii) —2¢cos @, ™ — 8; (ix) mEm..IL..S (x) = cosd, v - g.
. (i) tan g, —5; (i) cosec 2,5 ~ 2; (i) sec?,~2 (i) ) cosec 4,3 — 4.
3. () 2,1 £ V3i; (i) —1, 44, 185
(iii) v2(cos &= + 4sin 2X ) V2(cos 22 + isin &),
?,VSME%WH:EE k=0,1,2.
(v) 3+ gicot BT k— 01 8 (vi) ~3+3icot i k=12,
(vii) V/2{cos(8k + 3){7 +isin(8k+3) %}, k=0,1,2.
(viii) i cot &2 k=12 .. 5.
37. (i) cos(2k + 1) + isin(2k + 1)%,k=0,1,2,3.
(i) cos(dk + 1)§ +isin(dk +1)I,k=0,1,2,
(i) cos(4k — 1)z +isin(4k —1)%,k=0,1,2,3.
(iv) cos(4k + 1)§ +isin(4k +1)%,k=0,1,2,3.
Exercises 2B (page 82) :
% (1) log2 + (20 4 1)mg, (ii) log4 + (4n + 1)34,
. L) 3log2 + (8n — 1)2i, (iv)} log5 + (2 +tan™ )i
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5. (i) 2log2 + 2nmi, 2108 2 (1) 21082+ (2n 4 1)7i, 210g 2 4y,

:5,.._am,.;::..,_x.._u_o:...? (iv) 2log 2 + (4n - 18, 210g,
7. (1) 0+ (F-00, WO+ 0-§N s |
(i) log cosec 8+ (§ = 0)i, (iv) loB(~2c086) +i(0 — ),
12, ()44 () V3 —VEVE () /T8 con2VEnn tising g
?;e.a_..:_os,\%i:u+:_=,\maa+;1.;&;:_8.:\....::_._& 1
(v) e~"" {cos(log 3) + isin(log 3)}, cos(log 3) + i sin(log 3); ).

..3=+:.._m|-ﬂ

(vi) e
sy (1/2) log 2—(8n+1)(%/4) fana(2n+ X + L log 2)+i si
(vii) N Io..H ( aT37108 v+..m_=$=a+.m+w_ow~=
the p.v. corresponds to n = U )
oy = (dnt1)(x?/8) x i 8i
(vit) e=(“"+D" /D fcos[(4n + 1) log2] +isin((4n + 1) T log3)),

corresponds to n = 0.

Exercises 2C (page 102)

7. (i) ne+(-1)"F, (i) 2nm £ 3,
(iii) nr + (=1)" log(vB + 2)i,  (iv) 2nm £ {5 — ilog(v/5 + 2)},
(v) (2nm — 5) £ ilog(2 + v3), (vi) (2n+ )7 +ilog(2 - v3),
(vii) 2nmi + (—1)" log(v5 +2), (viii) 2nmi % log(2 + v/3).

Exercises 3A (page 138)

9. (i) 2, —-1; (ii) 37, —6;

10. (i) —22, 7; (ii) 10, —4; (iii) 12, 6.

12, (i)z=27t-10,y=8t—-3,t =0,%1,£2,-- ;2 =17,y = 5.
7,y=35.

(i) z=17t+ 7,y =12t +5,t = 0,%1,42,-- -z
(iii) z = 13t + 30,y = 35t + 80,t = 0,£1,42,---;z2 =4,y = 10.
(iv) =17t + 40,y =41t + 96,t = 0,41, +2,---;z =6,y = 14.
(v) =13t + 45,y =29t + 100, = 0, +1,+2,- - -;z = 6,y = 13.
(vi) z =55t — 7,y =63t — 8,6 =0, +1,+2,---;z = 48,y = 55.
13. (i) 1, 20; 8, 9. (i) 3, 19; 7, 6. (iii) 4, 11; 29, 2. (iv) 2, 65; 7, 13; 121
14. (i) 181, 19; 136, 64; 91, 109; 46,154.  (ii) 33, 67; 78, 22.
18. (i) 15, (ii) 18, (iii) 16, (iv) 24.
19. (i) 156, (ii) 576, (iii) 1767, (iv) 9576,
20. (i) 3224, 19344; (ii) 403, 12090.  21. 360.

ANBWERHA T sxuzh.s‘.a

5
isos 4B (o080 167)

QA._M 5 20,37, 54, 71, 88 () 10,27, 44, 1 75 oo
“ paor® MOd Wh3 (7. e 2 (i) 0,
0. :N_m MM waw_ﬂ_ %Em%muawﬁ% ___uww ) 2 2 4,11, 15,25 330m0g
”M_Samisa 36), ::j\ 53(mod 105), () 2 = 157(md 290
11, (i) 47 (res V
y3. (i) 160+ 31566 = O EL k2o (0) 1104 4 yomy g 2y 4

13, ()7 = 43 (mod 63), (i) £ =101 ( mod 108).

grercises 3C (poge 170)
L ()2 (i) 1152, (iii) 1920.
19. ()3, (i) 7.

o7, () 1, () 9- 20. (i) 01, (i) 61.

Exercises 3D (page 184)
1. (i) 74, (i) 37, (iii) 98. 2. (i) 53, (ii) 81.

Exercises 4 (page 193)
LB @1 2 @) -2+ (i) 2 +32 -z 41,3

(i) (z-1)° =10z —1)° - 8(z = 1) +9(z - 1) 47,
(ii) z* + 9z + 37z + 87z + 90, (iii) h = -2.

(i) —2z+1, (ii) 102 -10, (iil) 6z+1, (iv) z*+2z, (v)22? +3z+3.
6.z +4z-2, T7.30.

[

(=]

Exercises 5A (page 208)

L4, ()19, ()4, (v)16.
B 0) =1, - (i) -1, 20, A ) £, 2,
8. k=-20,2,2,5 and k = ~16;4,4,1.
TaxlilLl4anda=4$224% 8 31112

) 1, 1T i) g1, 2 () 1 VA =5
il 11 ()~} M

(iv) 3,-2,vV2+i,—2+i; (v)
10. 2~ 1452 4 1=0. 11. 2+ 627 +25=0.

“ i -1+

12 -1, =143V 33 3 _142/5i 14, L250E =55

18. 43i,1 + 2v/3i. 19, (~4,-3),(-2,~1),(3.5).
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(-1,-H 1,39

117, two equal roots —3,-3; when k = -8, two

¢ real roots 10 (—29 ~3).(~3,1): when k = fﬂ:ﬂ.”uor 2
distinct real roots in (00, =3), (2, 00). ) Sl

90. (- =)

91. When k =
2 and %0 disunc
roots 1, 1 and t%°

93. No real root if k > 64, four real roots if =17 < k < 64, two rea
L - Toolg jf

p il B AR ST €=t .
2¢. () -2.3, 2yt () 9. -5, =25 (iii) 2,3, 270
Exercises 5B (page 221)

L3 (1 (@3
2. (i) -3z~ 1,2 -1,20+1,L(=2 “1)=1,00:(1.9),
(i) z* -7z + 7,307 - 7,22 - 3, L; (=4, -3) (L, 3),(3.2).
(iii) -2 -2z -5 073 —z - 1,78 + 3z +10;(-2,-1),(1,2).
(iv) * =5z + 5z¢ - 1,-Li(-2 -1).
5. (i) One positive, one negative and two complex roots;
(i) All complex roots;
(i1i) One positive, one negative and eight complex roots;
(iv) Five real roots and two complex roots.
6. (i) Two, (ii) Four, (iii) Two. 7. One positive and two negative roots.
8. (b) (i) & (i) One positive and two negative roots;
(iii), (iv) & (v) two positive and two negative roots.

Exercises 5C (page 230)
1. (i) -6,£V3; (i) 1% VBi, £v3; (i) -2+ V3, Jsi.

2. () -2, 258, (i) 250, A (i) 24 V3, =570,

3. (i) -1,-2,-3; (i) -2,-3 L3 (i) -2,-%,-1,-%

VI (jv) §,-1,3,-9

4. (i) 3,26 (i) -1,2,-4.8; (iif) 1% V2,
5. (i) —1,+v2i, B, (i) -3+ 0,-2% V5.
6. (i)1,-2,4,-5 (i) 13,22 V2

7. () 1,3, 28 (i) 1+ V2, 2EEL

8 (1) 1,2,3,6; (i) 1,3,-3+v6, (i) 1,2,-3.—4
0. () k=2, 34-% (i) k=14,£L3,5
10. (i) 26° — 3abc + a’d =0, (ii) bd = c’a, (iii) 2% — Bbed +ad' =0

ANSWERS TO EXERCISps

14 p*s—pgr =0, (ii) Pt fr =
Lo P = Apq. (i) 4 g

,
:.“_1 :11._:: +r)+(g+a+1)a-1)? = 0, (v) sl o un. tq) =0,
g, () 23— iy S22, _.

3. (1 3i,-323; () -1+i,<242%

4. () sl LG (i) -3,-3, . 4.

s (b) 1,236 (c) () -1,2,-4.8; (ii) 3,-1,3, -9

o, () —2m ()& = 3par +37%, (i) —p? = 24y,

(iv) P 4p*q +29° +dpr, (V) —qr. (vi) 9r - i,
(vil) 247 — 6pr, (viii) 2p° = 9pg +27r.

7. (i) ps +2ar = Py (i) ¥ = 208, (i) pr — 165,
(iv) 3" — Bqs, (V) ~p® + dpq — 8r.

preds iy 3PEmEr gy 4r=2g%s-
il e G LoEratdsl () eePrilgr
T

Exercises 5D (page 239)
1. (iym =10, (iiym=6

_al-2aa3 .. 0]-2
LT ) S () Sa10103-03 ~Jaga]

%

L

() -2, (i) &, () -

(i) (ry+a)° — 2g(ry +q)° +dpr(ry + q) - 872 =0,
(i) ry® + (1 = r)? +p(1 = )%y + (1 -r)* =0,
(i) r(y + p)° - (¥ + p)* + Pa*(y +p) —¢* =0,
(i) r(y+1)° —paly+1)° + Py +1) -’ = 0.

[= T =

N3 . d

L)y -2 + Py +r =0, (ii) (y+29)° -3q(y+29)° -27r* =0
% 3 3 e
(i) o + gy + 5¢%y + 2 + 72 =0, (iv) P +9qu —27r=0

8.rfy+ 1) +q*(y+2)=0.

9. (2y - 3)° —
sﬁ U .,,3 2(2y — 3)%(3y — 2) + 3(2y - 3)(3y - 2)* - (By-2)* =0.
N [ = 3 . H
M) 334 Gi)23,2-2 (i) -§-314%
11, 4L = i
1,2 g () -1,-3, -4 (i) 2,3, 52
13. (i .
(02,3, -4, (i) 2,-4,%i 14, -5 =20
15. -
1% v2,-1+/5i. 16. goaa = ai. .

17. 2 - 3440 2
o@1az + alaz = 0. 18. Two positive and one negative roots.

e
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19. Two real and two imaginary Tools.

20, '+ 30 + 4+ 1= 0. 22. 2 +33%+12y48=9
24, + (p* - 3’ + B3¢ - PV + @°r - %) =0,p%r = ¢,

25. 1 + (9g - 3p*)y — (2p° — 9pa +27r) =0, 2° - Opg+27r = o

Exercises BE (page 260)
L () £, J(-1£VE); (D) §@+VE), 35+ VD)

(i) 2252y %23 ul\u,»,\u 3-3V3. (jy) 1, Wﬁlmu__n Vv8),1(~1 £ VTR

(v) 1,4, -3, -3 (vi) -1, 2,5, £
(vii) £1, (3% V5), §(=3 £ V) (vil) i, 23+ VE)i, +(3 - y5);.
(ix) 1,1, i, 1 (-1 £ V3i); (%) 21,35, -1,3(=3 £ V5),

2. (i) 3(-1% V3i), §(-1% V3i); (i) =1, 4, (3 £ VTi);

(iii) +i, i, L3 £ VTi), (iv) 2(EVE £ V2)i, 7= (2 VId £ V2)i,

3. m=2n=1Lm=-2,n=11+2,-2-3.

4. m=+2=38T 1+ /3. 5 1£i3xV3

8. 244, =328 11, (i) 2*+22° -z +2=0.

(i) 2 +2z* + 5z + 8 =0. (iii) z° + 42’ —dz + 1 =0.

12. 28+ 322 +30z+55=0. 13. () z*+z* +222 +z+2=0,
(ii) 24 +22° + 722 =52 + 3 =0, (iii) z* + 2 + 72> + 14z +9 = 0.

22. (i) 12, (ii) 16, (iii) 24, (iv) 24.

Exercises 5F (page 269)

1. (i) ¢° + 182 + 81y +135=0, (ii) y* — 18y® + 81y =0,

(iii) y* — 162y* + 6561y = 0.

2. (i) One real root, (ii) two equal roots, (iii) two equal roots.

8. (i) 2772 = 2¢%,  (ii) 216r® = 5¢°.

10. (i) -3,-3,6; (i) —4,2 £ v/3i; (iii) 4cos 2%, 4 cos &, 4 cos 1FF;
(iv) 2cos §,2cos 244 2cog 4744 (v) 2,2v/2cos 8z 2v2cos 4
(i) (V3 + ¥8), w3 + w2 ¥0), 1 /3 + w ),

(vii) 1,v2cos 3%, V2 cos BE;  (viii) -5, M_, 1
(i) 7, 5(~1 V3i); . (x) 2cos § — 1,2c08 5 ~ 1,2c08 5 ~ 1.

ANSWERS TO EXBRCIgpg

g1. n».%v :: L ) b,

12,245 ()5 =k,

(iv) ..u.mh*&-‘
12. O

guorclses 5G ?.&.,_ 279)
L 122 EVE O LER T T, (i) gl s

o 1 £V, -1£VE (V) <12VE 14 /E, (-
Mawu 143, -1£2i A =2 (vil)1,2,.2, .3, "9 40 i,
(%) 3+ VT 1 £ V3, (X) -24£ V7,423
() w10 25E, (=i -2+ VE 1,

5 () 1420 -1 V2 @) -1£VRIEVE, (i) -1245,-13,
A?wuﬁa\m_lu&z\m* (V) 1£v6,-1+ 7

s, ()1£VB-1E6 @) 1£VE-12VB, (i) 14V 14 vE

Exercises 6A (page 289)
1. (i) in(n+1)(n+2)(n +3),
(i) Ln+ D)(n+2)(n+3)(n+4)(n+5) -2,
(iii) &(3n — 1)(3n+2)(3n +5)(3n+8) + ¥,
| (iv) Zn(n+ D(n+2)@3n+5), (v) in(n+ 1) +2)+nm+1),
(i) 2n(n+ 1)(n+2)(n +3(n+ 47— in(n+ n+2)(n+3),

k (vii) in(n + 1)(n +4)(n+5), (viii) in(n+1)(dn-1).
23— ) % - e W) 5 - sEomaeey

17n%466n?+61n ) 5ni4n (vi) 2 _ 246 (047
S?+3T+u ’ : 35.7...(2n+3)

(iv) 3

6(n+1)(n+2)(n+3)’

(iii) 2 + L4208 oog5(n 1), (iv) Feosf—3 888 cos(n + 2)8},

(V) 3 cosf + 18RIm0 coq(9n 4 1)9, (vi) gy cot =y — 2eok 2,
(vii) cot z tan(n + 1)z —n — 1, (viil) cosech{tan8 — tan(n + 1)8},
(ix) cosec?d — 2"cosec?(2"8), (x) 1 cosec [sec(2n + 1)% - sec ),
(xi) logsin 26 — logsin®, (xii) &(tan3"z - tanz).

(xili) tan="(2n + 1) — tan~11, (xiv) tan"'(n+1) - tan™' L,



s |

340 INGHER ALGERRA

(xv) tan~' o4} — tan ' §, (xiv) logsin Pmm ~ logsin 40.
Excrcises 6B (page 304)
L ()n?4+n+3,3n"+3n+11); (i) nf4n,3n+1)(n4n +2),
(i) n(n + 1)(n 4 5), (n + 1)(n + D(n+7);
(iv) 3" + 2n + 4,§(3" = 1) + n* + bn;
(v) 274 — 22dn 402" — 1) = §(n+ 1)(n +2);
n n % 2 — nan
(vi) 8" 441, Tt 4 204, (vif) St ont nan,
(viii) aiahu_ g - ..twu.. i (ix) (2n+1)3""! n3",
2. Tu Uy = Nﬂl- -+ N..\p_ NﬁMMS + an - Uu. ﬂ.—: Uy = M_.I._ -+ hwl.-_
1327 44" —4); (i) u, = (r +1)27, .27,
(V) ur = 2"+ (-1)"+ 22" 4+ 3(-1)"+2n - 3.
Exercises G6C (page 306)
3 I = [} cos 0—
1. (i) e=*®(sin®), (i) - uﬁm.mm_uu+nu. (iii) Tunmcuau.vuu_
(iv) e*=**® cos(zsin @), (v) log(2cosd), (vi) 5 -6,

(vii) 2 — @, (viii) §log(dcos®), (ix) 0, (x) ;log(sec).

Exercises 7T (page 328)

L2 A ()24 b () 24 o e, (i) 0+ 7 5
2. (i) m+ﬂu|+.Wﬂw. (i) 2+ vrerd () 24 ppmerh (W) 0+

s g |

mﬂ.u..ﬂ._.ﬂﬂﬂ
8. ()m=11,n=38, (iilm=4,n=3 (ii)m=25n=16.
4. () z=15t+ 11,y =41t + 30; (il) z =15t + 4,y =41t +11;
(iii) z = 15t + 11,y = —41t - 30;  (iv) = = 15t + 4,y = —41t - 11;
(V)z=19t+15,y=140+11, (vi)z=19t+4,y=14t+3;
(vii) z = Hmn+wm_e = —14t-11; (viii) T = 19¢t+4,y = —14t —3; where
t=0,%1,+£2,.

5. (1) 14 2242 (i) 24 iﬁlw..#m# ?&m+uﬂm¢n:
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